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Abstract

Maximum Loss (MaxLoss) over admissibility domains with a speci-
fied probability shows a peculiar kind of dimensional dependence. For
a fixed portfolio and fixed probability of the admissibility domain, the
inclusion of additional risk factors increases Maximum Loss—even if the
additional risk factors are irrelevant for the portfolio or if they are highly
correlated to other risk factors already included in the description. We
propose a way how to avoid this counter-intuitive effect: if we characterise
the admissibility domain by its Mahalanobis radius instead of its prob-
ability, the inclusion of irrelevant risk factors does not affect Maximum
Loss. This result is also formulated for non-normal risk factor distribu-
tions. Furthermore we present the problem of coordinate dependence of
MaxLoss: MaxLoss over admissibility domains of point scenarios depends
on the choice of coordinates. This problem is shown to be an artefact
of considering point scenarios. Maximum expected loss over admissibility
domains of generalised scenarios with I-divergence below some threshold
is invariant under coordinate transformations.

Keywords: Maximum Loss, coherent risk measures, worst case scenarios, I-
divergence

1 Introduction

The Maximum Loss (MaxLoss) of a portfolio P is defined as the difference of the
current portfolio value and the minimum of portfolio values over all scenarios in
some admissibility domain A. The scenario in A at which the minimum portfolio
value is achieved is the worst case scenario. For the admissibility domain A a
popular choice is the ellipsoid determined by the covariance matrix Σ and the
mean µ of the risk factor distribution. It includes all scenarios r with

Maha(r,µ) :=
√

(r − µ)T · Σ−1 · (r − µ) ≤ k. (1)

Maha is called the Mahalanobis distance of r from µ. When no confusion is
possible we write Maha(r). Intuitively, Maha(r,µ) is the size of the multivariate
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move from µ to r, as measured in standard deviations. Scenarios with equal
Maha form the surface of an ellipsoid we call Ellk.

The size of the ellipsoid traditionally is determined so as to give it some
desired probability mass, e.g. α = 0.95. For example, if risk factors are normally
distributed, for a given α, the Mahalanobis radius kα of the ellipsoid with mass
α is determined by the solution of

α =
2−n/2

Γ(n
2 )

k2
α∫

0

tn/2−1 exp(− t

2
)dt = Fχ2

n
(k2

α), (2)

where Fχ2
n

is the χ2-distribution function with n degrees of freedom. This
equation describes the relation between the probability mass α and the radius
kα of the ellipsoid in n dimensions.

The problem of dimensional dependence is caused by the occurrence of n
in this equation. The number of risk factors is to some degree arbitrary. For
example one is free to include or exclude risk factors which are irrelevant to
the portfolio value. This should not affect the measured risk. Or one can
include or exclude risk factors which are highly correlated to other risk factors
already included in the description. This should only have a small effect on the
measured risk. The exact number of risk factors should not significantly affect
the measured risk—as long as we have got enough risk factors to represent what
is relevant for the value of the portfolio.

MaxLoss over admissibility domains with a specified probability mass does
not fulfil this requirement. Discarding risk factors from the model reduces n,
and this reduces kα in (2). Smaller ranges of admissible risk factor moves in
turn reduce MaxLoss—even if the discarded risk factors are irrelevant to the
portfolio value. This is what we call the problem of dimensional dependence of
MaxLoss. A first indication of the problem was given in Studer [1, p. 44].

An example: assume two risk managers consider some bond portfolio de-
pending on two interest rate curves in each of 10 foreign currencies. Risk
Manager A models each interest rate curve with seven buckets, whereas Risk
Manager B uses 15 buckets. So Risk Manager A uses 150 risk factors, whereas
Manager B uses 310 risk factors. Both want to calculate MaxLoss on an ellipsoid
with probability α = 95%. Solving equation (2) for the radius k with n = 150,
Manager A will get k = 13.40. Risk Manager B will solve equation (2) for k
with n = 310 and get k = 18.76. Thus Risk Manager B will calculate MaxLoss
over an ellipsoid with radius 18.76/13.40 = 1.4 times larger than the radius of
Risk Manager A’s ellipsoid. Taking as risk factors discount rates, the value of
the bond portfolio will be a linear function of the risk factors. For linear port-
folios the dependence of MaxLoss over ellipsoids of radius k is a linear function
of k. Thus Risk Manager B will calculate MaxLoss to be 1.4 times higher than
Risk Manager A. This is puzzling since both risk managers considered the same
portfolio and the same confidence level α.

