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Introduction

Are universally valid theories possible?

A universally valid theory of material reality seems to be the ul-

timate goal of scientific enquiry. This was for example expressed in

the dream of Laplace’s demon: if a universally valid theory were de-

terministic, the demon could use it to calculate any future state of the

universe from its present state.

Chapter 1 addresses an aspect of measurement which is common

to all universally valid theories—the problem of self-reference. It will

turn out that it is impossible for an observer to distinguish all states

of a system in which she or he is contained. With this kind of non-

self-measurability it is impossible for us to know the present state of

the universe exactly. Therefore, even if the ultimate universally valid

theory were deterministic, we could not use it to calculate the exact

future state of the universe.

The fact that it is impossible for us to distinguish all states of the

universe seriously impairs the empirical relevance of universally valid

theories. But a physical realist would rather not dismiss a theory just

for this reason. In his opinion, there are entities which in some sense

are independent of human knowledge. Statements about these entities

should not be conflated with statements about knowledge of the en-

tities. From this point of view, the fact that no experiment can, not

7



8 INTRODUCTION

even in principle, distinguish all states is not in itself objectionable.

Accordingly, a physical realist would not take this argument as suffi-

cient reason to exclude the possibility of universally valid theories. We

have to accept, however, that a universally valid theory is of ontological

relevance rather than empirical.

Is quantum theory universally valid?

Experimental evidence does not suggest that there is a clear border

beyond which quantum theory does not apply. Also, there is nothing

in the formalism which makes it inapplicable to 1023 particles. On the

other hand, we perceive the macroscopic world around us as being cor-

rectly described by classical physics. If quantum theory is universally

valid, it should also be able to account for this fact.

Is quantum theory consistent with our experience of the macroscopic

world? Can we regard macroscopic bodies as consisting of a large num-

ber of quantum systems?

There are famous historical arguments why this should be impossi-

ble. Such an argument is for example Schrödinger’s cat paradox. These

arguments intend to show that

(1) at least some properties of macroscopic bodies (such as a cat being

alive or dead) are definite in all states; (I will call such properties

classical; and properties for which there are states in which they

are not definite, quantum)

(2) quantum theory does not allow for classical properties.

Assuming that quantum theory is universally valid, (1) and (2) con-

tradict each other. If one wants to avoid this contradiction, and at
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the same time stick to the universal validity of quantum theory, then

clearly one has to drop (1) or (2).

(1) should not be taken as a stronger claim than it actually is. It

is not claimed that all properties of macroscopic bodies are definite

in all states. The claim is just that macroscopic systems have some

classical properties. It is consistent with (1) that macroscopic bodies

display some quantum properties. Superfluidity and superconductivity

probably are such macroscopic quantum effects.

From a strictly empirical point of view, even this weak claim is

vulnerable. For it is probably consistent with our experience of the

macroscopic world that states in which macroscopic properties are not

definite are rare. If one can, by this or a similar argument, deny (1),

classical mechanics does not have any place in a correct physical theory.

It is simply a wrong description of the real quantum world, but happens

to give on the macroscpic level a good numerical approximation.

(1) can be denied in another way, albeit at the cost of modifying the

quantum mechanical time evolution. States in which macroscopic prop-

erties are not definite need not be rare; but perhaps we do not perceive

such states because our observation changes the state of the system into

one where the observed property is definite. This observation-induced

state change is usually called “reduction of the wave packet”.

There is another way in which quantum mechanics can be consistent

with macroscopic perception: one can deny (2). The argument for

this is that macroscopic quantum systems can have classical properties.

This approach will be taken in Chapter 3. There I discuss the emergence

of classical properties in quantum systems with infinitely many degrees

of freedom.

One could, of course, take the point of view that such an emergence
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of classical properties violates the universal validity of quantum theory.

I would like to take a different point of view. The emergence of classical

properties in infinite systems is natural in the sense that at no point one

assumes quantum theory not to be valid anymore. The derivation of

classical properties, however, relies on the assumption that the quasilo-

cal observables form the algebra of observables of the infinite quantum

system. This will be discussed in more detail in section 3.1.3.

(Chapter 2 addresses the reverse problem: the transition from clas-

sical theories to quantum theories by various quantisation procedures.

If quantum theory is universally valid, quantisation is not of immediate

ontological relevance. Rather it highlights similarities and differences

in the mathematical structure of classical and quantum theories.)

The contradiction arising from (1), (2), and the universal validity

of quantum theory is part of the measurement problem. In which sense

the denial of (2) solves the measurement problem will be discussed

in Chapter 4. The approach to the measurement problem presented

there violates (2) by using a classical pointer observable belonging to

an infinite apparatus or an infinite environment.

There is a third alternative: the contradiction arising from (1), (2),

and the universal validity of quantum theory can be avoided if we re-

nounce the universal validity of quantum theory. This is done for ex-

ample by insisting—in the spirit, perhaps, of Bohr—that the realm of

our immediate experience is by described classical physics and not by

quantum physics.

One final remark about style. In order to present the problems in

a form to which definite answers can be given, I have been at pains

to give rigorous mathematical formulations. At the same time I have
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attempted to keep as clear a distinction as possible between physical

motivation and purely mathematical considerations. This is an exercise,

not just in the mathematical foundations of quantum mechanics, but

more importantly in the philosophy of physics, a discipline that is not

a compromise between philosophy and physics.





Chapter 1

Self-Reference and the
Universal Validity of
Quantum Mechanics

Chapter Abstract

In the central argument of this chapter, it is shown that it is impossible

for an observer to distinguish all states of a system in which she or

he is contained, irrespective of whether this system is a classical or a

quantum mechanical one. This implies that absolutely universally valid

theories are not fully justifiable from an operational point of view. Still,

such theories can have ontological relevance. For an operationally fully

justifiable theory claims of universal validity can only be maintained in

an observer dependent form: for each part of the world some observer

can apply the theory to it. In an application to quantum measurements,

the central result implies subjective decoherence: For an observer it is

not possible to determine whether the joint system consisting of him-

self and the observed system is in a statistical state with or without

interference terms.

13



14 1. UNIVERSAL VALIDITY

Chapter Overview

In this chapter I shall analyse the consequences of postulating uni-

versal validity for a physical theory. As far as quantum mechanics is

concerned, von Neumann assumed the theory to be universally valid

and thus was led to the measurement problem. Bohr denied the uni-

versal validity of quantum mechanics for “purely logical reasons”, and

thereby avoided confrontation with the measurement problem. It has

often1 been suggested that self-reference problems for universally valid

theories may pose serious difficulties for a quantum mechanical de-

scription of the measurement apparatus. The aim of this chapter is to

investigate these suggestions.

I will say that a theory is universally valid in the absolute sense if

it is true of the whole world, without any reference to observers. In

section 1.1 some arguments claiming that absolutely universally valid

theories cannot be deterministic will be reviewed and criticised.

In section 1.2 I give the central argument why no apparatus can

distinguish all states of a system in which it is properly contained.

This section follows Breuer (1994a). Properties of self-reference play

a crucial rôle in the argument. Whether the system is a quantum

mechanical one or a classical one, and whether the time evolution is

deterministic or stochastic, is irrelevant.

In section 1.3 the central result is applied to the question of how

we have to conceive of universally valid theories. It leads to the con-

clusion that absolutely universally valid theories at least partially lack

operational justification. Still they might be ontologically meaningful.

1See for example Dalla Chiara (1977), Peres and Zurek (1982), Roessler (1987),
Finkelstein (1988), Penrose (1989), Mittelstaedt (1993), Primas (1990), Svozil
(1993).
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An operationally fully justified theory can be universally valid only in a

relative sense: for any subsystem of the world some observer can apply

the theory to it. Such a position is sometimes adopted with respect to

quantum mechanics, where the final observer in a measurement chain

is either not described at all by quantum mechanics (this is Bohr’s

point of view) or, because of the projection postulate she or he does

not follow the usual unitary quantum mechanical time evolution. But

the argument presented here shows additionally two things: Firstly, in

quantum mechanics these conclusions do not rely on the deterministic

character of the Schrödinger time evolution as opposed to the stochas-

tic character of the projection postulate. Secondly, we have the same

conclusions in classical theories.

In section 1.4 I turn to self-measurements in quantum mechanics. It

is shown that no apparatus can measure the Einstein-Podolsky-Rosen-

correlations between itself and an outside system. This then leads to

the concept of subjective decoherence: For an apparatus it is not pos-

sible to determine whether the joint system consisting of itself and

the observed system is in a statistical state with or without interfer-

ence terms. Subjective decoherence sheds new light on the problem of

Wigner’s friend, and on the question whether the observer’s mind can

be described by quantum mechanics.

1.1 Previous arguments against determin-

istic universally valid theories

Absolute universal validity. As I take it, the thesis of absolute uni-

versal validity of a physical theory says that such a theory is true of

the whole “world”, or of the whole “universe”, without any reference to
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observers. Such a theory is universally valid in the sense that no part

of the “universe” is excluded from its domain of validity. Still, I would

not like to call it a theory of everything because it need not describe

phenomena at all levels of complexity, from high energy physics to so-

ciology. I call it universally valid in an absolute way because it does

not make any reference to observers.

Non-self-predictability and non-self-measurability. An absolutely uni-

versally valid theory of material reality seems at first sight to be the

ultimate goal of scientific inquiry. This was expressed, for example, in

the dream (or nightmare) of Laplace’s demon. If a universally valid

theory were deterministic, then the demon could use it to calculate any

future state of the universe from its present state.

Popper (1950) argued that, however complete the information pro-

vided to the demon about its own past or present state, there will

always be questions about its own future state which the demon can-

not answer. This is the thesis of non-self-predictability. The demon

can make accurate predictions only about the outside world. There-

fore, if one wants to maintain—in Laplace’s spirit—that in presence of

a deterministic time evolution the demon should be able to predict the

future of the whole universe, then one has to exclude the demon from

the universe. (This is perhaps why Laplace’s demon is a demon. If it

can make predictions about the whole universe, but still not himself,

then it must be a truly supernatural being outside our material world.

It is not just demonic because of its great calculational abilities.) Non-

self-predictability implies that, even in a deterministic theory, accurate

predictions about subsystems of the universe may at most be feasible

for some observer, namely for one outside the system whose behaviour
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is to be predicted.2 But there will be no observer able to predict every-

thing accurately. Every deterministic theory must admit the existence

of unpredictable events when a predictor applies it to himself. Even

in classical mechanics with a deterministic time evolution we have this

kind of unpredictability.

Rothstein (1952, 1964) showed that if, in the spirit of Szilard’s

(1929) solution of the problem of Maxwell’s demon3, the demon is

considered as part of the thermodynamic system, the second law of

thermodynamics imposes restrictions on the accuracy of measurements

which the demon can perform on the system.4 In classical thermody-

namics exact state self-measurements are impossible. In section 1.2 I

will arrive at the same conclusion in a more general framework.

2I think it is doubtful whether an outside predictor, even if he obtains precise
information about the state of the system whose behaviour he has to predict, could
be able to make accurate predictions. After all, it may be that there are some
interactions between the predictor and the system. In this case complete knowledge
of the system’s environment is necessary to exploit for predictions the deterministic
time evolution. But, as Popper’s (1950, section III) argument about the “Oedi-
pus effect” intends to show, it is impossible for the predictor to obtain complete
information about his present state and therefore about the system’s environment
(in which he is contained). Therefore the only way to ensure that the predictor
can make accurate predictions about the system is to exclude interactions. This is
difficult if the predictior is subject to the laws of physics.

3Similarily to Laplace’s demon, Maxwell’s demon must not be subject to the
laws of physical reality if his presence is not to destroy the phenomenon he should
illustrate. This seems to be a general property of demons.

4Rothstein (1964) draws from his result the following conclusion. The impos-
sibility of exact state self-measurability implies that we never can fully verify the
allegedly deterministic character of an absolutely universally valid theory. For this
reason he dismisses the problem of free will and determinism as “pseudo-problem”.

Although I agree with the result, I think that the conclusion drawn by Rothstein is
controversial. Not being able to assess whether or not the time evolution of the world
is deterministic, the problem whether free will and determinism are compatible
surely loses some of its physical relevance. But the fact that the assumption of a
deterministic time evolution of the universe cannot be checked does not mean that
it is not decidable whether free will and determinism are compatible. That might
be decided by conceptual analysis alone.
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I believe the conclusions of non-self-predictability and non-self- mea-

surability are correct. In this chapter, they will follow in a more general

framework from the fact that no observer can obtain or store informa-

tion sufficient to distinguish all states of a system in which he or she is

contained.5 But of course non-predictability, or non-self-predictability,

does not disprove determinism.6

5Similarily, Popper (1950, section III, pp. 189-191) argued that impossibility
of having complete up-to-date self-information is the most conclusive argument for
non-self-predictability. He gives two arguments why it is impossible to have com-
plete up-to-date self-information. The first one is what he calls the “Oedipus effect”:
the reception of information changes the state of the predictor. (This is a truism
if the information is encoded in the physical state of the predictor. If the infor-
mation is encoded in the mental state of the predictor one needs additionally an
assumption of psycho-physical supervenience: different mental states correspond to
different physical states (but not necessarily vice versa).) Popper does not yet con-
sider this argument as conclusive because a very superior outside being might foresee
the state change caused by the reception of information, and give the predictor not
accurate information about its state but some information designed ingeniously in
such a way as to make the predictor’s predictions about himself accurate. There-
fore Popper gives a second argument: no finite piece of information can be exact
self-information. The reason for this is that the self-information must contain as
one of its parts a description of itself, which is impossible because there is no bijec-
tive map from a finite set to a proper subset. Popper thinks that an infinite piece
of information could be complete up-to-date self-information, but such an infinite
piece cannot be used for prediction if the predictor works at finite speed.

