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Abstract

This is the report of the findings of a first phase of a research project
of the FH Vorarlberg and LGT Capital Management. The goal of this
first phase was (1) to review evidence of stability or time-dependence
of correlations, (2) to evaluate necessary efforts and expected advan-
tages of different ways to adapt the Maximum Loss Method to time-
dependent market correlations, (3) to explore the possible advantages
of applying the MaxLoss method to monitor and manage risk of the
LGT portfolios. The main findings are:

(1) A literature review of tests of correlation stability suggests that
on subsamples with higher variance the conditional correlation is
higher, even if the full sample is generated by a time-independent
process. Therefore one should not prematurely attribute higher
conditional correlations to changes in the correlation structure.
Still, there seems to be evidence that in bear markets correlations
increase.

(2) Two multivariate GARCH models seem best suited for taking
into account the time-dependence of correlations: the diagonal
representation and the BEKK model. The diagonal representa-
tion is conceptually and computationally relatively simple, and
quite general. The BEKK model is more general but it requires
more parameters.

(3) Even if single period returns are distributed elliptically, for time-
dependent processes the aggregation of single period returns over
several periods will in general not be elliptically distributed. There-
fore the MaxLoss Method has to be further developed, if it is to
be applied to changes over a longer time horizon.

(4) Incremental MaxLoss is an indicator of the risk contribution of
single asset classes. Incremental MaxLoss can be approximated
by the MaxLoss contribution of the asset class divided by the
weight of the asset class. This quantity can be calculated with
much less computational ressources.

(5) Applying the MaxLoss method to the GIM-Portfolio we found
the following. Reducing the weight of asset classes with high in-
cremental MaxLoss and relatively low returns, and increasing the
weight of asset classes with low incremental MaxLoss and rela-
tively high returns, we arrive at a portfolio which (a) has MaxLoss
reduced by a third, (b) has increased historical returns by a fifth,
(c) has higher future returns in an out-of-sample comparison.
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1 Literature Review: Testing Correlation Stabil-
ity

The issue of correlation stability is relevant in risk management, asset pricing
and asset management. Starting with modern portfolio, correlations have
had a central role in diversification strategies reducing portfolio risk. It
is desirable that this quality to be maintained when it is most needed: in
turbulent times. The question whether present correlations will prevail in
a future crisis, or more generally what correlations will look like in future
crisis, is of paramount importance.

In stress testing a common practice [21, 22, 7, 20] is to use, besides the
historical stress situations, the so-called “predictive stress tests”, in which
large but plausible movements of risk factors are considered. This requires
knowledge of the multivariate distributions of returns. This technique could
be theoretically justified if the statistical properties of the time series hold
not only during the normal times upon which they were derived, but also
during periods of high market volatility.

The widespread opinion on financial markets is that “during market
events, correlation change dramatically” [4], and the opinion is shared by
major market participants [19] and regulators [1, 18]. In this Section we
review the discussion of this topic in the literature as far as it is relevant for
risk management in general. In later Sections we will investigate the rele-
vance of correlation stability in stress testing and Maximum Loss methods.

1.1 Testing Correlation Stability by Sample Truncation

The first intuitive idea to test for change in correlation is to assign the data
to either a “hectic” or a “quiet” period and compute conditional correlations
for each sub-sample. The splitting criterion refers to one component in a
bivariate random vector. Some popular splitting criteria are:

• the returns of one component are larger/smaller than two/three/four
standard deviations

• grouping data in “months” and assigning them to “hectic” or “quiet”
sub-sample if the standard deviation of the “month” (computed again
for one component of a bivariate random vector) is larger than a certain
multiplier of the sample standard deviation

• grouping data in quartiles, deciles etc. and computing correlations for
each group
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Such comparisons support the changing correlation hypothesis. But re-
peating the calculation with a i.i.d. bivariate sample, the same conclusion
is reached, in spite of the fact that data obviously has constant correlations,
since it was drawn from one and the same i.i.d. distribution. An analytical
formula that link the correlation coefficients of the two sub-samples is given
in [5]

ρhectic =
ρ√

ρ2 + (1− ρ2) Var(X)
Var(X|X∈A)

(1)

where (X,Y ) is a bivariate normal random variable with mean zero and
correlation ρ. ρhectic is the conditional correlation for the hectic sub-sample
A, and Var(.) is the variance operator.

Inspecting equation (1) one could notice that |rhectic| > |r| as long as
the ratio (Var(X)/Var(X|X ∈ A) < 1 . Moreover, if the hectic event A
conditions in a symmetric way (e.g. “x is hectic if |x| is larger than 2
standard deviations”), one should expect that Var(X|X ∈ A) is far larger
than Var(X). This leads to a first important insight: On subsamples with
higher variance the conditional correlation is higher. Therefore one should
not prematurely attribute higher conditional correlations to changes in the
correlation structure. They might as well be due to simple increases in
volatility. Many of the studies referred to below deal with exactly this
problem: Is there any evidence suggesting that correlation structure itself,
not just volatility changes in times of crisis?

Although it is no longer possible to obtain a closed-form formula, the
same pattern is noticed when the underlying data-generating process is no
longer normal. [5] reports these for both auto-correlated processes and for
bivariate GARCH processes with constant correlation as in the model intro-
duced by [2].

Note that correlation is no longer an exhaustive measure of dependence
when the elliptical distribution world is left. One consequence of this fact
is that the correlation coefficient is no longer bounded in the interval [-
1,1], but in a smaller interval [ρmin, ρmax]. ρmin is attained when marginal
distributions are counter-monotonic, while ρmax is attained when marginal
distributions are co-monotonic1. Therefore, as the return distribution de-
parts from normality, the interval in which the correlation could vary is
shrinking.

1Counter-monotonicity is achieved when, given the continuous marginal distribution
function F1 and F2, the joint distribution function is F (x, y) = max(F1(x)+F2(y)−1, 0);
for co-monotonicity, the formula becomes F (x, y) = min(F1(x), F2(y)). For more details,
see [12]
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Loretan and English [25], as well as Forbes and Rigobon [14], come to
a similar conclusion for stock market, foreign exchange, and bonds: Actual
correlations during periods of relatively high volatility appear to be close
to correlations one would expect conditional on the level of volatility and
based on an unchanged process of asset returns.

1.2 Testing Correlation Stability using Extreme Value The-
ory

Recent studies [24, 15] use Extreme Value Theoriy (EVT) to test correlation
stability of markets. There are a few reasons that support the idea of using
the extreme value theory in testing for correlation stability during hectic
financial markets. It comes natural to use a theory developed for the study of
rare events to research into the behavior of financial assets during turbulent
times. Moreover, we have seen previously that truncated datasets introduce
strong bias and that the conditioning on signed vs. non-signed values (one
tail vs. two tail conditioning) has a major impact on correlation. EVT
deals with this pitfall by providing theoretically sound statistical properties
for truncated data.

Longin and Solnik [24] use the following “peak-over-threshold” technique.
Returns are distributed according to a bivariate distribution function F (x, y)
with the marginal distribution functions F1(x) and F2(y). A threshold vector
(δ1, δ2) defines the multivariate extreme extremes:

(x∗, y∗) = (x, y), if x > δ1 and y > δ2 (2)

with joint distribution function F ∗(x∗, y∗) and marginal distributions F ∗
1 (x)

and F ∗
2 (y).