One goal of this paper is to show that MaxLoss is independent of the number
of risk factors, if we take ellipsoids of some specified radius instead of some
specified probability. The paper is organised as follows. Section 2 briefly reviews
the use of MaxLoss as a risk measure for security portfolios. Then we describe
the problem of dimensional dependence (Section 3). Sections 4 and 5 establish
the main results. In Section 6 we generalise the results to non-normal risk factor
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distributions. In Section 7 we present the problem of coordinate dependence of
MaxLoss, and propose a solution to it. All proofs are in the Appendix.

2 MaxLoss as a Coherent Risk Measure

The value of a portfolio is modelled as a random variable P on some probability
triple (Ω, F, ν). In the first sections we will assume that ν is a multivariate
normal distribution, Ω is Rn, and F are the Borel sets. Call PCM the current
market value of the portfolio. PCM −P is the random variable representing the
losses of the portfolio P . As admissibility domain one can take all scenarios
in a measurable subset of A of Ω. Now we define the Maximum Loss of the
portfolio P over the admissibility domain A as the essential supremum over A
of PCM − P :

MaxLossA(P ) := ess supA(PCM − P )
= inf{m ∈ R|PCM − P ≤ m νA-almost surely}. (3)

Here νA is the measure on Ω defined by νA(B) := ν(A∩B) for B ∈ F. Intuitively,
the essential supremum over the set A is the supremum over A disregarding ν-
nullsets.

Proposition 1. MaxLossA is a coherent risk measure. This means it is
—cash-invariant: MaxLossA(P + a) = MaxLossA(P )− a for any constant a,
—monotone: MaxLossA(P ) ≤ MaxLossA(Q) if P ≥ Q ν-almost surely,
—sub-additive: MaxLossA(P +Q) ≤ MaxLossA(P )+MaxLossA(Q) for all P,Q,
—homogeneous: MaxLossA(λP ) = λMaxLossA(P ) for all positive λ.

This proposition follows directly from the properites of the essential supremum
as defined in eq. (3).

MaxLoss is a risk measure which has been proposed as an alternative to
Value at Risk (VaR) by [1, 2], [3]. VaR is coherent only for portfolios which
are linear functions of elliptically distributed risk factors (Artzner et al. [4]).
Especially the violation of the sub-additivity property can cause problems from
the point of view of global risk management and regulation. In contradistinction
to VaR, MaxLoss is sub-additive [1, p. 23].

Another alternative to VaR is Expected Shortfall (ES) proposed in Artzner
et al. [4]. ES is sub-additive and gives information about the size of extreme
losses. MaxLoss, unlike ES, additionally provides information about which kind
of scenario is particularly harmful to the portfolio. Knowledge of the worst-case
scenario can suggest possible risk reducing transactions.

In a way, MaxLoss is prototypical of coherent risk measures. By a duality
argument, every coherent risk measures can be represented as Maximum Ex-
pected Loss over some set of generalised scenarios (Delbaen [5]). Generalised
scenarios are probability distributions rather than points in Ω.

MaxLoss can also be regarded as a sophisticated way to perform stress tests.
In contradistinction to traditional stress tests, MaxLoss takes into account all
and only the scenarios above some minimal plausibility level. Therefore it nei-
ther nourishes a false illusion of safety nor does it trigger management action
in response to highly implausible scenarios—as traditional stress tests might do
in some cases.
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3 The Problem of Dimensional Dependence

Intuition of the Effect. If we are discarding one or more risk factors from our
description, the number of dimensions of the space of scenarios is accordingly
reduced. If we want an admissibility domain of a certain probability α, the re-
duced admissibility domain cannot be the projection of the original admissibility
domain to the remaining dimensions, because the probability of the projected
admissibility domain is higher than α. To get a reduced admissibility domain of
the desired probability α, we have to take a region smaller than the projection
of the original admissibility domain, see Fig. 1.

Figure 1: Dimensional dependence of Worst Case Scenario and MaxLoss. Left:
The two-dimensional admissibility domain A and the one-dimensional admissi-
bility domain A′ have the same probability: the integrals of the two-dimensional
density function over the elliptical region and over the vertical stripe are equal.
Right: In the two-dimensional domain A risk factor r1 is admitted to make
larger moves than in the one-dimensional region A′. The r1-values in the worst
case scenario of A and in the worst case scenario of A′ will in general not agree.
MaxLoss over A will be larger than MaxLoss over A′.