My central argument will also be to the effect that it is impossible to have com-
plete up-to-date self-information. But, unlike Popper, I will not restrict myself
to finite pieces of informations. Neither do I need to invoke assumptions about
determinism, or finite processing speed of the predictor.

6Remember Earman’s (1986) warning: Predictability is not a full-fledged sub-
stitute for determinism. The latter term is about how things really are, the former
about our relation to them.

If we were to follow Popper (1950) and take determinism as predictability with a
certain degree of precision (depending on the precision of knowledge about the initial
state), then determinism could fail for classical dynamical systems. In classical
dynamical systems, the time evolution is described by a one-parameter family of
automorphisms of the state space. Thus the initial state uniquely determines the
state at any later time. In this sense classical dynamical systems are deterministic.
Still, such systems may have unstable manifolds along which the distance of orbits
grows exponentially. In this case, however small the inaccuracy of knowledge δ
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Relative universal validity. Peres and Zurek (1982) present an argu-

ment against absolute universal validity which is particularly simple

and seemingly convincing. They argue that no physical theory can at

the same time fulfil the three requirements of absolute universal valid-

ity, experimental verifiability and determinism.

Their argument runs as follows: For the experimental verifiability

of a physical theory they regard it as a necessary condition that the

experimenter can freely choose which experiment he is going to make. A

universally valid theory which is deterministic precludes the free choice

of the observer and thus experimental verifiability.

To illustrate this they look at interpretations of quantum mechanics

which drop one or the other of the three requirements. Firstly, one can

have universal validity and determinsm, but drop experimental verifi-

ability. Everett’s (1957) relative state interpretation is a theory of this

kind in that the universe is completely described by quantum mechan-

ics and follows a deterministic unitary time evolution. (Determinism

about the initial state x, and however large the error ε we accept for our predictions,
there will be a state x′ closer to x than δ evolving into a state x′(t) farther than ε
from x(t) for sufficiently large t. Thus for classical dynamical systems with unstable
manifolds predictability with a certain degree of precision fails, but the present state
still determines all future states.

So predictability with a certain degree of precision is not a good criterion for de-
terministic behaviour of a system. But is predictability from hypothetically precise
initial data a possible way to formulate our intuition about “ontological” deter-
minism? By hypothetically precise initial data I mean initial data which could be
gathered by an ideal observer whithout technological limitations on the accuracy of
measurements he can perform.

One of the lessons of this chapter will be that hypothetically precise initial data
gathered by an observer about a system in which he is contained cannot specify the
state uniquely, because there are limitations of principle (rather than technological
ones) on the accuracy of self-measurements. Therefore, if the time evolution of our
universe is deterministic, but the phase space has unstable manifolds, even an ideal
internal observers cannot predict the future state with arbitrarily small inaccuracy.
Thus predictability, even for ideal observers as long as they are in the universe, is
not a good criterion for determinism.
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does not hold for the single branches of the universe.)

Secondly, one can consider theories which are universally valid and

grant the observer free choice. Such theories cannot be determinis-

tic. Quantum mechanics, with the observer considered as a quantum

mechanical system, and using the projection postulate to describe the

measurement process, would be such a theory. This theory applies

to the apparatus as well, but the stochastic behaviour described by

the projection postulate defies determinism. (Perhaps von Neumann’s

(1932) quantum theory can be regarded as such a theory. This depends

on whether one wants to consider as universally valid a theory which

can perhaps describe the whole material reality, but not the observer’s

mind.)

Peres and Zurek conclude that if quantum mechanics is universally

valid7 at all, then it is so only in the relative sense that every observer

can perhaps apply it to any selected part of the world, except himself.

It supposedly applies to Schrödinger’s cat, Wigner’s friend and Wigner

himself under the condition that they lose their status of observer and

are observed by something or somebody else. (It is not the point here

whether quantum mechanics can really be applied to every phenomenon

of the external world. Quantum theory just serves as an example of a

theory which might be universally valid.)

I agree with the conclusion of Peres and Zurek, but in my view their

argument must be challenged. Firstly, I think that they are unneces-

sarily restrictive by assuming that a universally valid theory describes

phenomena at all levels of complexity, including mental phenomena like

free will. This concept of absolute universal validity is stronger than

7Peres and Zurek (1982) actually do not use the terms absolute and relative
universal validity. Rather they refer to relatively universally valid theories as ‘uni-
versal’, and to absolutely universally valid theories as ‘closed’.
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the one I use, but of course Peres and Zurek are free to use such a

concept. Secondly, and this is more important, they take it as granted,

that an observer who is described by a deterministic theory does not

have the freedom to choose his experimental set-up. Determinism and

free will are assumed as mutually exclusive. This may be so but it is

controversial.8 Peres and Zurek need the assumption of determinism

only to preclude the observer in a universally valid theory from having

free will. Thereby they exclude experimental verifiability of a univer-

sally valid deterministic theory. If determinism does not necessarily

exclude free will of the observer, then the argument fails.

But, as indicated, I think the conclusion that an absolutely univer-

sally valid theory (even in the weaker sense I use this concept) is not

fully justifiable from an operational point of view, can be obtained with

a different argument, one where determinism has no rôle to play.

1.2 The impossibility of accurate self- mea-

surements

In this section I am going to present an argument why it is impos-

sible for an observer to distinguish all states of a system in which he

or she is contained. The argument exploits self-reference properties,

but it does not make any assumptions about the character of the time

evolution. It is valid for quantum mechanical as well as for classical

theories.

Self-reference in physical theories. It has often9 been suggested that

8Arguments for the compatiblity of free will and determinism can be found for
example in Hume (1758) and Schlick (1939, chapter VII).

9See Popper (1950), Rothstein (1964), Dalla Chiara (1977), Mittelstaedt (1993),
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there is a possible connection between self-reference properties of formal

systems and restrictions on measurability in universally valid theories.

Since my argument will exploit self-reference properties, let me first

make some remarks about similarities and differences between Gödel’s

(1931) theorem and my argument.

Propositions about physical systems can be reformulated by saying

“The state of the system has this and this property”. So instead of

speaking about propositions we can equally well speak about sets of

states: to each proposition there corresponds the set of states for which

the proposition is true. The way to test propositions about physical

systems is to make experiments on the system. Experiments give in-

formation about the state of the system, and it can then be checked

whether or not this information is compatible with the proposition un-

der consideration. So experiments serve to at least partially constitute

the semantics of physical theories. In this sense observation is a seman-

tical concept.

Call a language semantically closed in the sense of Tarski (1956,

1969) if it contains (1) semantic concepts and (2) expressions referring

to its own propositions. The language of a physical theory describ-

ing experiments can be closed semantically: If apparatus and object

system, as well as their interaction, can be described by the theory,

then the semantic concept of observation can be introduced into the

language of the theory. Also, replacing propositions by states provides

the language of the theory with expressions for its propositons. Ad-

ditionally, there are propositions referring to other propositons: the

apparatus states after the experiment are not only states in their own

Peres and Zurek (1982), Roessler (1987), Finkelstein (1988), Primas (1990a), and
Svozil (1993).
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right, they also refer to states of the observed system. Thus one arrives

at a theory whose language is semantically closed.

The language of the formal system used by Gödel is not semanti-

cally closed: its language does not contain any expressions referring

explicitly to metatheoretical concepts. But after assigning numbers to

the propositions, these numbers can be interpreted as expressions of

the language referring to its own propositions. Also, one observes that

some propositions in the formal system hold if and only if the system

has certain properties. By interpreting these propositions as proposi-

tions about the system, one transfers metatheoretical concepts down to

the level of the theory. For example provability, restricted to mean-

ing the existence of a formal proof, is such a metaconcept transferred

down to the level of the formal system. These two interpretational

steps make it possible to intuitively regard the system as semantically

closed, although strictly speaking it is not.

In a semantically closed language it is possible to formulate self-

referential propositions. The self-reference may be paradoxical or con-

sistent. In the formal system used by Gödel a self-referential proposition

with the following intuitive meaning is formulated: “This proposition

is not provable.” The formal expression of this is the Gödel formula.

It is neither refutable nor provable within the formal system. (This is

Gödel’s theorem.) But the Gödel formula is true by the standards of

informal number theory.

Similarly, in the language of a physical theory describing observa-

tions, there will be paradoxically self-referential propositions, or rather

paradoxically self-referential states. Since the reference is from appa-

ratus states to states of the observed system, self-reference can and

will occur if the apparatus is contained in the observed system. The
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result that it is impossible for an apparatus in the observed system

to discriminate all states of the observed system somewhat resembles

Gödel’s theorem. Also the fact that an apparatus outside the observed

systems in general can distinguish all states seems to be analogous to

the fact that the Gödel formula is true in informal number theory.

In spite of these similarities, there are important differences between

Gödel’s proof and my result. In fact, the most important parts of

Gödel’s proof do not have a parallel in my argument. Firstly, the formal

system used by Gödel is not semantically closed in the strict sense. In

my argument there is nothing similar to Gödel’s ingenious idea to do

without semantic closure by introducing the Gödel numbers. Secondly,

Gödel proved his result without assuming that provable statements are

true.10 It is probably no exaggeration to say that my argument does

not have much more in common with Gödel’s proof than the use of

self-reference.

Description of measurements. Let us assume that we have a physical

theory whose formalism specifies for the systems it describes sets of

possible states. These states may refer to individual systems or to sta-

tistical ensembles. In an individual formulation of classical mechanics,

for example, the states would correspond to the points on phase space,

whereas in an statistical formulation they would be probability distri-

butions, i.e. normalised real-valued L1-functions on phase space. In

quantum mechanics the individual states would be pure, i.e. extremal,

10Guido Bacciagaluppi pointed out to me that this considerably strengthens his
result. It does not rely on the controversial concept of ‘truth in informal number
theory’. Assuming provable statements to be true in informal number theory would
have discredited Gödel’s result in the eyes of the intuitionists. But both formalists
and intuitionists accepted the informal concept of truth in finite (or constructive)
number theory. This and ω-consistency was all that Gödel needed. (In modern
proofs the latter can in fact be replaced by the weaker requirement of consistency.)
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normalised, positive, linear functionals on the observables, whereas the

statistical states would be σ-weakly continuous and therefore corre-

spond to the normal, positive, normalised, linear functionals on the

observables.

A measurement performed by an apparatus A on some observed

system O is an interaction establishing certain relations between the

states of A and of O. After a measurement, we infer information about

the state of the observed system from information we have about the

state of the apparatus. I will take it that the states of A and of O refer

to the same time after the experiment. To describe this inference, let us

use a map θ from the power set P(SA) of the set SA of apparatus states

into the power set P(SO) of the set SO of system states. (Note that SA
denotes the set of all apparatus states, whereas I use SA for arbitrary

sets of apparatus states.) θ assigns to every set SA of apparatus states

(except the empty set) the set θ(SA) of object states compatible with

the information that the apparatus after the experiment is in one of

the states in SA. This defines the inference map θ which depends on

the kind of measurement we are making. θ is different in different mea-

surement situations. But when the observer chooses the experimental

set-up, he also chooses a map θ describing how he is going to interpret

the pointer reading after the experiment. This map is fixed throughout

the measurement. The states in θ(SA) are the possible states of O after

the experiment; usually not every state of O is a possible state after

the experiment. We have θ(SA) ⊂ SO.

Knowing that if the apparatus after the experiment is in a state

sA the observed system must be in a state in θ({sA}), one infers from

the information that the apparatus after the experiment is in one of

the states in SA that the state of the observed system must be in
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⋃
sA∈SA

θ({sA}). So θ(SA) =
⋃

sA∈SA
θ({sA}).

Definition 1 I will say that in an experiment with inference map θ

a state so ∈ SO is exactly measurable if after the measurement there

exists a set SA ∈ P(SA) of apparatus states referring uniquely to the

state so, i.e. θ(SA) = {so}.
An experiment with inference map θ is said to be able to distinguish

between the states s1, s2 if there is one set S1
A of final apparatus states

referring to s1, but not to s2, and another set S2
A referring to s2 but not

to s1: θ(S1
A) 3 s1 /∈ θ(S2

A) and θ(S1
A) 63 s2 ∈ θ(S2

A).