Extreme Value Theory states two properties for the multivariate extreme
extremes. Firstly, the marginal distributions F ∗

1 and F ∗
2 converge asymp-

totically2 to a Generalized Pareto Distribution (GPD). Secondly, the copula
function, which relates the joint distribution function F ∗ to the marginals
F ∗

1 and F ∗
2 by F ∗(x, y) = C(F ∗

1 (x), F ∗
2 (y)) has a special form. There exists

a function D, called the dependence function, such that

F ∗(x, y) = C(F ∗
1 (x), F ∗

2 (y)) = exp
[
−D

(
− 1

lnF ∗
1 (x)

,− 1
lnF ∗

1 (y)

)]
, (3)

The dependence function D, together with marginal distributions, com-
pletely characterizes the joint distribution of extreme returns. However,

2More exactly, limδ→u supδ<x<u |F ∗1 (x)−GPD(x)| = 0, where u is the upper point of
F ∗i (∞ for Normal and most of the interesting distributions).
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there is no explicit form for the dependence function D that fits every un-
derlying process. A common dependence function used in the literature is
logistic function:

D(x, y) = exp
(
x−

1
α + y−

1
α

)α
(4)

It is convenience more than considerations of principle which make the logis-
tic function such a popular choice of dependence function. The distinctive
advantage that singles out the logistic function is its parsimony: the depen-
dence structure is described by a single parameter α. Moreover, there is a
simple correspondence between α and correlation coefficient: ρ = 1 − α2.
However, the choice of logistic function is purely arbitrary and it remains to
be checked by empirical studies.

For the purpose of testing correlation stability, a model of the tails of
each marginal distribution is estimated. The dependence structure in the
tail is modelled with the logistic distribution and is characterised by a pa-
rameters (p1, p2, σ1, σ2, ξ1, ξ2, α), where p1, p2 are the tail probabilities, σ1, σ2

are the dispersion parameters, ξ1, ξ2 are the tail indices, and α is the depen-
dence parameter. The parameters were estimated for different exceedance
thresholds and for positive and negative return exceedances. The result
is that the correlation seems to be influenced by the size and by the sign
of the thresholds used to define the extremes. Tail correlations at different
threshold levels differ from each other and from correlations for the full sam-
ple. Interestingly, correlations tend to decrease with the level of threshold
if we look at positive return exceedances, whereas correlations increase with
the threshold level if we look at negative return exceedances. This seems
to suggest that correlations increase in bear markets, and decrease in bull
markets.

Longin and Solnik also test the null hypothesis that actual tail correla-
tions are equal to tail correlations derived from a normal distribution. The
null hypothesis was tested with a direct t-test and a likelyhood ratio test.
For four pairs of 30 rears of stock market data, with both tests, the null
hypothesis is rejected at the 5% confidence, when considering negative re-
turn exceedances. The null hypothesis cannot be rejected for positive return
exceedances. This is in line with the insight, that correlations increase in
bear markets but not in bull markets.
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1.3 Testing Correlation Stability using Mixtures of Normal
Distributions

In order to allow explicit computations of correlation coefficients in normal
and hectic periods, Kim and Finger [20] propose a model that considers
bivariate returns as a random draw from a mixture of (bivariate) normal
distributions.

The model

As explained at the beginning of this paper, the level of volatility (variance)
has a direct impact over the computed correlation coefficient. In order to
remove those effect, we will ”smooth” the returns by extracting the time
varying volatility. One of the most common procedure in this respect was
proposed in RiskMetrics methodology, and consist in computing the condi-
tional variance as a exponential weighted moving average with a time frame
of 74 days and a decay factor of 0.94. Since the methodology is widely used,
we will not give further details. However, throughout this section we will
use the standardized returns, i.e. the return scaled by a moving average
mean and standard deviation.

The returns are distributed as follows:

(x, y) =





N

[(
µx1

µy1

)
,

(
σ2

x1 σx1σy1ρ1

σx1σy1ρ1 σ2
y1

)]
with probability p

N

[(
µx1

µy1

)
,

(
σ2

x2 σx2σy2ρ2

σx2σy2ρ2 σ2
y2

)]
with probability 1− p

(5)

The probability p corresponds to normal days and 1 − p to hectic/stress
days, p > 1− p.

The model has a missing data (random variable), i.e. the information
that, given a certain return, this will be assigned to either normal or hectic
distribution. If this piece of information is available, the estimation proce-
dure will be standard maximum likelihood. Although most of the returns
could be assigned to one of the two categories by inspection, the border
ones pose problem, and a theoretically sound criterion for deciding will be
welcome.

The estimation starts by considering x a so-called “core” asset and y a
peripheral asset. A first step is the ML estimation of the univariate distri-
bution of x (i.e. µx1, σx1, µx2, σx2) as well as the probability p of a quiet day.
Since the ML function has several local maxima, a grid search is employed
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and p is restricted to the interval [0.01, 0.49]. Using estimated marginal
distribution of the core asset, Kim and Finger computed the conditional
probability that the return of a given day is quiet or hectic.

Among other things they perform a Likelihood Ratio test on the null
hypothesis that the actual data stem from a single multivariate normal dis-
tribution rather than a mixture of two multivariate normals. This null
hypothesis is rejected at the 99% confidence level.

2 Modelling the Time-dependence of Correlations

In Section 1 we have seen ample evidence that correlations and volatilities
are not stable. A volatility model should be able to forecast volatilities and
correlations, or more generally: it should forecast the entire multi-variate
density function. Such forecasts are used in risk management, derivative
pricing and hedging, portfolio selection and many other financial activities.
In MaxLoss are these forecasts used to specify search domain with some
level of plausibility.

2.1 Stylized facts about asset price volatility

A number of stylised facts about the volatility of financial asset prices have
emerged over the years, and have been confirmed in numerous studies. A
good model must be able to capture and reflect these stylized facts.

Volatility Clustering. The clustering of large moves and of small moves
in the price of process was the one of the first documented features of asset
price volatilities. Many studies [28] report evidence that large changes (in
either direction) in the prices of an asset are often followed by large changes
(in either direction), and small changes are often followed by small changes.
The implication of such volatility clustering is that volatility shocks today
will influence volatility over some time in the future.

Mean reversion of volatility. Volatility clustering implies that volatility
comes and goes. So a period of high volatility will give way to a period
of lower volatility and similarly, a period of low volatility will come to an
end and will be followed by a period of low volatility. There seems to be a
normal level of volatility to which volatility will eventually return and long
run forecast of volatility should converge to this normal level of volatility.
More precisely, mean reversion in volatility implies that current information
has no effect on the long run forecast.

Asymmetric impact on volatility. Many volatility model impose the as-
sumption that the conditional volatility of the asset is affected symmetrically
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by positive and negative innovations. But for equity return it is unlikely
that positive and negative shocks have the same impact on the volatility.
Negative shocks seem to be followed by sharper increases in volatility than
positive shocks. This was empirically documented in [6].

Heavy tails. It is well established that the unconditional distribution of
asset returns has heavy tails. Extreme moves occur more frequently than
could be expected if returns were normally distributed. This feature should
also be described by a model of the time-dependence of volatilities and
correlations.

All the above characteristics are univariate. They only refer to the
volatility of one market. But shocks are expected to spill over from one
market to another. The interaction of the markets implies that the volatil-
ity of one series may depend not only on the history of this series, but also
on the history of other time series. Empirically, the time-dependence of
correlations is undisputed, as we have seen in Section 1.

2.2 Time-dependent Volatility Models

We now describe some volatility models for univariate time series and discuss
the advantages and disadvantages of these volatility models.

Historical Volatility in a rolling window

This is the simplest available time-dependent measure of volatility. The
rolling window estimator computes the volatility (or covariance matrix)
at time t as the sample volatility (covariance matrix) of the observation
xt−k, ..., xt−1, where k is some predetermined integer. k is the number of
periods covered by the rolling window.

The main advantage of this model is that historical volatility in a rolling
window is easy to calculate. But there are important disadvantages. First,
this model gives equal weights to all observations during the sample period.
This means that historical volatility historical volatility in a rolling window
cannot describe volatility clustering. This is easy to see: we get the same
historical volatility, irrespective of whether the large moves occurred recently
and the small moves a longer time ago, or vice versa. This volatility forecast
does not take into account whether current volatility is at high or low level.