Equation (2) quantifies the relation between Mahalanobis radius and prob-
ability mass of the ellipsoid. The following table gives the radius kα for some
values of α and n, obtained by solving eq. (2)

kα

α n=1 n=5 n=10 n=20

0.95 1.9630 2.9344 3.7442 4.9493
0.99 2.0457 2.9587 3.7597 4.9595
0.999 2.0643 2.9641 3.7631 4.9617

We see that for a given probability mass α, the radius kα of the ellipsoid needed
to contain α gets smaller as the number of dimensions is reduced.

This effect, the dimensional dependence of kα, carries over to dimensional
dependence of MaxLoss over admissibility domains with a specified probability
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mass α. In the reduced description the individual risk factors are allowed to
vary by a smaller amount than in the original description, which leads to a
lower MaxLoss. For linear portfolios the dependence is linear. This phenomenon
makes MaxLoss over admissibility domains with specified probability unsuitable
for comparing the risks of portfolios. This was illustrated by the example of the
Risk Managers A and B in the Introduction.

The worst case scenario will also be different in the reduced description. The
values of the remaining risk factors in the worst case scenario of the reduced
description will be closer to their expected values than in the worst case scenario
of the original description, (see Fig. 1, right). This problem occurs with any
kind of multivariate worst case analysis.

4 Adding Irrelevant Risk Factors

In this Section we show that MaxLoss over admissibility domains Ellk with
fixed radius k is not affected by including or discarding irrelevant risk factors,
on which the portfolio does not depend.

Denote by Σ′ the (n-1)-dimensional matrix obtained by deleting from Σ the
n-th column and row, and by r′ ∈ Rn−1 the point obtained from r ∈ Rn by
deleting the n-th component. The corresponding (n-1)-dimensional ellipsoid is
denoted by Ell′k := {r′ : Maha(r′) ≤ k} .

Lemma 1. Assume Σ is a positive definite n× n-matrix. Then we have

Maha(r)2 −Maha(r′)2 =

(
n∑

i=1

C(Σ)−1
in (ri − µi)

)2

, (4)

where C(Σ)−1
in is the element in row i and column n of the inverse matrix of

the Cholesky decomposition of Σ.

Theorem 1. Assume P is a function on Rn which does not depend on the
coordinate rn. Define the function P ′ on Rn−1 by P ′(s) := P (r) where r is an
arbitrary point with r′ = s. Then we have

ess inf
r′∈Ell′k

P ′(r′) = ess inf
r∈Ellk

P (r). (5)

Theorem 1 implies that

MaxLossEllk(P ) = MaxLossEll′k
(P ′).

MaxLoss over ellipsoids of fixed radius is not affected by including or excluding
irrelevant risk factors, on which the portfolio value does not depend.
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5 Adding Strongly Dependent Risk Factors

Lemma 2. The expectation value of the conditional distribution of rn given r′

is

r∗n := −
∑n−1

i=1 C(Σ)−1
in (ri − µi)

C(Σ)−1
nn

.

Lemma 2 together with eq. (4) implies that the scenarios r = (r′, r∗n)T and r′

have the same Mahalanobis distance, Maha((r′, r∗n)) = Maha(r′).
The variance of the conditional distribution of rn given r′ depends on the

correlations between risk factor n and the other risk factors. The stronger the
correlations, the sharper the conditional distribution will be peaked at r∗n:

Lemma 3. The n-dimensional ellipsoid Ellk, which is defined as Ellk :=
{r : Maha(r) ≤ k}, can be written as

Ellk =

{
(r′, rn) : Maha(r′) ≤ k, |rn − r∗n| ≤

√
(k2 −Maha(r′)2)

det Σ
detΣ′

}
. (6)

Theorem 2. Assume the portfolio value function P is a continuous function
on Rn. Denote by P ′ the function

P ′(r′) := P (r′, r∗n),

where r∗n is the conditional expectation of risk factor rn given r′. Assume that
risk factor rn is strongly positively or negatively correlated with some other risk
factor ri. Denote by ρ(i, n) the correlation coefficient between rn and ri. Then

lim
ρ(i,n)→±1

MaxLossEllk(P ) = MaxLossEll′k
(P ′). (7)

The effect on MaxLoss of adding or removing a risk factor goes to zero if the
correlation of this risk factor to some existing risk factor goes to ±1, provided
MaxLoss is taken over ellipsoids Ellk with fixed radius k: Whether we add or
discard a highly correlated risk factor affects the profit-loss distribution only
slightly. And it affects MaxLoss over ellipsoids of fixed radius only slightly, as
Theorem 2 shows.