If a state so is exactly measurable, we can say that if the apparatus is

in one of the states in SA, then the measured system is with certainty

in the state so. (In general SA will consist of several apparatus states,

because we usually do not make the inference from the exact state of

the apparatus, but rather just from the pointer value.)

If a state is exactly measurable, it can be distinguished from any

other possible final state, i.e. from any other state in θ(SA). But for

two states to be distinguishable it is not necessary that either of them is

exactly measurable. If all possible final states are distinguishable from

each other, then they are all exactly measurable.

Distinguishability in measurements from outside. Let me say something

about the relevance of what I am going to prove. The concept of exact

measurability is strong. The results to follow—namely the impossibility

of distinguishing from inside all states—do not deny the possibility of

observers knowing something about their own states.

In classical mechanics all individual states (i.e. points in phase

space) at least in principle can be distinguished by a joint measure-

ment of position and momentum. There is no lower bound to the
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accuracy of such a measurement. Also, statistical states (i.e. proba-

bility distributions on phase space) can be distinguished in statistical

experiments. Note, however, that individual states even in principle

cannot be measured exactly in a statistical experiment.11 But I do not

think that this is a problem. After all, it is only due to the fact that

in a statistical description of experiments one tries to use a concept of

state which describes individual systems.

In quantum mechanics the situation is different. No single experi-

ment can distinguish all states of an individual system: the only pure

states which by a first kind measurement are exactly measurable in the

sense above are the eigenstates of the measured observable. On the

statistical level everything is alright again: there are statistical experi-

ments which can distinguish all statistical states. For spinless particles

this can be done for example in unsharp joint measurements of position

and momentum.12 These are informationally complete13 and therefore

11The reason for this (see Primas (1980)) is the following. In a statistical exper-
iments we measure probability distributions which are σ-additive. Defining—in a
somewhat operationalist spirit—statistical states to be what you can measure in
statistical experiments, one takes the statistical states to be those which induce
probability distributions. For states on von Neumann algebras this is equivalent to
both, σ-weak-continuity or normality. Taking L∞(Γ) as the algebra of observables
of the classical system with phase space Γ, the statistical states of a classical system
correspond to the normalised elements of the predual L1(Γ). They are probability
measures on the phase space. Since there is no normalised L1-function on Γ whose
support is just one point, no individual state is a statistical state and vice versa.
Therefore statistical experiments cannot distinguish individual states.

12See Busch 1982, Mittelstaedt et al. 1987.
13 A positive-operator-valued measure a on the value space IRn is called informa-

tionally complete if tr(a(∆)ρ1) = tr(a(∆)ρ2) for all Borel subsets ∆ of IRn is only
possible if the density matrices ρ1, ρ2 are equal. The POV-measures on IRn describe
generalised observables with values in IRn. Observables in the traditional sense are
self-adjoint operators on the Hilbert space and induce via their spectral resolution
a PV-measure on IR. Such an observable can never be informationally complete.
A set of traditional observables {A1, A2, . . .} can be informationally complete: this
means that tr(Aiρ1) = tr(Aiρ2) for all i implies ρ1 = ρ2.
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can distinguish all statistical states.

Traditionally it has been considered a peculiarity of quantum me-

chanics that no single experiment can distinguish all pure states. But

the argument I am going to present shows that the same occurs for any

measurement where the observer is properly included in the observed

system. This is true for classical theories as well as for quantum theo-

ries, and irrespective of the character of the time evolution. So many

quantum mechanical lessons about the rôle of the observer are perhaps

not so specific to quantum mechanics. Rather they seem to reflect a

more general problem.

Measurements from inside. Now let us return to the argument. To bring

self-reference into the game consider the case where the apparatus is

measuring a system in which it is contained. So the observed system

O is composed of the apparatus A and of a residue R. We assume

that the observed system has strictly more degrees of freedom than the

apparatus and contains it. This can be formulated in an assumption of

proper inclusion:

(∃s, s′ ∈ SO) : s|A = s′|A, s 6= s′.

Here s|A denotes the state of A which is determined by restricting the

state s of O to the subsystem A. So |A describes a map from the

states of O to the states of A. (Later on I will, by slight abuse of

notation, also denote by |A the map from P(SO) into P(SA) defined by

So|A := {s|A : s ∈ So}.) In classical mechanics, for example, a map |A
is defined by discarding coordinates which refer to degrees of freedom

of O which are not in A. In quantum mechanics, one can take |A to be

for example the partial trace over R. For our purposes it is enough to

take an arbitrary but fixed map.
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Whether the assumption of proper inclusion is satisfied or not de-

pends not only on the sets SA,SO but also on the restriction map |A.

One can give examples of sets SA,SO and two restriction maps such

that the assumption of proper inclusion is satisfied with respect to one

but not the other.14 This may seem odd but it is not. After all, the

elements of SA and SO are states of different systems. Therefore, even

if SA is some subset of SO, we cannot infer that A is a subsystem of O;

an arbitrary subset of SO can in general not be interpreted to be the

set of states of a subsystem of O. The restriction map |A gives physical

information which is not reflected in the structure of the sets SA or SO,

namely the fact that A is a subsystem of O. That A is a subsystem of

O does not only depend on the abstract structure of A (and of O), but

on which system A is. If A and A′ are isomorphic and A is a subsystem

of O, it does not follow that A′ is a subsystem of O.

The assumption of proper inclusion seems trivial in the sense that

the bigger system O needs more parameters to fix its state. But it

excludes situations in which each physically possible state of the whole

system is uniquely determined by a state of a subsystem together with

some constraint. (I take constraint to mean that states violating the

constraint are physically impossible in the sense that the system can

never be in such a state.)

Albert’s results on self-measurement. The quantum mechanical au-

tomata described by Albert (1983, 1987) measure also something about

themselves, but they do not attempt to determine their own state ex-

14Take for example as SO the natural numbers and as SA the even natural num-
bers. If one takes as restriction map SO → SA : n 7→ 2n, then the assumption of
proper inclusion is not satisfied. If the restriction map associates to every n ∈ SO
two times the biggest natural number less or equal to n/2, then the assumption of
proper inclusion is satisfied.
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actly. In Albert’s description the apparatus A is composed of several

subsystem A1, A2, A3, . . .. Measurement results of non-commuting ob-

servables A,B of a system S are displayed by pointer observables PA

of A1 and PB of A2. Since [PA ⊗ 1A2 ,1A1 ⊗ PB] = 0 but [A,B] 6= 0,

measurement results for A and B can be displayed simultaneously but

they cannot both be accurate. In Albert’s kind of self-measurement

an observable B(1) of the system A1 ∪ S is measured by the sub-

system A3 of the apparatus with the pointer observable PB(1) . The

crucial point is now that even if [1A1 ⊗ A,B(1)] 6= 0, the apparatus

A1 ∪ A3 can measure them both simultaneously with full accuracy if

[B(1),1A1⊗A] = [B(1), PA⊗1S]. This peculiarity is due to the fact that

the measurement of the observable B(1) involves a measurement on the

system A1. Since the apparatus A1 ∪A3 makes this measurement, it is

surely a self-measurement in the sense that the apparatus A1 ∪ A3 is

partially contained in the observed system A1 + S. But it is not fully

contained in the observed system. Therefore Albert’s measurements

are not self-measurements in the stronger sense that the assumption

of proper inclusion is fulfilled. Albert’s conclusions are therefore not

related to the results of this chapter.

A first attempt. For exact measurability of all states it is necessary

(but not sufficient) that there is a surjective map from the states of

A onto the states of O. But if additionally A is a properly included

in O, there are strictly more states of O than states of A. If O has

only finitely many possible states, this already exludes the possibility

of exact measurement of all states from inside the observed system.

If we deal with systems with infinitely many possible states, it would

be natural to require continuity of the mapping: if two states of A are



1.2. MEASUREMENTS FROM INSIDE 31

close then the corresponding states of O should also be close to each

other. This additional requirement in classical mechanics implies that

the phase spaces of A and O must have the same dimension, because

there could not be a continuous bijection between the phase spaces if

they were of different, finite dimension. But the phase spaces of A

and O cannot have the same dimension if A is properly included in O.

So under the assumption of continuity exact measurability of all states

from inside is, in classical mechanics, at most feasible if the phase space

SO is infinite dimensional. Since this case is difficult to handle I will

drop the assumption of continuity altogether. Instead I take an entirely

different approach.

A consistency condition. The states of the apparatus after the measure-

ment are self-referential: they are states in their own right, but they

also refer to states of the observed system in which they are contained.

This leads to a meshing condition for the inference map θ which must

be satisfied lest the inference map be contradictory:

For every apparatus state sA ∈ SA, the restriction of the

system states θ({sA}) to which it refers should again be the

same apparatus state sA.

So meshing can be written:

∀sA ∈ SA : {s|A : s ∈ θ({sA})} = {sA}.

(By a slight abuse of notation I will write θ({sA})|A instead of {s|A :

s ∈ θ({sA})}.)
From the physical point of view the meshing condition is not a

restrictive requirement. Rather it is motivated by logic: it ensures

that we cannot arrive at contradictory conclusions about the apparatus

state. Assume that the meshing condition is violated and that therefore
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there is a state s′ ∈ θ({sA}) such that s′|A 6= sA. Then knowing that

after the experiment the apparatus is in the state sA, we would conclude

that O is in one of the states in θ({sA}), possibly in s′. From this in

turn we conclude that A can be in the state s′|A, which contradicts the

assumption that A is in the state sA. Note that the meshing condition

has to be imposed because both sA and θ({sA})|A describe the state of

A at one given time. This reflects the fact that self-reference problems

only occur if an observer wants to know his present state.

The main result. With the meshing condition at hand we can now

establish that not all states of a system can be measured exactly by

an internal observer. The intuitive reason for this is that the meshing

condition and the assumption of proper inclusion prevent the existence

of a bijection from SA to SO.15

Theorem 1 The assumption of proper inclusion and the meshing con-

dition imply that not all states of a system can be measured exactly by

an internal observer:

∃so ∈ SO,∀SA ∈ P(SA) : θ(SA) 6= {so}.
Proof: To prove this by reductio, suppose that the observer can mea-

sure all states of O exactly: (∀s ∈ SO)(∃SA ∈ P(SA)) : θ(SA) = {s}.
15There could, of course, be bijections not fulfilling the meshing condition. For

example, if SA is infinite but countable, and if for every state sA ∈ SA there are
only finitely many s ∈ SO such that s|A = sA, then there is a bijection φ between
SA and SO. But since ∃sA ∈ SA : φ({sA})|A 6= {sA} the meshing condition is not
fulfilled. Therefore φ describes a contradictory inference.

There could also be bijections between SA and SO fulfilling the meshing condition
but violating the assumption of proper inclusion. Take for example as SO the
natural numbers and as SA the even natural numbers. If one takes as restriction map
SO → SA : n 7→ 2n, and as inference map θ : P(SA) → P(SO), {2n} 7→ {n}, then
the meshing condition is satisfied because θ({2n})|A = {2n}. But the assumption
of proper inclusion is not satisfied. This is natural because SA ⊂ SO does not imply
that A is a subsystem of O. See the discussion p. 28.
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This assumption together with the meshing condition will lead to a

contradiction.

From the assumption of proper inclusion it follows that (∃s, s′ ∈
SO) : s|A = s′|A, s 6= s′. By assumption there are SA, S ′A ∈ P(SA) such

that θ(SA) = {s}, θ(S ′A) = {s′}. Since
⋃

sA∈SA
θ({sA}) = θ(SA) = {s}

there is a sA ∈ SA such that θ({sA}) = {s}. Similarily, there is a

s′A ∈ S ′A such that θ({s′A}) = {s′}. Repeated application of the meshing

condition yields

{s} = θ({sA}) = θ({θ({sA})|A}) = θ({s|A}) =

= θ({s′|A}) = θ({θ({s′A})|A}) = θ({s′A}) = {s′},

contradicting s 6= s′. 2

Lemma 1 The meshing condition implies that

(∀sA) : θ({sA}) = {s ∈ SO : s ∈ θ(SA), s|A = sA}.

Proof: Let s ∈ θ({sA}), then the meshing condition implies s|A ∈
θ({sA})|A = {sA}. So s|A = sA and θ({sA}) ⊂ {s ∈ SO : s ∈
θ(SA), s|A = sA}. Conversely, let s ∈ SO be such that s|A = sA for

some sA and s ∈ θ(SA).Then there is a s′A ∈ SA such that s ∈ θ({s′A}).
Then again from the meshing condition we conclude that s|A = s′A. So

sA = s′A and s ∈ θ({sA}). 2

Theorem 2 Let s1, s2 be two states of O fulfilling s1|A = s2|A. Then

there is no inference map θ, and thus no measurement using as appa-

ratus A, which can distinguish s1 and s2:

(∀θ) :
(
(6 ∃S1

A, S2
A ∈ P(SA)) : θ(S1

A) 3 s1 /∈ θ(S2
A), θ(S1

A) 63 s2 ∈ θ(S2
A)

)
.
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Proof: Assume that there exists an inference map θ, and sets S1
A, S2

A

of apparatus states such that θ(S1
A) 3 s1 /∈ θ(S2

A), θ(S1
A) 63 s2 ∈ θ(S2

A).