Exponential Weighted Moving Average (EWMA)

EWMA volatility model uses an exponential smoothing method. Volatility
at time t is calculated as an average of the historical data with weights
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decaying exponentially in time. This gives more recent data a stronger on
the volatility estimate. So we have

σ2
t = (1− λ)

t∑

k=0

r2
t−k−1λ

k (6)

where λ is the decay factor. The optimal decay factor is defined as the decay
factor which minimizes

f(λ) =
t−1∑

k=1

(
r2
t−k − σ2

t−k

)2
, (7)

where σ2
t−k are calculated using (6). In EWMA model recent information

has greater impact on volatility forecast than older information. Therefore
this reacts more quickly to a shock. It also can describe a faster recovery
of the market from shocks. Another advantages of this method is the low
computational effort it requires.

Let us turn to the drawbacks of EWMA models. Some studies suggest
that after a short period of low volatility, the EWMA model may underes-
timate the volatility, because the volatility will drop to this low level and
ignores the mean reversion in volatility.

GARCH-models of time-dependent volatilities

GARCH models are youngsters on the econometric scene, first being intro-
duced by R.F. Engle in 1982 and T. Bollerslev in 1986. They have become
popular in a relatively short period of time. A GARCH(1,1) model volatil-
ity forecast depends on three factors: a constant, yesterday’s forecast of
volatility and yesterday’s returns. The volatility in GARCH(1,1) model is
calculated as

σ2
t = a + br2

t−1 + cσ2
t−1, (8)

where a, b and c are parameters which specifies the GARCH process.
Among the main advantages of GARCH models is their ability to in-

corporate volatility clustering mean reversion of volatility. In equation (8)
volatility depends on the squared value of news. This GARCH model ignores
the sign of innovations and therefore cannot model asymmetric shocks. This
disadvantages can be removed by introducing term which will depend on the
sign of the innovations. For example volatility in asymmetric GARCH(1,1)
is defined as

σ2
t = a + (b + dγt−1)r2

t−1 + cσ2
t−1, (9)
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where γt is equal to zero if the innovation is positive (rt > 0) and is equal
to one if the innovation is non-positive (rt ≤ 0). In this model we assume
that negative innovation have greater impact on the volatility than positive
innovation.

Note that the EWMA model with long time period can be rewritten as
GARCH model with

a = 0,

b = 1− λ,

c = λ.

Considering EWMA as a GARCH(1,1) model with a special, restricted,
choice of parameters, it is clear that with general parameters a GARCH
model can incorporate more general phenomena than an EWMA model.

2.3 Time-dependent Volatility and Correlation Models

The extension from univariate GARCH process to multivariate GARCH
process requires the conditional variance-covariance matrix Σt to depend on
the previous variance-covariance matrix and the crossproducts of previous
risk factors.

Full multivariate GARCH. The simplest idea is to allow conditional covari-
ance between risk factors i and j to depend on crossproducts of all other
risk factors also from all previous covariances

σ(i,j)t = aij +
n∑

k=0

n∑

l=0

(
bijklr(k)t−1r(l)t−1 + cijklσ(k,l)t−1

)
. (10)

This model is very complex and number of parameters grows as N4. So for
a portfolio with 10 risk factor we have over 10000 parameters. Clearly it is
impossible to have enough data for a reliable estimate of 10000 parameters.

Diagonal representation. For empirical implementation, it is desirable to
further restrict this parameterization. The natural restriction is the diagonal
representation introduced by Bollerslev, Engle, Wooldridge [3], where each
σi,j depends only on past value of itself and on the past value of r(i)tr(j)t

σ(i,j)t = aij + bijr(i)t−1r(j)t−1 + cijσ(i,j)t−1. (11)

This seems an intuitively plausible restriction since information about vari-
ances is usually revealed in squared residuals. The number of parameters in
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this model is approximately N2, but the model does not allow for the same
generality as the full multivariate GARCH model. Still, we do not know of
any confirmed empirical phenomenon not described by the diagonal model.

The disadvantages of diagonal representation is that we can not assure
the positive definite covariance matrix. Ledoit, Santa-Clara, and Wolf [23]
suggest a method how to deal with this problem. They transform the es-
timated parameters in a way, which yields a positive definite covariance
matrix and stays as near as possible to the estimated model. To identify
this transfomation require the solution of another optimization problem.

BEKK representation.
One model which assures the positive definiteness of covariance matrix

and has a reasonable number of parameters is the BEKK model [11]

Ht = AT A +
K∑

k=1

BT
k rtr

T
t Bk +

K∑

k=1

CT
k Ht−1Ck, (12)

where K determines the generality of the process and the number of pa-
rameters, which is approximately KN2. The BEKK model always directly
yields positive semi-definite covariance matrices. As compared to the diago-
nal representation it requires more parameters to be estimated, more data is
needed for reliable estimation. On the other hand, it is able to model more
general effects than the diagonal representation.

Bivariate EGARCH. This model was introduced by Braun, Nelson and
Sunier [6]. It splits the variance of a risk factors into two parts, into market
variance and the risk factors specific variance. In this model R denotes the
excess return in time t and is modelled as

Rm,t = µm,t + σm,tεm,t,

Ri,t = µi,t + βi,tRm,t + σi,tεi,t,

where m stands for market. The model assumes that µm,t, µi,t, σ2
m,t, σ2

i,t

and βi,t are measurable at time t − 1 and that market volatility follows
an EGARCH process with asymmetric impact of volatility shocks. The
volatilities of the other risk factors follow modified EGARCH process. The
other risk factors do not directly interact with each other. They influence
each other only via the market index.

The number of parameters in this model grows as N . This is a key
advantage. The variance of risk factor’s return i in this model is equal to
β2

i,tσ
2
m,t + σ2

i,t. Not only variance, but also correlations are time-dependent
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in this model. However, if we set parameters for modelling the volatilities of
risk factors i and j, then the correlations between risk factor’s return i and
j are exactly defined as βi,tβj,tσ

2
m,t. So in this model we can freely choose

the model for volatilities, but then the correlation are determined by our
choose of volatility model.

2.4 Multiperiodicity: Aggregated Distributions
of Time-dependent Volatility and Correlation Models

For many practical applications in risk management and asset allocation
one is interested in time horizons of several data periods. For example, if
we could have monthly data and still be interested in the distribution of
returns after six months or a year. This raises the question how to calculate
low frequency volatilities and correlations from high frequency data.

The first and simplest way is to scale the volatility with squared root
of the number of data periods in the time horizon. So if 1σ is the one day
volatility, then for the five day volatility we get as 5σ =

√
51σ. This method

works correctly in returns are i.i.d. and if we are interested in the volatility
of the sum of these log-returns. But the scaling method is not applicable
of return distributions are time-dependent and therefore not i.i.d. Volatility
persistence and volatility clustering imply that in real markets we do not
have an iid environment.

To illustrate the failure of the scaling method in a non-iid environment
let us look at a univariate GARCH(1,1) process for one month returns. For
weak GARCH processes3 Drost and Nijman in [10] show that the temporal
aggregation also follows a GARCH process, but one with different parame-

3At this point we need to distinguish between weak and strong GARCH processes. The
sequence rt is generated by a weak GARCH process if

P [rt|rt−1, rt−2, ...] = 0, (13)

P [r2
t |rt−1, rt−2, ...] = σ2

t , (14)

where σ2
t is calculated from equation (8) and P [xt|rt−1, rt−2, ...] denotes the best linear

prediction of xt in terms of 1, rt−1, rt−2, ..., r
2
t−1, r

2
t−2, ....

The sequence rt is generated by a strong GARCH process if

εt = rt/σt ∼ D(0, 1) i.i.d., (15)

where σ2
t is calculated from equation (8) and D(0, 1) is some specified distribution with

mean zero and unit variance—not necessarily the standardised normal distribution. Every
strong GARCH process is also a weak GARCH process, but not vice versa. Weak GARCH
processes are more general in that they do not require distribution of returns at different
times to be identical or independent.
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ters. These parameters give the same prediction of volatility as the scaling
method only when b + c → 0, or in other words only if the volatility is
constant.