6 Maximum Loss for Non-normal Distributions

Let us now turn to the situation in which risk factor distribution ν is not normal.
The set of possible risk factor values is Ω ⊆ Rn. Assume that there is a bijective
differentiable map T from Rn to Ω which transforms the distribution ν into the
multivariate standard normal ν0:

ν(T (B)) = ν0(B) (8)

for all measurable B in Rn. So T maps ν0-nullsets into ν-nullsets. And since T
is assumed bijective it has an inverse T−1 which maps ν-nullsets into ν0-nullsets.

The map T is in general not unique. If there is one T mapping ν into the
multivariate standard normal, there will be many other T doing the same. These
can be constructed by applying after T any transformation leaving the standard
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normal invariant. Not all such transformations will leave the spheres invariant,
as we will see in Proposition 2. The following definition of admissibility domains
makes reference to an arbitrary but fixed T .

The distribution ν has density f satsifying

f(T (r))|∂T (r)| = fN (r), (9)

implying that eq. (8) holds. Here fN is the density of the n-dimensional stan-
dard normal distribution, and |∂T (r)| is the functional determinant of T ,

|∂T (r)| :=

∣∣∣∣∣∣∣∣
∂T1(r)

∂r1
. . . ∂T1(r)

∂rn

...
...

∂Tn(r)
∂r1

. . . ∂Tn(r)
∂rn

∣∣∣∣∣∣∣∣ .
Given a T we choose T (Sk) as admissibility domain and define Maximum Loss
of the portfolio P as

MaxLossk(P ) := ess supT (Sk)(PCM − P ) = MaxLossSk
(P ◦ T ),

where Sk is the n-dimensional sphere of radius k, which is the admissibility
domain Ellk for the multivariate standard normal. The random variable P has
the same profit-loss distribution under ν as the random variable P ◦ T under
the standard normal ν0. Choosing T (Sk) as admissibility domain ensures that
P under ν and P ◦ T under ν0 have the same risk.

Let us consider again the situation where some irrelevant risk factor is part
of the model. Assume the portfolio function P does not depend on, say, risk
factor number n. Denote by Ω′ the projection of Ω defined by deleting the n-th
coordinate. Since P is independent of the n-th coordinate we can define P ′ on Ω′

by P ′(s1, . . . , sn−1) := P (s1, . . . , sn−1, a) for some a with (s1, . . . , sn−1, a) ∈ Ω.

Theorem 3. Let P be a random variable on a probability space (Ω, F, ν). As-
sume there is a smooth bijective transformation T from Ω into Rn mapping the
risk factor distribution ν into the n-dimensional standard normal distribution.
Assume that P does not depend on the n-th coordinate and the transformation
T factorises out the n-th component,

T (r1, . . . , rn−1, rn) = (T ′(r1, . . . , rn−1), Tn(rn)).

Then MaxLoss does not depend on whether or not we include the n-th component
in the description,

MaxLossk(P ) = esssup
T (Sk)

(PCM − P ) = esssup
T ′(S′

k)

(PCM − P ′) = MaxLossk(P ′).

7 Coordinate dependence of MaxLoss

The choice of an ellipsoid as admissibility domain seems natural for normal
distributions. There is, however, a complication. There are coordinate transfor-
mations which leave a given normal distribution invariant but not the ellipsoids.
In the transformed coordinates the risk factor distribution is normal, but the
ellipsoid does not contain all and only the scenarios transformed from the ellip-
soid in the original coordinates. Therefore the choice of coordinates can affect
MaxLoss:
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Proposition 2. Let r1 be some point on the surface of the ellipsoid Ellk. There
exists a smooth coordinate transformations T of Ω which leaves the normal dis-
tribution ν with mean µ and covariance matrix Σ invariant (i. e. ν(T (A)) =
ν(A) for all measurable sets A in Ω) but maps some ε-neighbourhood of r1 out
of the ellipsoid:

T (Bε(r1)) ∩ Ellk = ∅,
although Bε(r1) ∩ Ellk 6= ∅.