This will lead to a contradiction.

From s1 ∈ θ(S1
A) =

⋃
s∈S1

A
θ({s}) 63 s2 we conclude that there is a

s1
A ∈ S1

A such that s1 ∈ θ({s1
A}) and that s2 /∈ θ({sA}) for all sA ∈ S1

A.

s2 ∈ θ(S2
A) implies that s2 ∈ θ(SA). Using the Lemma we conclude

from s1 ∈ θ({s1
A}) that s1|A = s1

A. Since s2 ∈ θ(SA) and s2|A = s1|A =

s1
A we conclude from the Lemma also that s2 ∈ θ({s1

A}). This is in

contradiction with the fact that s2 /∈ θ({sA}) for all sA ∈ S1
A.

2

The result of Theorem 1 can be reformulated in a way reflecting the

analogy with Gödel’s result.

Corollary 1 Under the assumption of proper inclusion, if all states

are exactly measurable from inside the system then the inference map

θ is contradictory, i.e. the meshing condition is violated.

The corollary can be written as

((∀s ∈ SO) (∃sA ∈ SA) : θ({sA}) = {s}) ⇒
⇒ ((∃so ∈ SO) : θ({so|A})|A 6= {so|A}) .

Proof: From the assumption of proper inclusion we know that there

are s, s′ ∈ SO such that s 6= s′, s|A = s′|A. By the antecedent, there

are states sA, s′A ∈ SA such that θ({sA}) = {s} and θ({s′A}) = {s′}.
Assume that θ satisfies the meshing condition for s′A: θ({s′A})|A = {s′A}.
Then {s′|A} = θ({s′A})|A = {s′A}. So s′A = s′|A and θ({s′|A}) = {s′}.
This leads to {s} 6= {s′} = θ({s′|A}) = θ({s|A}). Therefore, if the

meshing condition is satisfied for s′|A, then it is not satisfied for s|A.
2
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The state so|A plays a rôle analogous to the Gödel-formula. Since

θ({so|A})|A 6= {so|A}, this state is self-referential in a paradoxical way.

A second analogy becomes apparent when we reformulate the main

result in still another way. Recall that an observable is called infor-

mationally complete16 if by measuring it one can distinguish all the

states. Now the main result can be formulated in a way reminiscent

of Gödel’s incompleteness theorem: No measurement from inside the

observed system can be informationally complete.

These conclusions are valid for classical systems as well as for quan-

tum systems, and irrespective of the character of the time evolution.

In spite of the similarities with Gödel’s proof we should not forget the

fundamental differences between the two situations.

1.3 Universal Validity Revisited

Now let us return to the question of how we should conceive of univer-

sally valid theories. If a theory is universally valid in the absolute sense,

it does not allow for an observer not described by the theory. Take Ou

to be the biggest system described by an absolutely universally valid

theory. (Ou might be called the “world”, or the “universe”.) As all

potential observers are described by the theory, Ou does not have any

outside observer.17 If, and this is a slightly stronger assumption, the

union of all observers fulfils the assumption of proper inclusion, then

by Theorem 1 there are some states of Ou which cannot be measured

exactly by any observer, not even by all of them together. (It does

not help to try and share out the work of measuring the state of Ou

16See footnote 13.
17In the terminology of Roessler (1987), Finkelstein (1988), and Primas (1990a)

a system without external observer is called endophysical.
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between several observers. For if the union of observers still obeys the

assumptions of proper inclusion and the meshing condition, then The-

orem 1 holds.) So no experiment can distinguish all states of Ou. Is

it acceptable that an absolutely universally valid theory describes sys-

tems for which there are no experiments, which at least in principle can

distinguish all states? How you answer this question depends on your

philosophical proclivities.

A physical realist would rather not dismiss a theory just because

it does not make sufficient reference to test procedures. In his opin-

ion, there are entities which in some sense are independent of human

knowledge. Statements about these entities should not be conflated

with statements about knowledge of the entities. From this point of

view, the fact that no experiment can, even in principle, distinguish

all states is not in itself objectionable. Accordingly, a physical realist

would not take the above argument as sufficient reason to exclude the

possibility of absolutely universally valid theories.

An extreme operationalist would say that a physical theory is mean-

ingless unless it is linked to procedures for obtaining knowledge. So he

might insist on using the term “state” in a way which guarantees that

there is some experiment which at least in principle can distinguish all

states, even if technical problems make this difficult in practice. Con-

sequently, the extreme operationalist would think that a theory should

be operational in the sense that there is some experiment conceivable

which can distinguish all states. But, as we have seen above, no ex-

periment can distinguish all states of the largest system Ou described

by an absolutely universally valid theory.18 From this extremely op-

18 Still it may be possible that for any two states of Ou, there is some experiment
able to distinguish these two states. In classical mechanics this possibility cannot be
denied. In quantum mechanics, however, there are states whose restrictions to all
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erationalist point of view the possibility of absolutely universally valid

theories, deterministic or not, would have to be rejected.

The operationalist, being forced to deny the possibility of absolutely

universally valid theories, has to find a different, weaker concept of

universal validity. The first thing to realise is that for an external

observer the assumption of proper inclusion is violated, and therefore

the conclusion of Theorem 1 does not apply. So an external observer, or

an at least partially external one, may be able to distinguish all states of

the observed system. Let us take O to be the biggest system described

by the operationalist’s theory. Since the operationalist requires that

some experiment must be at least conceivable which can distinguish all

states of O, he has to admit observers partially outside O. In what

sense can a theory that admits observers outside the biggest system it

can describe, be universally valid?

Interpreting “describe” in the ontic sense of “is true of”, a theory

with an observer outside the biggest system it can describe is not uni-

versally valid at all. But an operationalist would prefer to interpret

“describe” in the epistemic sense of “can be applied by an observer so

as to lead to asserted sentences”. What a theory can describe therefore

depends on the observer applying the theory. The above results imply

that no observer can apply the theory to the whole world: if he applies

it to a system he is properly contained in, then with no experiment can

he distinguish all states of the system. For each observer, the biggest

system to which he can apply the theory does not contain himself. Still,

the theory might be universally valid in the sense that for every part

subsystems coincide but which are still different. By Theorem 2, such states are not
distinguishable by any internal apparatus. For Ou there is no possible apparatus
which at least partially is outside Ou. Thus, if Ou is a quantum system, it has
states which cannot be distinguished by any experiment. See also section 1.4.
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of the world some observer can apply the theory to it. Since—for an

operationalist—the range of applicability of a theory depends on the

observer, I call such a theory universally valid in this relative sense.

Operationally fully justified theories can be universally valid at most

in this relative sense.

Note that this position is often taken for quantum mechanics. Ac-

cording to many interpretations, as for example the one of Bohr, or

the one of London and Bauer (1939) and Wigner (1961, 1963), or even

perhaps19 the one of von Neumann (1932), the “true” observer (or

his mind) cannot be described by quantum mechanics. These authors

say that if quantum mechanics is universally valid at all, then it is so

only in the relative sense that every observer can perhaps apply it to

any selected part of the world, except himself. It supposedly applies

to Schrödinger’s cat, Wigner’s friend and Wigner himself under the

condition that they lose their status of observer and are observed by

something or somebody else.

The difference here is that the result that operationally fully justi-

fied theories can be universally valid at most in the relative sense was

derived without any assumptions on the character of the time evolu-

tion. At least if one adopts an operationalist point of view, one can

explain by self-reference problems alone why quantum mechancs can be

universally valid at most in the relative sense. Also, the result does not

rely on having a quantum mechanical theory.20 The whole argument

holds true for classical mechanics as well. Even in classical mechanics,

experiments from inside are subject to the restrictions on the measur-

19I mean von Neumann’s remark that the observer’s mind should not be desc-
cribed by quantum mechanics.

20But in the case of quantum mechanics one has the even stronger results. See
footnote 18 and section 1.4.
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ablility of states as described by Theorems 1 and th-distinguishability.

It seems that some quantum mechanical lessons about the rôle of the

observer reflect, at least in an operationalist framework, a more general

problem: self-reference.

1.4 Application to quantum measurements

The main results presented until now are true for classical and for quan-

tum mechanics, and irrespective of the character of the time evolution.

Stronger results hold when we take into account particular features of

the quantum mechanical situation. This is what I will deal with now.

1.4.1 EPR-correlations and the universal validity
of quantum mechanics

EPR-correlations. Consider again an observed system O containing the

apparatus A and some environment or residue R, O = A ∪ R. If the

systems A and R have Hilbert spaces HA and HR as state spaces, then

the EPR-correlations in the vector state ψ ∈ HA⊗HR can be obtained

for example from the coefficients of ψ in Schmidt’s (1908) biorthonormal

decomposition. ψ can be expanded as ψ =
∑

λnαn ⊗ βn, where {αn}
and {βn} are sets of orthonormal vectors in HA and HR respectively.

The EPR-correlations vanish if and only if ψ is a product state, i.e. if

all coefficients λn except one vanish. The phases φn of the coefficients

λn =: |λn|eiφn describe the EPR-correlations: if the coefficients λ1
n, λ

2
n

of two different states ψ1, ψ2 of the joint system differ only in their

phases φ1
n, φ2

n, then their restrictions to any one of the two subsystems

obtained by partial tracing are the same (mixed) states:

ψ1|A =
∑
n

|λ1
n|2|αn〉〈αn| =

∑
n

|λ2
n|2|αn〉〈αn| = ψ2|A,
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and similarily for ψ1|R, ψ2|R. The EPR-correlations encode information

not contained in the subsystems taken separately: The information ob-

tainable from experiments just on A (resp. on R) is contained in the

density matrix
∑

n |λn|2|αn〉〈αn| (resp. in
∑

n |λn|2|βn〉〈βn|). Informa-

tion obtainable from both subsystems separately is therefore described

by the density matrix

(∑
n

|λn|2|αn〉〈αn|
)
⊗

(∑
n

|λn|2|βn〉〈βn|
)

,

whereas the information encoded in the system as a whole is described

by the density matrix

|ψ〉〈ψ| = ∑
n,m

λnλ∗m|αn ⊗ βn〉〈αm ⊗ βm|.

Generalising this property of EPR-correlations in pure states of a

composite system, we will say that two arbitrary states differ only in

the EPR-correlations between the subsystems if and only if the states

are different but the restrictions by partial trace of both states to any

of the subsystems coincide. The correlations have been named after

Einstein, Podolsky, and Rosen, because in the version of their (1935)

argument presented by Bohm (1951, sections 15-19, chapter 22), the

antisymmetric spin state of two electrons with total spin zero has this

property.

The assumption of proper inclusion. I said that the assumption of

proper inclusion excludes situations in which each physically possible

state of the whole system is uniquely determined by a state of a subsys-

tem together with some constraint. (As already noted, I take constraint

to mean that states violating the constraint are physically impossible

in the sense that the system can never be in such a state.)
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But after an ideal quantum measurement of an apparatus A on

an external observed system R, the assumption of proper inclusion is

fulfilled: A is properly included in the composite system A∪R. Agreed,

such a measurement establishes strict correlations between a certain

quantity of A (the pointer value) and the measured quantity, so that

after the experiment some states of A may determine uniquely some

states of R and also of A∪R. Still, this is not the case for all states of

A∪R: states of the composite system in which these strict correlations

do not obtain are physically possible. (Usually before the measurement

the joint system is in such a state.) These states guarantee that the

assumption of proper inclusion is satisfied.

But what is more, due to the existence of EPR-correlations, the

assumption of proper inclusion is satisfied in a more radical way than

in classical mechanics. In classical mechanics, the restrictions to A and

R of a pure states of O determine this state uniquely. In quantum me-

chanics, there are uncountably many pure states of O whose restrictions

to A and R coincide. I will now present some implications of this.

An observer cannot measure his EPR-correlations with an outside sys-

tem. Consider two arbitrary states s1, s2 of the joint system A∪R which

differ only in the EPR-correlations between A and R. Can the appara-

tus A distinguish these states? I will argue that this is impossible.21

EPR-correlations cannot be measured in experiments just on the

external system R. Such experiments can at most determine the re-

duced density matrix of R. This density matrix does not encode any

information about the EPR-correlations between A and R. Therefore

correlation experiments have to be measurements on the joint system

21In the context of quantum field theories a similar result was shown by Komar
(1964).
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A ∪ R. Since we require that A should make these measurements, the

measuring apparatus is properly contained in the observed system. We

are thus in a position to apply Theorem 2. It implies that for the ap-

paratus A there is no inference map θ, and thus no measurement, such

that there is one set S1
A of final apparatus states referring, possibly not

uniquely, to s1, but not to s2, and another set S2
A referring to s2 but

not to s1. According to Definition 1, this is a necessary condition for

A to be able to distinguish s1 and s2.