We will be interested in the correct volatility prediction for a strong
GARCH processes. So we consider a stock price St and assume, that the
returns of the stocks price

rt = log

(
St+1

St

)
(16)

follow a strong GARCH(1,1) process

rt = σtεt,

σ2
t = a + br2

t−1 + cσ2
t−1, (17)

εt ∼ N(0, 1) i.i.d..

In this case the aggregated return over m steps is equal to

mrt = log

(
St+m

St

)
=

m−1∑

i=0

rt+i. (18)

For a discrete one step distribution the probability that the multiperiod

return mrt is equal to y is the probability that
m−1∑
i=0

rt+i is equal to y. This

we have so sum over all possible paths of {rt+i}m−1
i=0 which yield the sum y.

For a continuous one step distribution the density function of the m-period
return mrt is

fmrt(y) = (19)
∞∫

−∞
...

∞∫

−∞
frt+m−1

(
y −

m−1∑

i=1

xi|τt+m−1

)
m−1∏

i=1

frt+i−1(xi|τt+i−1)dxm−1...dx1

This density can be evaluated only numerically. Still, the volatility of the
multiperiod return is explicitly given by

D[mrt] = a

m−1∑

i=0

αi + αm−1

(
br2

t−1 + cσ2
t−1

)
, (20)

where

α0 = 1,

αi+1 = (c + b)αi + 1.
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From this we see that the scaling method yields the right result only if
b + c → 0.

The class of strong GARCH processes is not closed under temporal ag-
gregation. The density function of multiperiod aggregated returns does not
necessarily have the same form as the density of one period returns. For ex-
ample, even if all one period returns are distributed normally, multiperiod
aggregated returns need not be normal or even elliptic. This is a key phe-
nomenon of aggregating time dependent return distributions. Let us look
at some examples.

First we illustrate the intuitive idea behind this phenomenon in a simple
trinomial tree governed by an asymmetric GARCH model. Consider a simple
discrete distribution where changes can only be {−1, 0, 1}. The probability
that the change is equal to 1 or −1 is assumed to be equal to p. Thus the
mean is equal to zero and σ2

t = 2pt. For describing the volatility we use the
following model.

σ2
0 =

1
2
,

σ2
t+1 =

1
2
σ2

t + r2
t

(
1
4

+
1
4
γt

)
, (21)

where γt = 1 if rt < 0, otherwise it is equal to zero. The resulting trinomial
tree is depicted in Figure 1. It is apparent that the cumulative distribution
is not symmetric, although all one step distributions are symmetric. From
the picture it is apparent that the cumulative distribution is not symmetric,
although in every step we have a symmetric distribution.

Example 2.1 Assume the original time series follows a strong GARCH
process with volatility

σ2
t = a2r2

t−1

and standard normalised error distribution. Then the density function of
the time series 2rt is

f2rt(y) =

∞∫

−∞

1
2πσtσt+1

e
− 1

2

�
x2

σ2
t
+

(y−x)2

σ2
t+1

�

dx,

where

σ2
t+1 = σ2

t+1(x) = a2x2
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Figure 1: Symmetric one period returns aggregate to asymmetric multiperiod
returns.

and σt is known at time t. Therefore

f2rt(y) =

∞∫

−∞

1
2πσt|ax|e

− 1
2

��
x
σt

�2
+( y−x

ax )2
�

dx.

This density is plotted in Figure 2. We see that lim
y→0

f2rt(y) = ∞. Obviously

the two steps return is not normally distributed, although the two one step
returns both are normally distributed, albeit with different parameters.

Multiperiodicity in multivariate GARCH processes

In Section 2.3 we have seen that multivariate GARCH models are good
candidates for modelling changing correlations. Figure 3 shows an example
of time-dependence of these correlations modelled by GARCH.

The problem of aggregation of time-dependent returns, which we en-
countered in the one dimensional situation, also occurs in the multi-variate
case. Although each one step return is normally distributed, the distribution
of aggregated returns will not be normal. For an illustration look at this
example.
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Figure 2: Density function of aggregated two period returns from Exam-
ple 2.1. One step returns are normally distributed.
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Figure 3: Left: Forecast of the correlation of the aggregated m-period returns.
Right: Forecast of the correlation of 1-period returns in m periods.
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Figure 4: One dimensional scenarios with the same plausibility over the two-
period horizon. Scenarios are taken to be points, the plausibity of a scenario
is the probability of the set of all points with a lower density.

Example 2.2 Assume two risk factors are independent and their returns
both follow the same GARCH process of example 2.1. Then the density
function of two dimensional changes is the product of the marginal density
functions. We have the numerical solution for the marginals already from
example 2.1. In Figure 4 we see the set of scenarios with the same plausi-
bility, where plausibility of Rm is defined as the probability of the set of all
scenarios with a lower density.

Figure 4 shows that the set of scenarios with the same plausibility is not an
ellipsoid. It is not even bounded.

One might find it strange that it is possible to find a scenario with
the some level of plausibility in arbitrarily large distance from the current
market state. On a definition of plausibility as the probability of some neigh-
bourhood of scenarios this anomaly disappears. It is easy to show that for
this definition of plausibility is the set of scenarios with equal plausibility
bounded. Figures 5 and 6 show the lines of equal plausibility, with the plausi-
bility of scenarios being defined as the probability of square neighbourhoods
of the scenario.
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Figure 5: Two-dimensional scenarios from example 2.2 with the same plau-
sibility over the two-period horizon. Scenarios are taken to be intervals with
a fixed edge length, centred at some point. The plausibity of a scenario is
the probability of the interval.
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Figure 6: Right: Two-dimensional scenarios from example 2.2 with the same
plausibility over the two-period horizon. Scenarios are taken to be squares
with a fixed edge length, centred at some point. The plausibity of a scenario
is the probability of the interval. Left: Plausibility of scenarios of example
2.2. Right: Scenarios with the same plausibility from the same example.
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Figure 7: Strategic composition of the GIM-Portfolio.

3 Managing the Risk of the GIM-Portfolio with
Maximum Loss

3.1 Portfolio Composition

In this section we are going to investigate the usefulness of the Maximum
Loss methodology on a portfolio which is modelled on the GIM-Portfolio
of LGT, except that the private equity investments are neglected. In the
sequel, whenever we refer to the “GIM-Portfolio” we mean the approxima-
tion to the real GIM-Portfolio resulting from neglecting private equity. The
GIM-Portfolio is widely diversified. In figure 7 we see a pie chart of the com-
position: portfolio is invested in global and emerging markets, US bonds,
high yield bonds and also in real estates. This diversification should make
the portfolio resistent to adverse moves in specific markets. This diversifi-
cation is expected to produce high returns and relatively low risk.

The real portfolio has a multitude of positions, which are not known on
a daily basis. Therefore we modelled the portfolio with the help of indices.
In figure 9 the equivalent GIM-Portfolio is displayed. The following indices
were used to model the portfolio.

JAGALLE: J.P. Morgan European Monetary Union Bond Index
SBWGUII: Salomon Brothers World Government Bond Index
SBMTIII: Salomon Brothers Mortgage Bond Index
MLHMAU: Merryl Lynch High Yield Master Bond Index
JPMTOT: J.P. Morgan Emerging Market Index
MSHWLDE: MSCI World Equity Index
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Figure 8: Strategic portfolio composition

Figure 9: Equivalent GIM-Portfolio

NAREEQU: National Association of Real Estate
Investment Trust Equity Index

MSEMKF: MSCI Emerging Market Equity Index

Other risk factors needed to model the portfolio are:

• Exchange rates of various currencies against the EUR, dentoed by
CURRENCY.XS, for example USD.XS.

• Interest rates are abbreviated by a code composed of the corresponding
currency and the duration of the interest rates. For example the three
months interest rates in the USD is denoted by USD.R090
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3.2 The Currency Hedge Strategy

In order to be able to set the currency exposures independently of the ex-
posures in various markets LGT uses a currency hedging strategy. Fig-
ure 8 shows the desired currency basket of the GIM portfolio. This hedge is
achieved by a taking FX-Forward into the portfolio. This works the follow-
ing way.