The implications are disturbing. Assume that the portfolio value function
P is monotone in at least one variable. Then the worst case scenario is on the
surface of the ellipsoid. Assume furthermore that the worst case scenario within
the ellipsoid is unique. Now if we take r1 in the proposition to be the worst
case scenario, then MaxLoss over Ellk is determined by the portfolio value in
the region Bε(r1)∩Ellk. T (Bε(r1)) is not in Ellk. Therefore the portfolio value
in T (Bε(r1))) is irrelevant for MaxLossEllk .

How should we choose the admissibility domain in a model with coordinates
resulting from applying the transformation T to the original model? Should
we take T (Ellk) or Ellk? In T -coordinates the portfolio function is P ◦ T−1,
ensuring P ◦ T−1(s) = P (r) if s = T (r). If we take T (Ellk) as admissibility
domain, we will get the same MaxLoss as in original coordinates,

MaxLossT (Ellk)P ◦ T−1 = MaxLossEllkP.

But T (Ellk) is not an ellipsoid, by Proposition 2. So when we take T (Ellk) as ad-
missibility domain in T -coordinates, we would preserve MaxLoss but have some
non-elliptical admissibility domain although the risk factors are distributed nor-
mally in T -coordinates. Choosing Ellk as admissibility domain in T -coordinates
would be more natural from one point of view, because the risk factors are dis-
tributed elliptically in the transformed coordinates. But T carries the region
Bε(r1)∩Ellk out of the ellipsoid. In particular, T (r1) is not in Ellk. A different
region from outside the ellipsoid is carried into the ellpsoid. Thus the MaxLoss
over Ellk is different from MaxLoss over T (Ellk):

MaxLossEllkP ◦ T−1 = MaxLossT (Ellk)P 6= MaxLossEllkP.

The dilemma is to either single particular coordinates and choose as admissi-
bility domain in other coordinates the image of the admissibility domain in the
selected coordinates. In this case MaxLoss is independent of the choice of coor-
dinates but we have non-elliptical admissibility domains even if risk factors are
distributed normally. Alternatively one can take ellipsoids as admissibillity do-
mains whenever risk factors are distributed normally and accept that MaxLoss
depends on the choice of coordinates. Neither alternative is satisfactory.

This difficulty is an artefact of considering point scenarios. Instead one
can consider generalised scenarios, which are probability distributions on Ω.
There are several ways to measure the separation between generalised scenarios.
Some measures of divergence are invariant under coordinate transformations.
One example is the information divergence (relative entropy, information gain,
Kullback-Leibler distance) between two probability distributions Q,R on the
same (Ω, F). If Q � R the corresponding density (Radon–Nikodym derivative)
will be denoted by qR(ω). The I-divergence is defined as

I(Q||R) :=
{ ∫

log qR(ω)dQ(ω) =
∫

qR(ω) log qR(ω)dR(ω) if Q � R
+∞ if Q 6� R
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I(Q||R) is always non-negative and vanishes only for Q = R. But it is not a
metric. (Not even functions of I(Q||R) define a metric, see [6].) In the space of
generalised scenarios the natural admissibility domain is the set of probability
distributions

S(ν, k) := {Q : I(Q||ν) ≤ k}.

For point scenarios the objective function to be maximised is the loss in the
scenario. For generalised scenarios the objective function is the expected loss in
the generalised scenario. So MaxLoss will be defined as

MaxLosskP := sup
Q∈S(ν,k)

EQ(PCM − P )

This general definition of MaxLoss has several advantages. First, it is in-
variant under coordinate transformations. Second, it works naturally for non-
normal prior risk factor distributions ν. Third, it allows for scenarios where not
just risk factor values but also the distribution of risk factors is changed. These
describe changing correlations or volatilities.

8 Conclusion

Dimensional dependence of traditional MaxLoss results from the fact that the
radius of admissibility domains of constant probability increases as the number
of dimensions increases. One practical message of this paper is that MaxLoss
does not depend on the number of dimensions—provided we take admissibility
domains not of fixed probability but of fixed radius.

We also propose how to define admissibility domains for non-normal risk fac-
tor distributions. The definition uses some fixed transformation T mapping the
risk factor distribution into the multivariate standard normal. For this admis-
sibility domain MaxLoss does not depend on whether or we include irrelevant
risk factors into the model.