We therefore conlude that A cannot distinguish between states of

O which differ only in the EPR-correlations between A and R. But of

course an observer only partially or not at all contained in A∪R could

measure the EPR-correlations between A and R.

The universal validity of quantum theory. In section 1.3 I discussed

which implications self-reference problems have for the universal valid-

ity of physical theories. The starting point of the argument was that,

if the union of all observers is properly included in the universe Ou, no

experiment can distinguish all states of Ou. This was a consequence of

Theorem 1.

In quantum mechanics we have the particular situation that there

exist many states of Ou which differ only by the EPR-correlations be-

tween the subsystems of Ou. In particlular there are many different

states which differ only by the EPR-correlations between all potential

observers. The restriction of all these states to the observers coincide.

Then it follows from Theorem 2 that given two such states, there is no

experiment able to distinguish between them. This conclusion is stronger

than the one of section 1.3.

An operationalist might try maintain absolute universal validity of
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a classical theory by renouncing the requirement that there be an ex-

periment able to distinguish all states. Instead he could just require

that for any two different states of his theory there is some experiment

able to distinguish between them. This option is not open in quantum

mechanics: there are states of Ou which cannot be distinguished by

any experiment. Therefore even this more modest operationalist would

have to admit that quantum mechanics can be universally valid at most

in the relative sense.

1.4.2 Subjective Decoherence

Decoherence in quantum measurements. Let us turn to the measure-

ment problem. Here I will sketch the problem only very roughly. A

more detailed discussion can be found in section 4.1.1. To keep things

simple assume that a discrete non-degenerate observable of R is mea-

sured by the apparatus A. Assume, again for the sake of simplicity,

that the pointer observable is also discrete and non-degenerate. Let

{φi} be the eigenstates of the measured observable and {Φi} the eigen-

states of the pointer observable. Assume also that the measurement

interaction establishes strict correlations between the states φi and the

corresponding apparatus states Φi.

If the initial state of R is
∑

i λi|φi〉, then the final state of the joint

system, as produced by the unitary time evolution, will be

s1 := |∑
i

λiφi ⊗ Φi〉〈
∑

j

λjφj ⊗ Φj|.

In this state the interference terms |φi ⊗ Φi〉〈φj ⊗ Φj|, i 6= j do not

vanish. If, however, in each single measurement the outcome were one

of the unambiguous final states φi ⊗Φi, then the density matrix of the
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ensemble would be

s2 :=
∑

i

|λi|2|φi ⊗ Φi〉〈φi ⊗ Φi|.

In this mixed state the interference terms |φi ⊗ Φi〉〈φj ⊗ Φj|, i 6= j do

vanish. The transition from s1 to s2 is described by the non-selective

version of the projection postulate, also called Lüder’s rule. As a first

step to a solution of the measurement problem it is often required that

the time evolution leads to s2 as final state.22 In such a case we would

say that the time evolution brought about complete decoherence be-

tween the components φi ⊗ Φi.

Subjective Decoherence. Observe that the density matrices s1, s2 both

lead by partial tracing to the same apparatus state

s1|A = s2|A =
∑

i

|λi|2|Φi〉〈Φi|.

Thus we can conclude from Theorem 2 that there is no inference map θ

and no two sets S1
A, S2

A of apparatus states fulfilling θ(S1
A) 3 s1 /∈ θ(S2

A)

and θ(S1
A) 63 s2 ∈ θ(S2

A). There is no way in which the apparatus A can

distinguish the decohered final states s2 from the superposed final state

s1. It is impossible for the apparatus A to tell whether decoherence

between itself and the observed system has taken place or not.

If the time evolution is always unitary, the joint system after exper-

iment is in the pure state s1. But there is no inference map θ and no

set S1
A from which the observer could infer that the state of the joint

system is not s2. So the observer cannot exclude that the final state

is decohered. Therefore it is possible for the observer to systematically

22This is only a first step which is sufficient but not necessary. I will come back
to this shortly.
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mistake the final state to be decohered. This is what I call subjective

decoherence. Note that subjective decoherence is only possible if s1 and

s2 are indistinguishable for A but the converse is not true. For with the

latter it would also be possible that, while the joint system is actually

in the mixed state s2, the apparatus has the mistaken impression that

the system is in the pure state s1. This might be called ‘subjective

coherence’.

Theorem 2 only implies indistinguishability by A of s1, s2. It does

not favour subjective decoherence over subjective coherence, nor vice

versa. What speaks for subjective decoherence is just experimental

evidence: Deviations from the unitary quantum mechanical equations

of motion have not been observed; so we have evidence for assuming

that the state of the apparatus in fact is s1. Also, we as observers

have the impression of registering unambiguous measurement results in

individual experiments; this is evidence that on the statistical level the

observer’s impression is described by the mixed state s2. Because s1 and

s2 are not distinguishable by A, there is no contradiction between the

unitary Schrödinger time evolution for statistical states and the fact that

the statistics of A’s impression about the final state of the joint system

is described by the decohered state s2. This should not be taken as a

solution of the measurement problem, not even on the statistical level.

The argument merely relates to the vanishing of interference terms in

s2, but s2 can in general not be given an ignorance interpretation. This

will be discussed on p. 49.

The phenomenon of subjective decoherence does not appear at the

level of single experiments. The reason for this is the following. The fi-

nal state φi⊗Φi in a single run of the experiment has as reduced density

matrix |Φi〉〈Φi| which does not coincide with the reduced density ma-



46 1. UNIVERSAL VALIDITY

trix of the individual state s1 produced by the unitary time evolution.

Since |Φi〉〈Φi| 6= s1|A, Theorem 2 does not apply. A can distinguish the

individual state s1 produced by the unitary time evolution from the

individual state φi ⊗ Φi. There is a contradiction between the unitary

Schrödinger time evolution for individual systems and A’s impression

that the final state of the joint system after a single run is some φi⊗Φi.

Why subjective decoherence is subjective. Even if the real statistical

state of the joint system is s1, the apparatus A can have the impression

that the statistical state of the joint system is s2. But it is only the

apparatus A which—being properly contained in the observed system

A∪R—cannot distinguish s1, s2. An apparatus outside A∪R can mea-

sure the interference terms |φi⊗Φi〉〈φj⊗Φj|. From outside it is possible

to distinguish the states s1, s2. Therefore subjective decoherence takes

only place relative to an internal observer.

Implicit in this discussion is the assumption that it is possible to as-

sign an objective meaning to the quantum mechanical state. Althought

I personally think that this assumption can be justified, there are other

interpretations of quantum mechanics which hold that the quantum me-

chanical state is essentially an epistemic notion and merely describes

our knowledge of the system.23 On such an epistemic reading of the

quantum mechanical state, subjective decoherence is very spectacular:

the indistinguishability by A of s1 and s2 implies that in both cases A

assigns subjectively the same epistemic state to the joint system. For

A, s1 and s2 are one epistemic state. This is not quite the same as

23See von Weizsäcker (1941, 1961), Schlieder (1968), Süssmann (1957). Such
interpretations have proved particularily useful in relativistic descriptions of the
measurement process (Schlieder (1968)). On a purely epistemic interpretation of
the quantum mechanical state the non-local correlations in EPR-type experiments
are much less troublesome.
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the mind’s ability to collapse the quantum state, as claimed by Lon-

don and Bauer (1939) or Wigner (1963), because these authors do not

necessarily share the purely epistemic interpretation of the quantum

state.

Comparison with Everett’s relative state interpretation How is subjec-

tive decoherence related to Everett’s (1957) relative state interpreta-

tion? I will briefly point to some similarities and to some differences.

There are some obvious similarities between Everett’s interpreta-

tion and subjective decoherence. In both theories it is essential that

the observer makes his observations from within the observed system,

which in Everett’s theory is the universe. Also, the trick in both theo-

ries is that the observer cannot see the state of the universe correctly.

Thereby it is explained why the observer still can have his traditional

perception of a world which in reality is the quantum world. The col-

lapse postulate, which is usually employed to explain our traditional

perception in a quantum world governed by the Schrödinger equation,

therefore is redundant in both approaches.

But there are some important differences. The first seems rather

technical, but it implies a second which is of conceptual importance.

Let us compare the ways in which a state of a composite system de-

termines the state of a subsystem. For subjective decoherence this

restriction map is the partial trace. It is independent of the states of

the subsystems and leads to mixed states of the subsystems. In Ev-

erett’s theory a state of the composite system determines the state of

one subsystem only relative to the state of the other subsystem. Everett

thereby arrives at pure states of the subsystems.

This technical difference leads to an important conceptual differ-
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ence of the two approaches. Subjective decoherence leads to a mixed

state of the composite system, and mixed states are assigned to the

subsystems as well. Therefore this approach is necessarily statistical in

its language and intention.24 Everett’s approach retains the pure state

of the composite system and assigns also pure states to the subsystems.

Therefore it can be (and is) interpreted individually.

Why objective decoherence is still necessary. Decoherence is an essential

part of several approaches to the measurement problem.25 If subjective

decoherence alone can explain why the final statistical state seems to

be s2, what do we need objective decoherence for? Also, at the first

glance, the relevance of objective decoherence seems further impaired

by the fact that in finite time it is usually only approximate, whereas

subjective decoherence is instantaneous and strict.

However, objective decoherence still is an essential feature of the

quantum theory of large systems. Subjective decoherence alone is not

enough to explain for example, why it is so difficult to measure the

(EPR-)interference terms of macroscopic objects with their environ-

ment. Measurements of such interference terms are made from outside:

the interference terms are between parts of an external system and not

between the apparatus used in the measurement and some other sys-

tem R. Only these latter interferences are unobservable according to

subjective decoherence. The interferences within an external system

are observable and are not subject to subjective decoherence.

There is another problem which subjective decoherence cannot solve

24As argued above, although it is statistical in spirit, subjective decoherence alone,
due to the inadmissibility of the ignorance interpretation of the statistical states,
cannot give a satisfactory statistical description.

25See for example Zurek (1982), Dieks (1989), Hannabus (1984), Gell-Mann and
Hartle (1988).
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alone, and where objective decoherence is essential: A measurement

changes the probabilities of subsequent experiments. This real change

cannot be explained by subjective decoherence alone. Objective deco-

herence is necessary to explain why after the interaction with a mi-

croscopic system the interferene terms, as measured from outside, are

considerable, whereas these terms, again as measured from outside, are

very small after the interaction with a macroscopic system.

Decoherence, subjective or objective, is not enough. Decoherence is the

transition from a density matrix s1 to s2. If in each single measure-

ment on an ensemble we get a definite outcome φi ⊗ Φi, and we get

the outcome i with probability |λi|2, then the density matrix of the

statistical state is s2. But it is not possible to go the other way: the

density matrix s2 does not only describe ensembles where each single

constituent is in one of the states |φi ⊗ Φi〉〈φi ⊗ Φi|. This problem of

the ignorance interpretability of the mixed state s2 is often referred to

as the “problem of the preferred basis” and will be discussed in more

detail in section 4.1.2. Here I will just make a few remarks on this

problem.

There are many other ensembles with the same density matrix; a

mixed state in general can be decomposed in many ways into a convex

sum of pure states.26 The problem is that the space of statistical quan-

tum mechanical states is not a simplex. Therefore mixed states can

be decomposed in many different ways into pure states. This means

that many different ensembles (decompositions) can lead to the same

statistics (mixed state).

26The corresponding theorem (see e.g. Bratteli and Robinson (1979), theorem
4.2.3.) says that the decomposition of a state ω into pure states is unique if and only
if the commutant of the GNS-representation associated with the state is abelian.
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Even if one additionally imposes the condition that the pure states

in the decomposition are orthogonal, there are cases where the decom-

position is not unique.27 Additionally, the requirement of orthogonality

is hard to justify: it is no problem to experimentally prepare ensembles

whose constituents are not in mutually orhtogonal states. (This can

be done for example by mixing two beams of electrons leaving Stern-

Gerlach devices oriented at non-orthogonal angles.)

Thus the density matrix s2 describes also ensembles whose consti-

tutents are not eigenstates of the pointer and the measured observable.

Therefore it is not possible to justify an ignorance interpretation of the

statistical state s2: We cannot say that if the ensemble is described

by s2, then each single system in the ensemble is in an unknown but

definite eigenstate of the pointer and the measured observable. De-

coherence alone is not enough because the density matrix does not

determine the ensemble, although the ensemble determines the density

matrix.

(Note that the above argument against the ignorance interpretabil-

ity of s2 is different from d’Espagnat’s argument against the ignorance

interpretability of the mixed states of subsystems which arise from tak-

ing the partial trace over the rest. The above argument also applies to

mixed states of closed systems.)