Forwards are private agreements to exchange a given asset at a fixed
point in the future. Usually the forward price is set so that the value of the
contract itself is zero at initiation. Therefore the forward price is

Fte
−rτ = Ste

−yτ

where: St: spot price of the desired currency
Ft: forward price of the desired currency
r: interest rate of the holding currency
y: interest rate of the desired currency
τ : time to maturity

Let us look at an example. Assume we have 80m USD, 10m EUR and 10m
CHF. A EUR investor might consider this too big a currency risk. He would
prefer a currency basket of 10m USD, 70m EUR and 20m CHF. To achieve
this currency basket he takes the following FX-Forward positions:

• Buy 10m CHF, which are paid in USD.

• Buy 60m EUR, which are paid in USD.

There are two possibilities on each position, which are demonstrated on the
CHF Forward. Either the investor buys now at the spot rate an amount
of CHF which will grow with the CHF interest rate to 10m CHF at time
of maturity, or he invests the USD at the USD interest rate and buys the
10m CHF at the future exchange rate. Since these two strategies both lead
to the same result (10m CHF at time of maturity), the amount of USD set
aside today to achieve this result should be the same for both strategies.
This requirement fixes the forward exchange rate. With both strategies the
investor has decreased his exposure in the USD and increased his exposure in
the CHF at maturity by an amount equivalent to 10m CHF. With the second
Forward he brings his currency exposure at maturity to the desired level of
10m USD, 70m EUR, and 20m CHF. He also introduced some additional
interest rate risk, depending on the maturity of the Forwards. This is why
exchange rates and interest rates appear as additional risk factors in the
portfolio, along with the asset classes.
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3.3 Risk Calculation Procedures

In this section we briefly describe which risk measures were calculated for
the GIM-Portfolio, how we calculated them, and which data we used.

Both of the models are calculated with the monte carlo simulation. The
data samples are based on monthly data with a starting point at 31.12.1990
to an end point depending on the scenarios.

Value at Risk

Value at Risk (VaR) is defined as a quantile of the profit/loss distribution.
The so-called confidence level fixes the quantile to be taken. A confidence
level of 5%, for example, means that we consider the 5% quantile of the
profit/loss distribution. It is interpreted as the loss amount which over the
holding period is exceeded with a probability of 5%. The confidence level we
use, if not indicated otherwise, is 99% As holding period we take the sample
period of data, which is one month. We calculated Value at Risk with
a Monte Carlo Simulation of 5000 evaluations. We drew sample points of
logarithmic returns from a multivariate normal, or if marked explicitly, from
a multivariate t-distribution with common denominator and four degrees of
freedom. The covariance matrix of the distributions was estimated with an
EWMA-model and a decay factor of 0.97. This decay factor is a RiskMetrics
standard for monthly data.

Maximum Loss

The Maximum Loss methodology is somewhat less known than the Value
at Risk. So we describe in a bit more detail. We will use the following
notation. The value of a portfolio depends on risk factors r1, . . . , rn which
can be combined into one single vector r := (r1, . . . , rn). The relevant
risk factors could be interest rates, stock indices, exchange rates, and the
like. The function determining the value of the portfolio when the values
of the risk factors are given is denoted by P . The values of the risk factors
characterize the market situation as far as it is of relevance to the portfolio.
So r represents a scenario. rCM shall denote the vector representing the
current values of the risk factors, i.e. the current market situation. P (rCM)
therefore represents the current value of the portfolio.

Calculating MaxLoss can be viewed as a systematic way of performing
stress tests. In our setup stress testing consists of selecting scenarios r ac-
cording to specific criteria and calculating the values of the current portfolio
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under these scenarios. These values are given by P (r). Each r can be inter-
preted as one possible state of the market at the end of the holding period.
By comparing P (r) with the current value of the portfolio P (rCM) one can
assess the losses that would be incurred if the market moved from rCM to r
without allowing a chance for re-balancing the portfolio. As counter-actions
can be taken during the holding period these figures give an upper bound
for the loss potential due to market moves from rCM to r. In this setup the
portfolio is restricted to instruments which do not depend on the whole evo-
lution of some risk factors during the holding period like for example path
dependent options. Therefore, path dependent options and the like will not
be considered in the remainder.

MaxLoss is a risk measure that can be interpreted as a worst case loss.
For many portfolios there is no worst scenario since the portfolio function
is not bounded from below. But the plausibility of scenarios which are very
far removed from the present market state rCM is very low. Therefore we
restrict attention to scenarios with plausibility above a certain threshold of
minimal plausibility. These scenarios form the “admissibility domain” [30].
If logarithmic returns are asssumed to be elliptically distributed, for example
t-distributed or normally distributed, the admissibility domain will naturally
be an ellipsoid. (In certain applications it is preferable, or necessary, to use
non-elliptic distributions. This is necessary, for example, if we model the
dependence structure in full generality, or if we consider returns aggregated
over several periods. This is a topic of further research. In this investigation,
however, we only deal with elliptic distributions.) The “Maximum Loss” of
the portfolio within some admissibility domain A is given by

MaxLossA(P ) := P (rCM)−min
r∈A

P (r).

Among the advantages of MaxLoss over VaR we only mention two. In
contrast to VaR, Maximum Loss is essentially a coherent risk measure. Es-
pecially the sub-additivity property always holds for MaxLos. Therefore,
MaxLoss can be the basis of a limit system. A total VaR-limit cannot be
split into VaR-limits for subportfolios, since it may happen that all subport-
folios are within their VaR-limit, but the total portfolio exceeds the total
VaR-limit. Secondly, MaxLoss conveys information not only about the size
of the Maximum Loss, but also about the scenarios which cause the worst
loss. This information will turn out to be highly useful when it comes to
finding measures to reduce risk if desired.

We calculated MaxLoss and the worst case scenario with a Monte Carlo
algorithm proceeding in focusation steps. Roughly speaking the algorithm
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proceeds as follows: In each focusation step a number of random points is
picked from the intersection of the search domain with a box with edges of
specified length and orientation in n dimensions. The portfolio is evaluated
at these random points. If the portfolio value at a random point is lower
than the current record, this random point is saved as a new record. After
such a focusation step is finished, the record point becomes the center of a
new box and the size of the box is shrinked by a certain factor. After the
last focusation step, the point with a record low portfolio value is taken as
an approximation of the Worst Case scenario.

For our 17 risk factor-model of the GIM-Portfolio we made 50 focusa-
tion steps and the numbers of evaluation in one focusation step was 100.
The shrinking factor of the search domain after each focusation step is 0.9.
Together with the slow variation of the portfolio value, this high calcula-
tion density assures that the calculated MaxLoss is very close to the real
MaxLoss. As for VaR we use volatility and correlation estimates derived
from a EWMA model with decay factor 0.97. Volatilities and correlations
fix the shape and the orientation of the ellipsoid. The size of the ellipsoid was
determined by the requirement that the probability of the ellipsoid should
be 95%. As probability of the admissiplausibility for a scenario is 5%, if not
different marked.

Risk Contributions of Single Asset Classes

Risk measurement should lead to risk management. Risk Management is
to reduce risk if deemed necessary or to remain within the risk limit when
rebalancing the portfolio in the search of higher returns. This requires in-
formation about how positions, subportfolios, or asset classes influence the
risk of the total portfolio.

When risk is measured as VaR one of the few ways to measure the risk
contribution of a subportfolio is incremental VaR [29]. This is defined to be
the change in VaR when the exposure in the subportfolio is reduced by a
certain amount or percentage. Analogously one can define the incremental
MaxLoss of a subportfolio. It is the change in MaxLoss when the exposure
in the subportfolio is reduced by a certain amount or percentage. For the
calculation of incremental VaR and incremental MaxLoss we compared the
VaR (resp. MaxLoss) of the original 100m portfolio with the VaR (resp.
MaxLoss) of a 99m portfolio with the exposure in the relevant risk factor
reduced by 1bn.