In a more general framework, MaxLoss should be defined as the maximum
expected loss over all generalised scenarios, i.e. probability distributions, with
information divergence from the prior distribution smaller than some threshold.
This definition of MaxLoss is invariant under coordinate transformations and
works naturally for non-normal prior risk factor distributions.
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Appendix

Proof of Lemma 1

Proof. For an arbitrary symmetric positive definite matrix M denote by C(M)
its Cholesky decomposition. C(M) is the upper triangular matrix satisfying

M = C(M)T C(M). (10)

Here are some properties of the Cholesky decomposition.

C(M)−1C(M)−1 T = M−1 (11)

In other words, the transpose of the inverse of the Cholesky decomposition of
M is the Cholesky decomposition of M−1.

Furthermore we have C(M)′ T C(M)′ = M ′. So we may write

C(M ′) = C(M)′. (12)

Deleting the n-th row and column of M and then making the Cholesky decom-
position amounts to the same as making the Cholesky decomposition of M and
then deleting the n-th row and column. For an arbitrary triangular matrix C
we have

(C−1)′ = (C ′)−1. (13)
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For ease of notation we assume that µ0 = 0 which can be done without loss of
generality. Now let us calculate the squares of the Mahalanobis distances.

r′ T · Σ′−1 · r′ (12)
= r′ T ·

(
C(Σ)′ T C(Σ)′

)−1 · r′

(11)
= r′ T · C(Σ)′ −1C(Σ)′ −1 T · r′

(13)
= r′ T · C(Σ)−1 ′C(Σ)−1 ′ T · r′. (14)

Similarly we have

rT · Σ−1 · r (11)
= rT · C(Σ)−1C(Σ)−1 T · r

=
(
rT · C(Σ)−1

) (
rT · C(Σ)−1

)T
(15)

The inverse of the triangular matrix C(Σ) is again triangular, so we can write

C(Σ)−1 =


C(Σ)−1

1n

C(Σ)−1 ′ ...
...

0 · · · 0 C(Σ)−1
nn

 .

Writing rT = (r′T , rn) equation (15) reads

rT · Σ−1 · r =

 
r′T C(Σ)−1 ′,

nX
i=1

C(Σ)−1
in ri

! 
r′T C(Σ)−1 ′,

nX
i=1

C(Σ)−1
in ri

!T

= r′ T · C(Σ)−1 ′C(Σ)−1 ′ T · r′ +

 
nX

i=1

C(Σ)−1
in ri

!2

(16)

Subtracting (14) from (16) yields the Lemma.

Proof of Theorem 1

Proof. In the n-dimensional description we are working on the probability space
(Rn, B(Rn), λ), where λ is the Lesbesgue measure on Rn. In the (n − 1)-
dimensional description the risk factors are distributed according to the ma-
riginal distribution obtained from integrating over the n-th coordinate. In
the (n − 1)-dimensional distribution we use the measure λ′(B′) := λ({r ∈
Rn|r′ ∈ B′} on B(Rn−1). For the proof, consider separately the two cases
ess infr∈EllkP (r) > −∞ and ess infr∈EllkP (r) = −∞.

In the case ess infr∈EllkP (r) = −∞, for every real number α we can find a
Borel set B ⊂ Ellk with positive probability, λ(B) > 0, such that P (r) ≤ α for
all r ∈ B. Take B′ := {r′|r ∈ B}. Since by Lemma 1 we have Maha(r′) ≤
Maha(r) ≤ k for all r ∈ B we conclude that B′ ⊂ Ell′k. Furthermore, since
B is Borel, so is B′. Also λ′(B′) = λ({r|r′ ∈ B′}) > λ(B) > 0. Finally, for
all s ∈ B′ there is a r ∈ Ellk with r′ = s and P ′(s) = P (r) ≤ α. Therefore
ess infs∈Ell′k

P ′(s) = −∞ = ess infr∈EllkP (r).
Let us now turn to the case ess infr∈EllkP (r) > −∞. This means that for

all ε > 0 there is a Borel set B ⊂ Ellk with positive probability, λ(B) > 0,
such that P (r) ≤ ess infEllk(P ) + ε for all r ∈ B. In a first step we will show
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that ess infEll′k
(P ′) ≤ ess infEllk(P ). Take B′ := {r′|r ∈ B}. By Lemma 1 we

have Maha(r′) ≤ Maha(r) ≤ k for all r ∈ B so that B′ is contained in Ell′k.
Furthermore, since B is Borel, so is B′. Also λ′(B′) > λ(B) > 0. Finally, for
all s ∈ B′ there is a r ∈ Ellk with r′ = s and P ′(s) = P (r) ≤ ess infEllk(P ) + ε.
Therefore ess infEll′k