For this reason decoherence alone, even on the statistical level, does

27This is the case when at least two coefficients in the Schmidt decomposition are
equal. The argument for this is well known. A simple example is the following one.
Take the case that i ∈ {1, 2}, |λ1|2 = |λ2|2 = 1

2 . Then we have

s2 =
1
2
|φ1 ⊗ Φ1〉〈φ1 ⊗ Φ1|+ 1

2
|φ2 ⊗ Φ2〉〈φ2 ⊗ Φ2|

=
1
2
|φ+ ⊗ Φ+〉〈φ+ ⊗ Φ+|+ 1

2
|φ− ⊗ Φ−〉〈φ− ⊗ Φ−|,

where φ± = 1√
2
(φ1 ± φ2) and similarily for Φ±.
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not give a satisfying description. To overcome this difficulty it is nec-

essary to either have a classial pointer observable or to change the

interpretation of the quantum mechanical formalism.28

1.4.3 Wigner’s friend

Subjective decoherence suggests a new way of looking at the so-called

paradox of Wigner’s friend (1961). Wigner’s paper points out that von

Neumann’s (1932) argument for the arbitrariness of the cut between

observed system and observer is problematic.

Wigner considered the situation where an intermediate system is put

between himself and the observed system. If this intermediate system

is a microscopic system then the joint system consisting of the observed

plus the intermediate systems is, at a time before Wigner registered the

measurement result, in a state with non-vanishing interference terms,

similar29 to s1. But when the intermediate system is a human observer

like Wigner’s friend, then, according to the friend’s impression about

his own state and to Lüders’s rule, the statistical state of the joint

system is the mixed state s2 with vanishing interference terms. Von

Neumann’s argument about the arbitrariness of the cut is applicable,

and therefore, according to von Neumann, the result registered in the

end by Wigner himself does not depend on whether the interference

28I am thinking here of modal interpretations of quantum mechanics which in
one way or another assign values to some observables of which the state is not
an eigenstate. If the pointer observable is classical, then every pure state is an
eigenstate of it. Thus all the constituents of all the ensembles describing an arbitrary
statistical states are eigenstates of the pointer. Under these circumstances every
density matrix can be given an ignorance interpretation. This does not require the
assignment of values to observables of which the state is not an eigenstate.

29The important point is that the state of the joint system would still display
interference terms. In this respect it is similar to s1. But being a subsystem of the
bigger system including Wigner, the joint system would probably not be in a pure
state. In this respect its state is not similar to s1.
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terms between the observed and the intermediate systems vanish. Still,

the situation seems paradoxical because the state of the joint (observed

plus intermediate) system depends on whether the intermediate system

is microscopic or a human observer.30

As a way out of this strange situation Wigner (1961) suggested

that quantum mechanics only describes inanimate objects. Quantum

mechanics in his opinion is not universally valid. The non-linearity

displayed by the projection postulate reflects, according to Wigner, the

conscious character of human observer.

Objective decoherence suggests a less radical solution to the prob-

lem of Wigner’s friend. It can explain why the magnitude of the inter-

ference terms decreases sharply as the size of the intermediate system

increases. Therefore, objective decoherence explains why, after waiting

sufficiently long, the actual state s1 can only with great difficulty be

distinguished from the state s2. But in the models usually considered31

the interference terms do not strictly vanish in finite time. Therefore

objective decoherence cannot explain why the statistical state describ-

ing the observer’s impression in finite time actually is s2. The problem

of Wigner’s friend being a matter of principle rather than a practical

problem, the solution offered by objective decoherence is not satisfying.

I claim that subjective decoherence offers a solution to the problem

of Wigner’s friend which, at least in the form the problem was presented

by Wigner,32 is satisfying. According to Theorem 2, Wigner’s friend

30Actually, the situation becomes paradoxical only if one takes into account that
no unitary time evolution can lead to the final state s2. This was shown in Ko-
mar (1962), Wigner (1963), d’Espagnat (1966), Earman and Shimony (1968), Fine
(1970), Busch et al. (1992) and in many other places. Therefore any state s1

produced by a unitary time evolution has to be different from s2.
31See e.g. Zurek (1982).
32Wigner asked how it is possible that the interference terms between the observed

system and the intermediate system seem to vanish if the intermediate system is
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cannot distinguish between situations where the joint system (observed

system plus friend) is in a state with non-vanishing interference terms

from a situation where the joint system is in a state s2 with vanishing

interference terms. There is no contradiction between the real statisti-

cal state of Wigner’s friend being one with non-vanishing interference

terms, and the statistical state of his impression about the joint system

being one with vanishing interference terms. (Note, however, that for

Wigner as outside observer it is decidable, at least in principle whether

the joint system is in a mixed state or not. To achieve this he has to

measure the interference terms between observed system and friend.)

This solution does not require that the mind behaves in a non-linear

way, or that it is not described by quantum mechanics. Rather it sug-

gests that objective decoherence is not necessary to understand the

problem of Wigner’s friend (as posed by Wigner). Subjective decoher-

ence is sufficient for that. The friend’s impression that his statistical

state is s2 can be explained merely by the fact that he is the last mem-

ber of the measurement chain leading to his perception. His perceptions

are measurements from inside, and therefore the restrictions on state-

measurability from inside apply. These restrictions lead to subjective

decoherence.

the friend, but do not vanish if the intermediate system is an atom. This question
is answered by subjective decoherence. Wigner did not ask whether the final statis-
tical state of the observer is ignorance interpretable. This question, which is very
important, is not answered by subjective decoherence.
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Chapter 2

Phase Space Quantisation

Chapter Abstract

This chapter discusses phase space quantisation by means of systems of

covariance. For the Weyl system, the resulting quantisation procedure

is compared to configuration space quantisation by systems of imprim-

itivity, and to geometric quantisation. Then systems of covariance are

introduced more generally as POV-measures transforming covariantly

with respect to automorphic group representations on von Neumann

algebras. A necessary and a sufficient condition for the existence of

such systems of covariance is given. Then I prove an extension theorem

and an imprimitivity theorem for such systems of covariance.

Chapter Overview

I take quantisation to be a mathematical procedure by which one de-

rives from the classsical description of a system a quantum description

of the same system. By “same” I mean that all the essential features

of the classical system, except its classicality, should be present it the

quantised description. There have been disputes about what consti-

tutes the “classicality” of a description. For the purpose I have in

55
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mind, namely phase space quantisation, I take it that a system is clas-

sical if its position and momentum observables commute, and quantum

mechanical if they do not.

If one wants to give a realist interpretation to physical theories, then

quantisation preferably is not regarded as a process which real physical

systems undergo. A given physical system in the real world is suit-

ably described either classically or quantum mechanically, or in some

other way. But this given system cannot be described classically and

quantum mechanically, since I took these descriptions to be mutually

exclusive. Quantisation, the transition from a classical to a quantum

description, is therefore the transition from a correct to the wrong de-

scription, or from the wrong to the correct description, or from one

wrong description to another wrong one.

Instead I prefer to think of quantisation as an enterprise, perhaps

mathematical in nature, of finding parallels between classical and quan-

tum descriptions, and finding out where the parallels break down. This

may provide hints under which circumstances a given system may be

described classically, and when it may be described quantum mechani-

cally. The transition from the classical the quantum mechanical desrip-

tion is not a transition undergone by the system, but a change in the

perspective from which we look at the system.

In this chapter I will deal with phase space quantisation by means

of systems of covariance. The first three sections of this chapter review

and comment on well-known material on quantisation. Their purpose

is to provide a deeper understanding of the new mathematical results

of sections 2.4 and 2.5.

In section 2.1 I will introduce some basic notions of classical me-

chanics needed in this chapter. In section 2.2 I will discuss configuration
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space quantisation by Mackey’s systems of imprimitivity. This should

emphasise the contrast with phase space quantisation by systems of

covariance. In section 2.3 I describe, in the example of the Weyl sys-

tem, phase space quantisation by systems of covariance. The resulting

quantisation procedure is compared to geometric quantisation.

In section 2.4, I first introduce generalised systems of covariance.

The essence of this generalisation is that automorphic group represen-

tations on arbitrary von Neumann algebras are considered, and not

just the actions on B(H) derived from unitary ray representations of

a group. Then I describe phase space quantisation by generalised sys-

tems of covariance. Finally I give a necessary and a sufficient condition

for the existence of generalised systems of covariance. I am not able to

give a single condition which is necessary and sufficient. Integrability

of automorphic group representations will be the key concept.

In section 2.5, I prove extension and imprimitivity theorems for

generalised systems of covariance. This leads to a new outlook on phase

space quantisation by generalised systems of covariance. The Naimark

extension appears as inverse of quantisation: it leads from the quantum

to the classical system.

The quantisation scheme presented can be applied to cases where

the quantised system is finite and possesses some classical properties

(superselection rules). But the emergence of superselection is more

natural for infinite systems (see Chapter 3). Unfortunately infinite

systems cannot be treated in the framework presented here because we

have to make the assumption of local compactness for the phase space.
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2.1 Classical Mechanics

In this section I introduce some notions needed in the following sections

of the chapter. First I will discuss how the phase space and the config-

uration space of classical mechanics can be considered as homogeneous

spaces. Then I will give a lattice theoretic and an operator algebraic

description of classical mechanics. Finally I will introduce some general

problems of quantisation, namely the ordering problem and the Dirac

problem.

2.1.1 Phase space and configuration space as ho-
mogeneous spaces

Homogeneous spaces. I will first introduce some basic mathematical

notions about homogeneous spaces.

Definition 2 Let G be a locally compact second countable group. A

Borel space (X, Σ(X)) is a G-space if each g ∈ G acts as a group of

Borel automorphism x 7→ gx of X such that

(i) ex = x for any x ∈ X,

(ii) g1(g2x) = (g1g2)x for any x ∈ X and g1, g2 ∈ G.

The G-space X is transitive or homogeneous if

(∀x1, x2 ∈ X)(∃g ∈ G) : gx1 = x2.

Transitivity is equivalent with the fact that the empty set and X are the

only subsets of X which are globally invariant under the automorphism

group G.

For a closed subgroup H of G, G/H is the space of left cosets of H

in G. It is endowed with the quotient topology. Denote the elements
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of G/H by gH. G acts on G/H from the left by k : gH 7→ kgH of G

on G/H.

If X is a transitive standard Borel G-space, then X is homeomorphic

to G/H, where H is the stabiliser subgroup H := {g ∈ G : gx0 =

x0} for an arbitrary point x0 ∈ X.1 Choosing a different x0 leads to

a different stabiliser subgroup H. But since all stabiliser subgroups

are conjugate to each other, the corresponding left coset spaces are

homeomorphic. Under the homeomorphism between X and G/H, the

actions x 7→ gx of G on X and g : sH 7→ gsH on G/H correspond to

each other.

A measure µ on G/H is said to be quasi-invariant under the action

g : x 7→ gx of G on G/H if, for all g ∈ G, µ(g∆) = 0 is equivalent to

µ(∆) = 0. If µ is quasi-invariant then any measure equivalent2 to µ is

also quasi-invariant. Thus all the measures in the measure class of µ

are quasi-invariant. But in general there will be many quasi-invariant

measure classes.

Let L∞(X,µ) be the von Neumann algebra of (equivalence classes

of) µ-essentially bounded functions on X with values in the complex

numbers. G acts as σ-weakly continuous automorphism group Adλ on

L∞(X, µ) by

(Adλ(g)f)(x) := f(g−1x), g ∈ G, x ∈ X.

If G acts transitively on X, then the requirement of quasi-invariance

characterises the measure class uniquely: all the quasi-invariant mea-

sures on X are in the same measure class. In that case the definition of

L∞(X, µ) does not depend on µ. The von Neumann algebras L∞(X,µ)

are all isomorphic and I will denote them simply by L∞(G/H).

1See e.g. Varadarajan 1970, Theorem 8.11.
2Two measures are called equivalent if they have the same null sets.
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The phase space as a homogeneous space. The concept of phase space

comes from classical point mechanics. The equations of motion of a

system of n point particles in three dimensional Euclidean space have

6n variables. In the Hamiltonian formulation these are the position

coordinates q and the canonically conjugate momenta p. The 6n-tuple

ω(t) = (p(t), q(t)) is interpreted as the individual state of the system

at time t. The phase space Γ is the space of all the possible individual

states of the system.

Assume that a locally compact group G acts transitively on the

phase space Γ. If G leaves the symplectic structure of the phase space

invariant, it might appropriately be called a symmetry group. This

is a natural requirement, but for the considerations to follow it is not

necessary. All we need is that Γ is homeomorphic to G/H, where H is

the subgroup of G leaving fixed some arbitrary but fixed point of the

phase space.

In the simple case of a single non-relativistic particle, the phase

space Γ is IR6, the symmetry group G would be the Galilei group G,

and the stabiliser subgroup H would be the semidirect product T ¢R
of the time translations T and the rotation group R. (I use ¢ for the

semidirect product.) An element g of the Galilei group is of the form

g = (b, a, v, R), where b is a time and a is a spatial translation, v a

velocity boost, and R a spatial rotation. According to Lévy-Leblond

(1971), the phase space Γ = IR6 may be obtained as the coset space

Γ ∼= G/(T ¢R).