For MaxLoss one can consider other ways to measure the risk contri-
bution of subportfolio. Modelling an asset class as a single risk factor, as
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Calculation Name of Decay Nr of Standard
Date Period Factor Obs’tns Error

30.09.1998 Russia 0.97 94 5.71%
31.01.1999 Brazil 0.97 98 5.05%
31.10.1999 Normal 1 0.97 107 3.84%
30.04.2000 Nasdaq 0.97 114 3.10%
31.10.2000 Normal 2 0.97 121 2.51%
31.10.2001 WTC 0.97 131 1.85%

Table 1: Summary of Periods for which covariances have been calculated.

we do, one can consider a scenario rWC:i where only asset class i has its
worst case value and all the other asset classes have their current value. The
MaxLoss contribution of risk factor i is the loss in the scenario rWC:i as a
percentage of the worst case loss. Note that because of non-linearities the
MaxLoss contributions of all the risk factors will in general not sum up to
one. Also, the MaxLoss contribution of a risk factor can be negative. This
can be the case if rWC:i is outside the ellipsoid.

Calculation Periods for Correlations and Volatilities

The GIM-portfolio was analysed in various crises and quiet periods. With
the data available we considered only periods after 1998. For earlier crisis the
data was not sufficient for a reliable estimate of correlations. The calculation
date for the crises was at the end of the month the crisis occurred, if the crisis
was in the beginning of the month, otherwise the calculation date was at
the end of the following month. The aim of this was to get the full influence
of the crisis into the calculations. The standard error, which describes the
weight of the missing data points, was between 5.71% in the Russian crisis
and 1.85% at the terror attack on the World Trade Center (WTC). The next
table gives an overview of the periods considered.

3.4 Results of MaxLoss Analysis

Worst Case Analysis

To show the kind of analysis performed we consider the example of the
Brazilian crisis and the WTC crisis. Tables 2 and 3 show the results of the
Worst Case Analysis for these two crises.
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Risk factor Relative Vola- Rel. MaxLoss Weight
name change tility change/ Contri- in Port-

volatility bution folio

BASK.MSWRLD -22.18% 5.00% -4.44 70.90% 40.83%
USD.MSEMKF -27.31% 7.86% -3.47 8.75% 4.17%
USD.JPMPTOT -15.60% 5.18% -3.01 7.79% 6.50%
USD.MLHMAU -6.98% 2.34% -2.99 6.70% 12.50%
USD.SBWGUII -3.89% 1.83% -2.12 2.83% 9.50%
USD.NAREEQU -6.11% 3.70% -1.65 2.33% 5.00%
USD.SBMTIII -0.86% 1.03% -0.84 0,64% 10.00%
EUR.JAGALLE -0.71% 1.13% -0.63 0.61% 11.50%
USD.R090 -3.57% 7.48% -0.48 0.08% -
CHF.XS 2,45% 1,15% 2,12 0,05% -
GBP.R090 -1,47% 3,63% -0,40 -0,02% -
CHF.R090 -5,97% 14,58% -0,41 -0,02% -
JPY.R090 -18,00% 31,23% -0,58 -0,02% -
EUR.R090 -2,25% 5,26% -0,43 -0,12% -
JPY.XS -1,02% 4,01% -0,26 -0,14% -
GBP.XS 2,33% 2,21% 1,06 -0,78% -
USD.XS 4,89% 2,82% 1,73 -3,72% -

Table 2: Worst Case Analysis of the GIM-Portfolio using market data after
the WTC Crisis.

First of all the headings of the table should be explained. The first
column shows the risk factor name, the second the relative change of the
risk factor in the worst case scenario, as compared to the current market
state. The third column shows the volatility of the risk factors, the fourth the
relative change divided by the volatility. This column is the relative change
in standard deviations. The second last is the MaxLoss contribution, and
the last column shows the weight of the risk factor in the GIM portfolio.

The first thing to observe in both tables is major part of the loss in the
worst case scenario is caused by MSWRLD. One reason for this is surely
that MSWRLD has the largest weight in the GIM-Portfolio, namely more
than 40%. So MSWRLD is the risk factor to which the GIM-Portfolio
is primarily exposed. But this is not the only reason for the overwhelming
MaxLoss contribution of MSWRLD. In both crises the MaxLoss contribution
of the MSWRLD is a lot higher than the weight. A second reason might
the volatility of the risk factor. Clearly an equity index is more volatile and
therefore carries more risk than a real estate index.

But also the scenario has a strong influence on MaxLoss and the MaxLoss
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Risk factor Relative Vola- Rel. MaxLoss Weight
name change tility change/ Contri- in Port-

volatility bution folio

BASK.MSWRLD -19,93% 4,47% -4,46 59,51% 40,83%
USD.JPMPTOT -25,68% 7,18% -3,57 14,03% 6,50%
USD.MSEMKF -27,85% 8,52% -3,27 9,76% 4,17%
USD.MLHMAU -6,02% 1,83% -3,29 6,34% 12,50%
USD.NAREEQU -10,67% 3,69% -2,89 4,50% 5,00%
USD.SBWGUII -3,26% 1,81% -1,80 2,63% 9,50%
EUR.JAGALLE -2,00% 1,28% -1,55 1,95% 11,50%
USD.SBMTIII -1,91% 0,98% -1,94 1,63% 10,00%
EUR.R090 3,03% 3,84% 0,79 0,16% -
CHF.XS 1,47% 1,45% 1,02 0,08% -
CHF.R090 -0,73% 17,23% -0,04 0,03% -
JPY.R090 13,99% 14,19% 0,99 0,03% -
GBP.R090 2,50% 3,78% 0,66 0,02% -
GBP.XS 0,85% 2,09% 0,40 -0,22% -
USD.R090 4,07% 3,34% 1,22 -0,23% -
JPY.XS -3,86% 4,22% -0,91 -0,47% -
USD.XS 1,69% 2,51% 0,67 -0,62% -

Table 3: Worst Case Analysis of the GIM-Portfolio using market data after
the Brazilian Crisis.

contribution of a risk factor. For example, an emerging market index will
contribute more to the loss in an emerging market crisis than in a crisis
of technology stocks. Indeed the JPMTOT (Emerging market bond index)
had a relative change of -25.68% in the Brazilian crisis and -15.6% in the
WTC crisis. But the difference on the MSEMKF (emerging market equity
index) is not as big with a relative change of -27.85% in the Brazilian crisis
and -27.31% in the WTC crisis.

Table 4 is the VaR and the maximum loss of all scenarios displayed. The
maximum loss is in all scenarios similar and is in average 12.4%. A similar
picture is with VaR to see which is in average 5.7%. In this table it’s possible
to see that the maximum loss and the VaR is similar in times of crises and
normal periods. VaR shows the risk level in a specific confidence interval, in
our calculations 99%. Therefore we expect that in 1 of 100 trading days this
loss could be exceeded. But we don’t know how much this loss can be. With
maximum loss we know how much the highest possible loss of the portfolio
with a certain plausibility could be. But we don’t know how often such a
high loss occurs. Therefore both methods complete each other and should
be used together.
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Date Max Loss VaR

Crisis 31.09.1998 12.21% 5.66%
Crisis 31.01.1999 12.33% 5.86%
Normal 1 31.10.1999 11.85% 5.52%
Crisis 30.04.1900 12.53% 5.86%
Normal 2 31.10.2000 12.33% 5.71%
Crisis 30.09.2001 12.75% 5.75%

Table 4: A comparison of MaxLoss and VaR in different periods.

MaxLoss Position MaxLoss rel. Change./
Contribution Volatility

GIM 5.40% MSWRLD 88.46% -2.29
Corrs = 0 MLHMAU 4.37% -0.81

JPMPTOT 3.13% -0.51

Equ. weighted 10.73% JPMPTOT 24.06% -3.84
WTC corrs MSEMKF 22.68% -3.51
Portfolio MSWRLD 22.02% -3.58

GIM 12.75% MSWRLD 72.04% -4.40
WTC corrs JPMPTOT 8.22% -3.10

MLHMAU 6.96% -3.00

Table 5: Influence of correlations and asset weights on Maximum Loss when
market conditions after WTC crisis are prevailing.