P ′ ≤ ess infEllkP .
In a second step we show ess infEll′k

P ′ ≥ ess infEllkP , which together with
the first step implies (5). Since we are in the case ess infEllkP > −∞ by the
definition of P ′ we have ess infEll′k

P ′ > −∞. This means that for all ε > 0
there is a Borel set B′ ⊂ Ell′k with positive probability, λ′(B′) > 0, such that
P ′(s) ≤ ess infEll′k

(P ′) + ε for all s ∈ B′. Without loss of generality we may
assume that B′ does not intersect the boundary off Ell′k. (Otherwise the set
B′\∂Ell′k will be a set with the above properties.) So Maha(s) < k for all s in
B′. Take

r∗n := −
∑n−1

i=1 C(Σ)−1
in ri

C(Σ)−1
nn

.

Lemma 1 together with eq. (4) implies that the scenarios (s, r∗n)T and r have
the same Mahalanobis distance, Maha(s, r∗n) = Maha(s) < k. Since Maha(s, x)
is a continuous function in x this implies that there is an interval [as, bs], with
as < r∗n < bs, such that Maha(s, x) ≤ k for all x in [as, bs]. Define the set

B :=
{

(s, x)|s ∈ B′, x ∈ [as, bs]
}
⊂ Rn.

B is contained in Ellk. Furthermore, λ(B) > 0 since λ′(B′) > 0 and as < bs

for all s ∈ B′. Since B′ is Borel, so is B. Finally, for all (s, x) in B we
have P (s, x) = P ′(s) ≤ ess infEll′k

(P ′) + ε. This implies ess infEll′k
P ′(r′) ≥

ess infEllkP (r).

Proof of Lemma 2

Proof. Denote the n-dimensional normal density function by fn. Abbreviate it
as

fn(r) = (det Σ)−1/2 (2π)−n/2 exp(−Maha(r)2

2
) =: cg(Maha(r)2),

where Maha(r)2 := (r − µ)T · Σ−1 · (r − µ).
The conditional distribution of rn given some fixed r′ is

h(rn|r′) =
fn(r′, rn)
fn−1(r′)

,

where fn−1(r′) is the marginal distribution resulting from integration over rn.
Call r∗n the expectation value of the conditional distribution h(rn|r′).

By eq. (4) Maha(r) as a function of rn is minimal, namely equal to Maha(r′),
at

r∗n = −
(
∑n−1

i=1 C(Σ)−1
in ri)

C(Σ)−1
nn

.

So the conditional density h(rn|r′) is maximal at r∗n, where Maha(r) is minimal.

12



As a function of rn, the conditional density h(rn|r′) = fn(r′, rn)/ fn−1(r′)
is a constant times the n-dimensional density fn(r′, rn). We have

fn(r′, rn) = cg(Maha(r)2) = cg

Maha(r′)2 +

(
n∑

i=1

C(Σ)−1
in ri

)2


= cg

Maha(r′)2 +

(
n−1∑
i=1

C(Σ)−1
in ri + C(Σ)−1

nn rn

)2


= cg
(
Maha(r′)2 +

(
−C(Σ)−1

nn r∗n + C(Σ)−1
nn rn

)2)
= cg

(
Maha(r′)2 + C(Σ)−1

nn
2 (rn − r∗n)2

)
This implies that fn(r′, rn), and consequently h(rn|r′) is symmetric around its
maximum r∗n. Thus the expectation value of h(rn|r′) is r∗n.