This is a consequence of the fact that each g ∈ G admits a decomposi-

tion

g = (b, a, v, R) = (0, a− vb, v, 1)(b, 0, 0, R).
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Thus, if the particle in question has mass m, we may use the parametri-

sation

q := a− vb, p := mv

to denote the coset to which the group element g belongs. Hence points

(q, p) ∈ IR6 = Γ may be used to parametrise the coset space G/H =

G/ (T ¢R).

In the case of a free relativistic particle, G would be the Poincaré

group P↑+ and H again would be the semidirect product of the time

translations T and the rotation group R. According to Ali (1979), P↑+
admits the decomposition

Γ ∼= P↑+/(T ¢R).

Note that the representation of Γ as G/H is not unique. One can

always extend G and H by the same group K to arrive at groups G′, H ′

satisfying Γ = G′/H ′. But the choice of G could be restricted by the

possible requirement that it preserves the symplectic structure. The

efficiency of the phase space quantisation mechanism to be presented

in section 2.3 partly rests on the fact that the phase space Γ need not

be homeomorphic to some Euclidean space IRn. It therefore allows for

the description of topologically non-trivial phase spaces.

Often a homogeneous phase space G/H additionally has a complex

homogeous structure. Then the action of G on G/H is additionally

required to be analytic. For example, the phase space IR3
pos× IR3

mom of a

free particle in Euclidean space is isomorphic to the three dimensional

complex space C3. The homogeneous space G/H is called a Kähler

manifold if it has a complex manifold structure such that the imaginary

part of the complex inner product defines a symplectic form. This

symplectic form is essential for the Hamiltonian formalism.
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Configuration space as a homogeneous space. Configuration spaces Q

sometimes3 are homogeous spaces as well. For example, Q might be a

line, a circle, a sphere, three dimensional Euclidean space, etc.

If G preserves the metric of the configuration space, it might appro-

priately be called a symmetry group. But for our purposes we do not

need to make this assumption. All we need is that the configuration

space is a homogeneous space with respect to G.

In the case of a single particle moving in Euclidean space IR3, the

symmetry group acting on Q is the Euclidean group E , which is the the

semidirect product of the group of space translations and the group of

space rotations R. Configuration space Q = IR3 can be written as

Q ∼= E/R.

The representation of a given configuration space Q as G/H for

some group G and some subgroup H is also non-unique. (Requiring

that G preserves the metric would restrict the choice of possible G.)

For instance, one may form arbitrary non-trivial extensions E of G by

a group K (so G = E/K) and let E act on Q via the canonical epimor-

phism p : E → G. Such extensions can be classified by cohomological

methods. Inequivalent extensions lead to different quantisations.4 This

is of great physical importance since topological quantum effects can

be described by a non-minimal choice of G.

The configuration space Q need not be a Euclidean space. Physical

systems with non-Eucildean configuration spaces are of interest because

they exhibit topological quantum effects. Well known examples of such

3Configuration spaces can, of course, always be regarded as homogeneous groups
with respect to the diffeomorphism group of Q. But we cannot exploit this because
the diffeomorphism group is not locally compact.

4See Landsman (1990a).
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effects are the Aharanov-Bohm effect and the Dirac magnetic monopole

charge quantisation effect.5 In these situations the configuration space

arises if one deletes a line, or a point respectively, from IR3.

2.1.2 Lattice theoretic and algebraic formulation
of classical mechanics

States and observables in classical mechanics. The pure states ω of the

system are represented by points in the phase space Γ. They refer to

states of individual systems. The observables of an individual system

are represented by the real valued functions on Γ. The value of an

observable f in a pure state ω is f(ω).

When one does not know precisely the state ω of the system, but

knows that it is more likely to be in some parts of Γ than in others,

then one describes the system by a statistical state ρ. Statistial states

are probability measures on Γ. ρ(∆) is the probability that the actual

state ω is in the Borel set ∆ ⊂ Γ. A pure state ω may be identified

with a statistical state ρω by

ρω(∆) :=
{

1, ω ∈ ∆;
0 otherwise.

The statistical state ρω corresponding to a pure state ω is singular in

the sense that it is not countably additive6 but just finitely additive.

As observables one can take the real valued Borel functions on Γ

with the right continuity properties. In the context of differential geom-

etry one often takes the self-adjoint part of C∞(Γ); in a W ∗-algebraic

framework one takes L∞(Γ) with respect to the Liouville measure; in a

C∗-framework one usually takes C0(Γ), the continuous functions on Γ

5See Landsman (1990b).
6A state ρ is countably additive (or σ-additive) if for all sequences of mutually

disjoint Borel sets ∆i we have
∑∞

i=1 ρ(∆i) = ρ (
⋃∞

i=1 ∆i).
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vanishing at infinity. A given statistical state ρ assigns to each observ-

able f a probability measure on the real line by

∆ 7→ ρ(f−1(∆)), ∆ ∈ Σ(IR).

If our knowledge of the system is described by the state ρ, then ρ(f−1(∆))

is the probability that the value of the observable f is in the Borel set

∆ ⊂ IR.

Formulating classical mechanics in terms of lattices. The notions of

statistical state and observable depend in no way upon the fact that

the phase space Γ is a point set. One can define the statistical states and

observables without referring to the points of Γ, but just to the Borel

sets of Γ. More generally, it is possible to define states and observables

with reference just to orthomodular partially ordered sets. The states

and observables of classical mechanics then emerge from the fact that

the Borel subsets of the phase space Γ form a Boolean lattice LΓ, and

thus an orthomodular partially ordered set.

Definition 3 On an orthomodular partially ordered set L one can de-

fine statistical states and observables in the following way. A statistical

state is a probability measure on L, i.e. a function ρ : L → [0, 1] such

that

(i)
∑∞

i=1 ρ(ai) = ρ (
⋃∞

i=1 ai) for any sequence of orthogonal ai,

(ii) ρ(1) = 1.

An observable is an L-valued function a : ∆ 7→ a∆ on the Borel sets of

the real line such that

(i) a∆1⊥a∆2 if ∆1 ∩∆2 = ∅,
(ii)

∑∞
i=1 a∆i

= a⋃∞
i=1

∆i
for any sequence of disjoint ∆i,

(iii) a∅ = 0.
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Note that this lattice theoretic7 definition of state only covers truly

statistical states: in the case of a classical system with lattice LΓ, the

statistical states ρω corresponding to a pure state ω ∈ Γ are not σ-

additive and therefore violate condition (i) above. A statistical state ρ

and an observable a determine a probability measure on the real line

by

∆ 7→ ρ(a∆).

Formulating classical mechanics in terms of operator algebras. In the

spirit of Koopman’s (1957) Hilbert space formulation of classical me-

chanics, one can formulate classical mechanics in terms of operator

algebras.8 As Hilbert space one takes L2(Γ), the complex functions on

Γ which are square integrable with respect to the Liouville measure. In

the operator algebraic tradition one tries to find an algebra of bounded

operators on a Hilbert space such that the bounded observables are the

self-adjoint elements of the algebra, and that the states are positive,

continuous, normalised linear functionals on the algebra of observables.

The algebra of observables of an individual classical system is taken

to be the C∗-algebra of continuous complex functions on phase space

vanishing at infinity. The elements of C0(Γ) act on L2(Γ) as multipli-

cation operators. The bounded observables are then the self-adjoint

elements of C0(Γ), i.e. the real continuous functions on Γ vanishing at

infinity. Note that the so-called algebra of observables C0(Γ) contains

operators which are not observables, and that it does not contain all the

7The term “lattice theoretic” is a little bit unfortunate because Definition 3
refers to orthomodular partially ordered sets, which are not necessarily lattices. An
alternative term would be “quantum logical” but this is equally misleading because
L may describe classical systems.

8For a detailed description of classical mechanics in terms of operator algebras
see e.g. Reed and Simon (1980, II.5 and 1975, X.14).
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operators corresponding to observables: Only the self-adjoint elements

of C0(Γ) are interpreted as observables; unbounded real functions on Γ

describe observables, although they are not in C0(Γ).

It can be shown9 that the extremal continuous linear functionals on

C0(Γ) are in one-to-one relation with the points of phase space.10 Thus

to each pure state ρω there corresponds exactly one point ω ∈ Γ such

that the value of the state ρω on the observable f is

ρω(f) = f(ω).

The strictly C∗-algebraic framework is not suitable for a statistical

description. In the lattice theoretic context of Definition 3, a statisti-

cal state was introduced as a probability measure on an orthomodular

partially ordered set L. To make sense of this definition in an operator

algebraic framework, it is necessary that the projectors in the algebra

of observables form an orhomodular partially ordered set. This is not

in general the case for C∗-algebras. The projections in a von Neumann

algebra, however, fulfil this condition and even form a lattice. Therefore

in a statistical description, we should take the algebra of observables

to be a von Neumann algebra.

Call a state (in the operator algebraic sense) on a von Neumann

algebra M statistical iff it is a statistical state (in the lattice theoretic

sense) on the lattice LM of projections in M. A state ρ on a von

Neumann algebra is said to be completely additive if ρ(
∑

k∈I Pk) =
∑

k∈I ρ(Pk) for any family I of mutually orthogonal projections Pk.

Therefore, according to Definition 3, the lattice theoretic states on LM
9See Kadison and Ringrose 1983, 4.4.

10This one-to-one correspndence between pure states and phase space points de-
pends sensitively on the choice of C0(Γ) as algebra of observables. If one chooses
as algebra of observables the bounded functions on Γ, then the pure states on this
algebra by far outnumber the phase space points.
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are exactly the completely additive states on M. A state on a von

Neumann algebra is completetly additive if and only if it is σ-weakly

continuous.11 Thus we have to take as statistical states on M exactly

the states which are not only in the dualM∗, but also in the predualM∗

of M. They induce probability measures on the lattice of projections

in M. Some consequences of requiring complete (or countable, which

is the same in the case of separable Hilbert spaces) additivity for states

will be discussed in section 4.2.

In the classical case, the standard choice for a von Neumann alge-

bra of functions on Γ is L∞(Γ, µ), where µ is the Liouville measure.

Since L∞(Γ, µ)∗ ∼= L1(Γ, µ), the above definition of statistical state

on L∞(Γ, µ) leads exactly to the normalised real-valued elements of

L1(Γ, µ). This coincides with the idea that statistical states of a classi-

cal system are represented by the countably additive probability mea-

sures on Γ. An observable f ∈ L∞(Γ, µ) associates to every statistical

state ρ ∈ L1(Γ, µ) a real number

f(ρ) =
∫

Γ
f(q, p)ρ(q, p)dµ(q, p).

This number is the expectation value of the observable f in the sta-

tistical state ρ. (ρ on the left hand side is regarded as an element of

L∞(Γ, µ)∗, whereas on the right hand side it is regarded as an element

of L1(Γ, µ).)

Now assume that a symmetry group G acts on the phase space Γ.

So Γ should be a (locally compact) Borel G-space. Let µ be a quasi-

invariant measure on Γ. G acts as σ-weakly continuous automorphism

group Adλ on L∞(Γ, µ) by

(Adλ(g)f)(x) := f(g−1x), g ∈ G, x ∈ Γ. (2.1)

11See Kadison and Ringrose (1986, theorem 7.1.12).
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If the phase space Γ is homogeneous, and it was argued in section 2.1.1

that this is often the case, then there is a unique quasi-invariant measure

class on Γ and we may simply write L∞(Γ) instead of L∞(Γ, µ).

This is an example of a classical W ∗-systems in the sense of the

following definition.

Definition 4 A classical W ∗-system (M, G, α) consists of a commu-

tative W∗-algebra M, a locally compact, separable group G, and a rep-

resentation α : G → Aut(M) of G as a group of automorphisms of M
such that

(i) αg1g2 = αg1αg2 and

(ii) for all operators x ∈ M the function g 7→ αg(x) is σ-weakly con-

tinuous.

A classical C∗-system is defined in the same way, except that M is

taken to be a commutative C∗-algebra, and that the map g 7→ αg(x) is

required to be norm continuous.

The Dirac Problem. A quantum description of the system replaces

the classical observables by operators on a Hilbert space. Let O be a

quantisation map associating Hilbert space operators to functions on

phase space. It might seem sensible to require that O has the following

properties.

(1) O is linear.

(2) O(1) = 1 .

(3) [O(f), O(g)] = −ih̄O({f, g}).

(4) The quantum mechanical position and momentum operators act

irreducibly on H, i.e. {O(p), O(q)}′′ = B(H).
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(Here I denote by {O(p), O(q)}′′ the von Neumann algebra generated by

(the projections in the spectral measures of) the operators O(p), O(q).

By B(H) I denote the algebra of all bounded operators on the Hilbert

space H.)