What Influnences MaxLoss?

In this Section we will investigate the influence of asset weights, correlations
and distribution assumptions MaxLoss. In order to assess the influence of
asset weights we compare the MaxLoss of the GIM-Portfolio to the MaxLoss
of an equally weighted portfolio of the same total value. This comparison
is made first under market conditions prevailing after the WTC crisis, and
then under market conditions prevailing after the WTC crisis. In order to
assess the influence of correlations we compare the MaxLoss of the GIM-
Portfolio under correlations prevailing after the WTC resp. the Brazilian
crisis with the MaxLoss of the GIM-Portfolio under market conditions where
correlations were zero, but volatilities were unchanged. Tables 5 and 6 show
the results: MaxLoss figures and asset classes with highest contributions to
MaxLoss.

For both the market conditions after the WTC and after the Brazilian
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Portfolio Position Explanatory rel. Change./
Loss Power Volatility

GIM 4,17% MSWRLD 84.10% -2.05
Corrs = 0 MLHMAU 6.80% -0.56

NAREEQU 3.71% -0.76

Equ. weighted 11.56% JPMPTOT 32.46% -3.88
Braz. corrs MSEMKF 18.81% -3.37

MSWRLD 18.43% -4.06

GIM 12.33% MSWRLD 62.64% -4.51
Braz. corrs JPMPTOT 14.14% -3.46

MLHMAU 6.30% -3.14

Table 6: Influence of correlations and asset weights on Maximum Loss when
market conditions after Brazilian crisis are prevailing.

crisis, we see that if the risk factors are not correlated the MaxLoss of the
GIM-Portfolio is half of the MaxLoss under the actual correlations. This is
a clear indication that correlations reduce the efficiency of diversification.

The overall influence of portfolio weights is not very important. The
MaxLoss of the equally weighted portfolio is only slightly smaller than the
MaxLoss of the GIM-Portfolio. Of course the MaxLoss contribution of asset
classes changes dramatically with weights. MSWRLD has no longer the
highest MaxLoss contribution, JPMTOT took this position. This change is
more drastic in the Brazilian crisis.

The importance of correlation for a good diversified portfolio is known.
If correlation change, and they do change in times of crises, the behaviour of
the portfolio will change. This diversification effect is needed most in times
of crises to keep the loss low. Figure 10 shows the correlation coefficient of
the MSWRLD with the other asset classes.

In Figure 10 are only the indices displayed because the currency exchange
rates and the interest rate show a similar trend. The correlation changed
drastic during the Russia crisis 1998. this is also to see at the jump of the
average correlation coefficient. However there are no significant changes form
that point until 2001 and thus it’s not possible to say that the correlation
changed during the Brazilian crisis and the Nasdaq crisis. A different picture
is before the WTC attack where the correlation jump back to a similar
level as it was before the Russia crisis. But after the attack on the WTC
the correlation jump again, you can also see this in the average correlation
coefficient. Therefore we can summerize the our result about the influence
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Figure 10: Correlation MSWRLD with each other risk factors

of the correlation, that we found some evidence of changing correlation in
times of crises and correlation are not constant over time.

At last we investigate the influence of the distribution on the maximum
loss calculation. Most of the Return time series have fat tails and with a
assumed normal distribution the probability of high loss will be underes-
timated. The next table shows the maximum loss of the GIM portfolio,
calculated with t-distribution with degree of freedoms of 4, 20, 200 and also
the normal distribution. This calculation are based on 3 scenarios whereby
2 of them are crises and one was a quiet period. The degree of freedom
shows how fat the tails of the distribution are, the lower the degree of free-
dom the fatter the tails. With an increase of the degree of freedom we will
converge to the normal distribution. In all of the three scenarios it’s obvious
that the maximum loss of the t-distribution with a degree of freedom of 4
is higher than the normal distribution. When the degree of freedom is 200
the difference to the normal distribution is negligible.

3.5 Reality Check

VaR still is the most popular tool for monitoring market risk. In this section
we compare VaR and MaxLoss to actual losses during a crisis. For this
reality check we put ourselves in the situation at the end of August 2001.
At this time there was no indication of the WTC crisis. Using market
data up to August 2001 we calculated MaxLoss and VaR for the GIM-
Portfolio. The confidence level for the MaxLoss calculation was set so as to
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Plausibility of the scenario 11.83 Standard Deviation
30 September 2001 on 31 August

Maximum Loss on 31 August 2001 with 25.95%
the plausibility above

Realized loss between 30 September 2001 5.22%
and 31. August 2001

VaR with a 95% confidence level at 3.98%
31 August 2001

VaR with a 99% confidence level at 5.49%
31 August 2001

Table 7: Comparison of actual losses during the WTC crisis with MaxLoss
and VaR values calculated 31 August 2001.

just include the actual move taking place from 31 August to 30 September.
From the point of view of 31 August, this move was highly implausible. It
was a 12 standard deviation move. Finally the loss actually accrued between
31 August and 30 September was compared to the MaxLoss and the VaR
calculated beforehand.

The results are shown in Table 7. The MaxLoss calculated for 31 August
is 26%. The actual loss between August and September 2001 was 5.22%. So
the actual loss stayed well below the MaxLoss. Above the plausibility level
much worse things could have happened. The VaR calculated on the 31
August 2001 at the 95% confidence level was 3.98%, at the 99% confidence
level VaR was 5.49%.

3.6 Portfolio management

In this section we show how the MaxLoss methodology can be applied not
only for monitoring risk, but also for managing risk. As mentioned earlier,
risk management is to reduce risk if deemed necessary ideally without sacri-
ficing expected return, or to remain within the risk limit when rebalancing
the portfolio in the search of higher returns. In particular we want to focus
on advantages MaxLoss offers over VaR even for portfolio like GIM, which
are approximately linear.

There are different ways to measure risk. For single assets volatility is a
good measurement. The volatility of a portfolio depends not only the volatil-

33



ities and weights of its components but also on the correlations. How do the
subportfolios of a portfolio contribute to the portfolio risk? Earlier we men-
tioned volatility of the subportfolio, exposure in the subportfolio, weight of
the subportfolio, incremental VaR, MaxLoss contribution, and incremental
MaxLoss as possible measures of the risk contribution of subportfolios.

In Table 8 we evaluated unconditional returns as well as various mea-
sures of risk contributions of subportfolios as of 31 August 2001. Exposure,
which is proportional to weight, is clearly an unsatisfactory for the risk
contribution of subportfolios. It does not take into account volatilities and
correlations of subportfolios. It includes the volatility, the average return
over the observation period, the incremental VaR, the incremental maxi-
mum loss, MaxLoss contribution, MaxLoss contribution divided by weight,
GIM weights and a new portfolio setup. All of these figures include a rank-
ing on the left side. When we compare first the MaxLoss contribution and
the GIM weights. We see that they differ a lot. Therefore the exposure
is not the best way for measuring risk because the MaxLoss contribution
shows how much a risk factor contributes to the worst case scenario. The
volatility itself can measure risk only for the individual asset but not in the
portfolio framework. The best figure for the portfolio management would
be the incremental VaR. They are calculated in reducing each asset at 1m
EUR and as a result we get how much the VaR change. But then we still
have as risk measurement VaR and we don’t know about the behavior in
the worst case scenarios.

Studer [30, p. 44], mentions that MaxLoss is proportional to VaR if
(1) the portfolio value is a linear function of the risk factors, and (2) risk
factor changes are elliptically distributed. The proportionality holds on if
both conditions (1) and (2) are satisfied. The GIM-portfolio is not a linear
function of our risk factors, which are the log-returns. They are a linear
function of ordinary returns, but ordinary returns are definitely not ellip-
tically distributed. So for an equity portfolio VaR and MaxLoss are not
proportional, irrespective of whether we take log-returns or relative returns
as risk factors. This is confirmed by the calculation of incremental MaxLoss
and incremental VaR in Table 8. If MaxLoss and VaR were linear, incremen-
tal VaR should be proportional to incremental MaxLoss and thus lead to the
same ranking of asset classes. But in fact proportionality fails spectacularly,
as is evident from comparing incremental MaxLoss and incremental VaR of
the first two asset classes, MSWRLD and JPMTOT.