Proof of Lemma 3

Proof. By eq. (4), Maha(r) ≤ k holds exactly if
(∑n

i=1 C(Σ)−1
in ri

)2 ≤ k2 −
Maha(r′)2 and Maha(r′)2 ≤ k2. Solving the quadratic inequality(

n−1∑
i=1

C(Σ)−1
in ri + C(Σ)−1

nn rn

)2

≤ k2 −Maha(r′)2

in rn we get

rn ≤ −
∑n−1

i=1 C(Σ)−1
in ri

C(Σ)−1
nn

+

√
k2 −Maha(r′)2

C(Σ)−1
nn

(17)

rn ≥ −
∑n−1

i=1 C(Σ)−1
in ri

C(Σ)−1
nn

−
√

k2 −Maha(r′)2

C(Σ)−1
nn

. (18)

The first term on the right hand side of both equations is r∗n. Since the product
of the diagonal elements of the triangular matrix C(Σ)−1 is the square root
of the determinant of Σ−1, C(Σ)−1

nn equals (det Σ′/ detΣ)1/2. Making these
replacements in eqs. (17) and (18) we get the Lemma.

Proof of Theorem 2

Proof. We will prove limρ(i,n)→±1 minr∈Ellk P (r) = minr′∈Ell′k
P ′(r′). As the

correlation between risk factor n and risk factor i goes to 1 or -1, the correlations
between risk factor n and the other risk factors j go to ±ρ(i, j). Thus the
determinant of the correlation matrix of the n risk factors will approach zero,
and so will the determinant of the covariance matrix. Thus the square root in
eq. (6) goes to zero. Using Lemma 3 and continuity of P we therefore get

lim
ρ(i,n)→±1

min
r∈Ellk

P (r) = lim
l→0

min
r′:Maha(r′)≤k

min
δ:|δ|≤l

P (r′, r∗n + δ)

= min
r′:Maha(r′)≤k

P (r′, r∗n)

= min
r′∈Ell′k

P ′(r′).
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Proof of Theorem 3

Proof. The random variable P ◦T is a random variable on (Rn, B(Rn), ν0) which
is independent of the n-th coordinate since P (T (r1, . . . , rn)) = P (T ′(r1, . . . ,
rn−1), Tn(rn)) and P is independent of the n-th coordinate. By Theorem 1 we
have MaxLossSk

(P ◦T ) = MaxLossS′
k
(P ′◦T ′). By the coordinate transformation

T we have MaxLossSk
(P ◦ T ) = MaxLossT (Sk)(P ) = MaxLossk(P ). And by

the transformation T ′ we have MaxLossS′
k
(P ′ ◦ T ′) = MaxLossT ′(S′

k)(P ′) =
MaxLossk(P ′).

Proof of Proposition 2

Proof. We will construct a transformation T which has the properties stated in
the Proposition. Take a T of the following form

T (r) := T−1
0 ◦ T̃ ◦ T0(r). (19)

T0 maps r to a random variable uniformly distributed on the cube [0, 1]n. This
is achieved by applying the CDF of N(0, 1) to the marginal variables of Σ− 1

2 (r−
µ0), whose compenents are i.i.d. standard normals.

Next one constructs a smooth transformation T̃ of the cube [0, 1]n, which
transforms the uniform distribution to itself but maps the T0-image of Bε(r1)
out of the T0-image of Ellk. Using such a T̃ , T will have the required properties.

Since T0(Ellk) does not touch the surface of the cube [0, 1]n, there exists a
point r2 /∈ Ellk and a sufficiently small γ > 0 such that the ball with radius
|T0(r1)−T0(r2)|/2 + γ centered at z := (T0(r1) + T0(r2))/2 is contained in the
cube [0, 1]n. Now choose some δ, 0 < δ < γ, and define T̃ to be the rotation
(around some axis through z and normal to T0(r1) − T0(r2)) with angle d
depending on the distance from z:

d(|x− z|) :=

 π if |x− z| ≤ |r1 − r2|/2 + δ
g(|x− z|) if |x− z| ∈ [|r1 − r2|/2 + δ, |r1 − r2|/2 + γ]
0 if |x− z| ≥ |r1 − r2|/2 + γ

where g(t) is some smooth function equal to zero for t ≥ |r1 − r2|/2 + γ and
equal to π for t ≤ |r1 − r2|/2 + δ. Such a T̃ maps [0, 1]n bijectively onto itself,
leaves the uniform distribution on [0, 1]n invariant, and satisfies

T̃Bδ (T0 (r1))) ∩ T0(Ellk) = ∅. (20)

Since T0 is continuous there is an ε > 0 such that T0(Bε(r1)) ⊂ Bδ(T0(r1)).
Now(20) implies T (Bε(r1)) ∩ Ellk = T−1

0 ◦ T̃ ◦ T0(Bε(r1)) ∩ Ellk = ∅.
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