Incremental VaR and incremental MaxLoss are the change in VaR and
MaxLoss brought about by reducing exposure in the relevant asset class by
1m EUR. The sharper the reduction in VaR and MaxLoss brought about
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Asset Vola rk return rk inc. rk inc. Max rk
class -tility VaR Loss

MSWRLD 4.88% 3 0.58% 7 -43405 2 -173502 2
JPMPTOT 5.30% 2 1.25% 1 233691 6 -121954 3
MLHMAU 1.96% 5 0.84% 3 216937 5 -19964 5
MSEMKF 7.46% 1 0.70% 5 -139286 1 -216876 1
SBWGUII 1.88% 6 0.56% 8 234986 7 15849 7
NAREEQU 3.70% 4 1.09% 2 168660 4 2457 6
JAGALLE 1.06% 7 0.73% 4 340861 8 -24773 4
SBMTIII 1.00% 8 0.66% 6 60108 3 51891 8

Asset MaxLoss rk Expl./ rk GIM rk new rk
Class contrib. weight Weights Weights

MSWRLD 70.88% 1 1.74 2 40,83% 1 20,00% 1
JPMPTOT 8.71% 2 1.34 3 6,50% 6 6,50% 7
MLHMAU 5.32% 4 0.43 5 12,50% 2 18,50% 2
MSEMKF 8.37% 3 2.01 1 4,17% 8 1,00% 8
SBWGUII 3.38% 5 0.36 6 9,50% 5 9,50% 6
NAREEQU 2.26% 6 0.45 4 5,00% 7 16,00% 4
JAGALLE 0.80% 8 0.08 8 11,50% 4 11,50% 5
SBMTIII 1.13% 7 0.10 7 10,00% 3 17,00% 3

Table 8: Assessing return and riskiness of asset classes within the GIM-
portfolio
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Asset GIM rk new rk
Class Weights Weights

MSWRLD 40,83% 1 20,00% 1
JPMPTOT 6,50% 6 6,50% 7
MLHMAU 12,50% 2 18,50% 2
MSEMKF 4,17% 8 1,00% 8
SBWGUII 9,50% 5 9,50% 6
NAREEQU 5,00% 7 16,00% 4
JAGALLE 11,50% 4 11,50% 5
SBMTIII 10,00% 3 17,00% 3

Table 9: Weights of asset classes in the original GIM-Portfolio and in a new
portfolio aimed at reducing risk and increasing expected return.

by reducing the exposure, the higher the contribution of this asset class to
VaR and MaxLoss.

The effort to calculate the incremental MaxLoss of an asset class is high
because it involves a new solution of the optimisation problem determining
MaxLoss and the Worst Case Scenario. The quantitiy “MaxLoss contribu-
tion / weight” gives a ranking of asset classes very similar to incremental
MaxLoss. This approximation is much easier to calculate because it involves
only one division. For portfolios with many risk factors this computation
advantage is much more marked. Calculating incremental MaxLoss for 10
risk factors involves ten 10-dimensional optimisation problems. Calculating
incremental MaxLoss for 100 risk factors involves hundred 100-dimensional
optimisation problems.

Using the information of Table 8 we tried to create a new portfolio
by reducing the weight of asset classes with high risk (high incremental
MaxLoss) and low returns. For example, MSEMKF has the highest risk
and a average return therefore we reduced the portfolio weight from 4.17%
to 1%. MSWRLD has the second highest risk and only ranks seventh in
return, so we reduced its weight from 40.83% to 20%. NAREEQU has the
second highest return, but in riskiness it has rank 6. Therefore we increased
its weight from 5% to 16%. SBMTIII has the lowest risk but but is only
rank 6 in returns, so we increased the weight only slightly from 11.5% to
15%. Finally we increased MLHMAU from 12.5% to 18.5% because the
risk is average and the return is relatively high. The weights of the original
GIM-Portfolio and the new portfolio are summarised in Figure 9. Our goal
for the new portfolio was to reduce risk and perhaps increase return—not
in a mechanistic manner but rather in an intuitive way. Did we succeed?
The average return between 1990 and August 2001 increased from 0.75% to

36



Figure 11: Portfolio Value over whole Observation period

0.9%. This is no wonder since we took into consideration these past return
data when composing the new portfolio. MaxLoss of the GIM-Portfolio as
of 31 August 2001 was 12.4%; MaxLoss of the new portfolio came down to
8.8%. This is a MaxLoss reduction by almost a third. VaR of the GIM-
Portfolio was 3.9%; VaR of the new portfolio is 2.7%—again a reduction by
almost a third.

Figure 11 shows the hypothetical development of the GIM-portfolio with
the typical GIM-Portfolio weight determining the initial investment in 1990,
and of a portfolio with the new weights determining the initial investment in
1990. Since then none of the hypothetical portfolios was rebalanced. Initial
value of the both portfolios was determined so as to lead to a portfolio value
of 100m EUR in August 2001. We see that we had to invest only 30m EUR
in the portfolio with the new weights, whereas we had to invest 37m EUR in
the portfolio with the GIM-weights in order to achieve a value of 100m by
the end of August 2001. This is a view into the past. So it does not come
as a big surprise that the portfolio with the new weights fared better. After
all we fixed the new weights with a view on past returns.

Figure 12 shows the development of portfolio values after the time of
calculation, August 2001. The market data after August 2001 have not been
used when we determined the new portfolio weights. We see that the new
portfolio performed considerably better in this out-of-sample comparison.
So if we had rebalanced our portfolio at the end of August 2001 on the basis
of MaxLoss calculations performed at that time, we would have reduced risk
and increased return for the time after August.
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Figure 12: Future Portfolio Value

4 Outlook

Let us finally turn to some possible directions of further development. We
will point to two possible projects. The first is directed to immediate ap-
plication. The second is more sophisticated and requires some development
work before implementation.

The first possible project is an implementation of the MaxLoss method
for risk monitoring and asset allocation at LGT. Modelling the dependence
of the portfolio on risk factors, estimating the distribution of risk factors,
calculating the worst case scenario and MaxLoss, and then determining the
MaxLoss contribution of the asset classes and other risk factors is a straight-
forward application. The MaxLoss numbers measure risk of portfolios and
subportfolios coherently, and can be the basis of regular risk monitoring
and limit systems. The MaxLoss contribution of asset classes together with
the historical returns of asset classes are a firm basis for asset allocation
decisions. This was shown for the GIM-Portfolio in Section 3.6, where we
reduced MaxLoss and improved return, historically and out-of-sample, on
the basis of exactly these numbers.

When time-dependence of correlations should be modelled expicitly, for
example with one of the GARCH models presented in Section 2.3, then the
MaxLoss method in its present form can be applied only to time horizons
of one data period. If a longer time horizon is relevant for investment de-
cisions one is confronted with the problem of aggregating time-dependent
return distributions. To make the MaxLoss method applicable in such a
context would require (1) to model and forecast the change in correlations,

38



preferrably in a multivariate GARCH model. This first step is useful not
only as a prerequisite for the MaxLoss method. Portfolio management itself
is inconceivable without knowledge of the correlations. Forecasting the time
evolution of correlations would greatly enhance the effectiveness of portfolio
management techniques using correlations. Then (2) one would have to de-
termine the non-elliptic admissibility domains by solving Equation (19) for
the aggregated density. This amounts to solving a high dimensional integral,
the number of dimensions being the number of risk factors times the number
of time steps in the time horizon. The third challenge is to (3) determine
the worst case scenario in the non-elliptic admissibility domain. This project
would put investment decision makers into a position to take informed risk
and investment decisions in a broader and more realistic context, namely
in an environment of changing correlations and with a view to longer time
horizons.
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