Condition 4, as it is formulated here, makes sense only if classical

position and momentum coordinates q, p are defined globally.

Condition 3 is the requirement that O is a Lie algebra morphism. It

formulates the following idea of Dirac: Since the classical observables

generate via Hamilton’s equations the evolution of the classical system,

and since the quantum observables generate via Stone’s theorem the

evolution of the quantum system, the quantisation map should asso-

ciate the generators of the classical evolution to the generators of the

quantum evolution in such a way that the Lie algebra structure of the

generators is preserved.

The fact that the observables are operators on a Hilbert space does

not guarantee that the observables describe a quantum system. For

example, in the above operator algebraic formulation of classical me-

chanics, the classical observables are multiplication operators on the

Hilbert space of L2-functions on the phase space. Classical position

and momentum are represented by the multiplication operators q, p.

Since they commute and their Poisson bracket does not vanish, in this

formulation of classical mechanics, condition 3 is violated. Condition 3

ensures that the position and momentum operators O(p), O(q) fulfil the

commutation relations [O(q), O(p)] = −ih̄1.12 It is therefore justified

to say that the observables O(f) describe a quantum system.

12Again, speaking of quantum mechanical position and momentum operators
O(p), O(q) contains the tacit assumption that classical position and momentum
coordinates can be defined globally. In the sequel I will not mention this proviso
any more.
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Since the Koopman position and momentum operators do not act

irreducibly on L2(Γ), the operator algebraic formulation of classical

mechanics also violates condition 4. If condition 3 is satisfied, then

O(q), O(p) satisfy the commutation relations, but they need not gener-

ate an irreducible von Neumann algebra.13 If the configuration space Q

is Euclidean, then condition 4, together with requiring normality of the

representation, implies via the Stone-von Neumann uniqueness theorem

that O is unitarily equivalent to the Schrödinger representation.14

Condition 4 can be given a second motivation. The n-fold direct

product of the additive group of spatial translations and boosts acts

separately on each of the of the n particles of the system. This group

action is transitive on the phase space: no proper submanifold of the

phase space is invariant under the full group. Condition 4 requires

something similar for the corresponding quantum system: there should

be no proper subspace of H which is left invariant by all operators

representing quantum mechanical observables. One often calls a clas-

sical system elementary if the kinematical group acts transitively on

the phase space; also, quantum systems associated to irreducible repre-

sentations of the kinematical group are called elementary. Condition 4

thus can be viewed as the requirement that the quantum system corre-

sponding to an elementary classical system should also be elementary.

However, conditions 1-4, reasonable as they may seem, are not com-

patible, even in the simple case where the configuration space is Eu-

clidean: van Hove (1951) has shown that the Schrödinger representation

can not be extended to non-quadratic polynomials in such a way that

condition 3 still holds. By the Stone-von Neumann uniqueness theo-

13This is the case for example with the von Neumann algebra generated by the
prequantised position and momenum operators of the Weyl system. See page 109.

14See Mackey 1949, and 1978, ch. 18.
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rem, condition 4 requires that any quantisation map O should yield

position and momentum operators unitarily equivalent to the ones of

Schrödinger. Thus, no quantisation map O defined on all polynomials

can simultaneously satisfy conditions 3 and 4.

The quantisation schemes described in the sequel of this chapter can

be classified according to which of the conditions 3 and 4 they relax in

order to satisfy the other.

The ordering problem. There is considerable arbitrariness in the choice

of a quantisation map O. Suppose one has a real-valued smooth func-

tion f(q, p) on phase space. Assume that f has a Taylor expansion

as

f(q, p) =
∞∑

m,n=0

cmnqmpn,

for some suitable coefficients cmn. After quantisation, the variables

p, q are replaced by some self-adjoint unbounded operators O(p), O(q)

on a Hilbert space fulfilling the commutation relations. This does not

determine completely a quantisation map O on C∞(Γ). One might try

to associate to a classical observable f the operator

O(f) :=
∞∑

m,n=0

cmnO(q)mO(p)n.

But apart from some mathematical problems (e.g. one has to give a

meaning to this infinite sum of unbounded operators, and O(f) has

to be a self-adjoint operator on a dense domain), one has to decide

on a certain ordering of the non-commuting operators O(q), O(p) in

O(q)mO(p)n. It is, for instance, quite arbitrary whether the classical

observable qp2 should correspond to 1
2
(O(q)O(p)2 + O(p)2O(q)), or to

1
4
(O(q)O(p)2 + 2O(p)O(q)2O(p) + O(p)2O(q)), or to some other self-

adjoint combination.
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This arbitrariness of quantisation is called the ordering problem.

Different orderings have been discussed in the literature for example by

Agarwal and Wolf (1970a and 1970b), and by Srinivas (1975). Ali and

Doebner (1990) have argued that although most orderings are mathe-

matically arbitrary and in some sense equivalent, different orderings are

suitable for the description of different experimental situations. In the

next sections I will often come back to the arbitrariness in the choice

of an ordering, and to the associated non-uniqueness in the choice of

quantisation maps.

2.2 Quantisation on Configuration Space

Quantisation from a lattice theoretic point of view. One obtains the

quantum description of a system when we replace the orthomodular

lattice LΓ of Borel sets of the phase space by the orthomodular lattice

P(H) of projectors on a Hilbert space H.15

Replacing LΓ by P(H), one can still apply the lattice theoretical

Definition 3 of statistical states. Gleason’s theorem says that the sta-

tistical states on P(H) (for dim H > 2) are all of the form tr(ρ · ) for

some trace class operator ρ of trace norm one. Thus the statistical

15The replacement of LΓ by some orthocomplemented poset is quite natural.
This was pointed out by Mackey (1963). He showed the following. Let O be the
observables of the system, and let S be the set of statistical states. For each Borel
set ∆ on the real line, denote by p(a, ρ, ∆) the probability that a measurement of the
observable a in the state ρ yields a result in ∆. If the function p(a, ρ, ∆) fulfils some
plausible conditions, there is a unique poset L, a one-to-one mapping from O onto
the L-valued functions on the Borel sets of the real line, and a one-to-one mapping
from S into a convex subset of the probability measures on L such that p(a, ρ, ∆) =
ρ(a(∆)). The choice of P(H) rather than some other orthocomplemented poset is
less compelling (see Mackey (1963), p.72-74.) Indeed, the choice of some general
orthocomplemented poset rather than P(H) is the starting point of quantum logical
generalisations of traditional quantum mechanics. (For an overview see Primas
(1980), for a monograph see Beltrametti and Casinelli (1981).)
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states on P(H) are exactly the density matrices.

Also, one can define observables as P(H)-valued measures on the

real line. By the spectral theorem, there is a one-to-one correspondence

between these projection-valued measures on IR and the self-adjoint

operators operators on H. Thus on the lattice P(H) the observables in

the sense of Definition 3 are exactly the self-adjoint operators.

So far we have seen that the replacement of the lattice LΓ by P(H)

yields the usual Hilbert space formalism of quantum mechanics. But

the replacement of LΓ by some lattice of projections on a Hilbert space

does not guarantee that the system described is really a quantum me-

chanical one. For example, consider the map E : LΓ → P(L2(Γ))

defined by

E(∆)ψ(q, p) := χ∆(q, p)ψ(q, p).

E is a lattice morphism between LΓ and a Boolean sublattice of P(L2(Γ)).

This Hilbert space representation is a lattice morphism and therefore

leads to a classical system. This is a lattice theoretic description of

Koopman’s Hilbert space formulation of classical mechanics.

In order to guarantee that a system described in the Hilbert space

formalism is quantum mechanical, one has to impose further conditions

on the observables. For example, one can require that the observables

generated by quantum mechanical position and momentum act irre-

ducibly. This is condition 4 of the Dirac problem. A different condition

would be that the operators corresponding to position and momentum

should fulfil the commutation relations [O(p), O(q)] = −ih̄1, or that

the set of all observables acts irreducibly on the Hilbert space. (These

last two conditions do not imply condition 4 of the Dirac problem.) All

these conditions exclude Koopman’s (1957) Hilbert space formulation

of classical mechanics.
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Speaking lattice theoretically, there are two possible ways to avoid

the system described by a Hilbert space formulation being classical: A

map from the lattice LΓ of all classical properties into P(H) should not

be a morphism: such a map must not preserve the Boolean character

of LΓ. Alternatively, a Boolean sublattice of LΓ can be mapped into a

Boolean sublattice of P(H) by a morphism.

Configuration space quantisation as described in this section takes

the second route: spatial localisation properties (but not momentum

space localisation properties) of the classical system are mapped by

a morphism to spatial localisation properties of the quantum system.

Phase space quantisation by systems of covariance as described in sec-

tions 2.3 and 2.4 takes the first route.

Configuration space quantisation. Consider a classical particle moving

in a homogeneous configuration space Q = G/H. The action of G on

the configuration space can be represented equivalently in two ways.

From a lattice theoretical point of view, it is described by a representa-

tion of G as the automorphism group ∆ 7→ g∆ of the Boolean σ-algebra

LQ. From an operator algebraic point of view, the symmetry group G

was represented by the representation Adλ of G as automorphism group

of L∞(G/H) (see equation 2.1).

A first step in configuration space quantisation is to take a rep-

resentation of the localisation properties as projectors on a Hilbert

space. From a lattice theoretical point of view the Boolean σ-algebra

Σ(Q) = LQ is represented by a Boolean sublattice of the lattice P(H)

of projectors on H. From an algebraic point of view, the commuta-

tive W ∗-algebra L∞(Q) is represented by a commutative W ∗-algebra

π(L∞(Q)) of bounded operators on H.
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The second step is to represent on H the action of the symmetry

group G. In the lattice theoretical language, the action ∆ 7→ g∆ is

replaced by a unitary representation U of G on H. In the operator

algebraic language, the action Adλ is replaced by the automorphic rep-

resentation

αg(π(f)) := Ugπ(f)U∗
g f ∈ L∞(Q)

of G on π(L∞(Q)).

Localisability and the Hilbert space representation of Σ(Q). Let me

make some brief remarks about the first step, in which the Boolean

σ-algebra Σ(Q) is represented as a Boolean sublattice of P(H). From

a mathematical point of view, such a representation might seem very

natural. From a physical point of view it is much more problematic.

Since Q is the configuration space of the particle, such a representation

in fact is a translation of the classical localisation properties to the

quantum domain.

Localisability of a particle means that the proposition system must

contain a class of propositions which answer the question whether the

particle is in this volume element or in that. Assumptions about local-

isation properties enter in a crucial way into the choice of propositions

representing localisation. In classical mechanics, such propositions are

represented by the Boolean algebra of Borel sets in the three dimen-

sional physical space. This choice reflects the assumptions that position

measurements in different regions do not disturb each other and that

such measurements are exactly repeatable. In classical mechanics these

assumptions are natural. For the time being, one can make the same

assumptions for the localisation of quantum particles:
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(1) Propositions about localisation of non-relativistic quantum sys-

tems in different space time regions are compatible.

(2) Localisation experiments are repeatable.

These assumptions are highly questionable. For example, Hegerfeldt’s

theorem16 shows that localisation experiments on relativistic particles

are not repeatable. In the non-relativistic theory, we can tentatively

make these assumptions.

Assumptions (1), (2) imply that propositions about localisation are

described by a projection valued (PV) measure E on configuration

space.17

Definition 5 A PV-measure on a Borel space (X, Σ(X)) is a mapping

E from Σ(X) into P(H) such that

(i) E(∆1 ∩∆2) = E(∆1)E(∆2),

(ii) E(∆1 ∪∆2) = E(∆1) + E(∆2)− E(∆1)E(∆2),

(iii)
∑∞

i=1 E(∆i) = E(
⋃∞

i=1 ∆i) for any sequence of disjoint ∆i, where

the sum on the left hand side converges weakly,

(iv) E(X) = 1.

The PV-measure E describing localisation is a lattice morphism from

the Boolean lattice LQ of Borel subsets of the configuration space into

a Boolean sublattice of P(H). It can be extended to a representation

π of L∞(Q) as a commutative von Neumann subalgebra of B(H) such

that π(χ∆) = E(∆).

The covariance condition. Let us now come to the second step of con-

figuration space quantisation: The action of G on the configuration

16See Hegerfeldt (1974), Hegerfeldt and Ruijsenaars (1980).
17The precise argument for this can be found in Jauch (1968).
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space Q = G/H is replaced by a unitary representation U of G on the

Hilbert space. Accordingly, the action g : sH 7→ gsH of g ∈ G on

Q = G/H is represented on the lattice of localisation operators by

g : E(∆) 7→ UgE(∆)U∗
g , ∆ ∈ Σ(Q).

Since G is a symmetry of the configuration space, the simultaneous

action of G on the configuration space and of U(G)·U(G)∗ on the lo-

calisation propositions should not have observable consequences. Thus

we have to require commutativity of the diagram

∆ −−→ g∆

yE

yE

E(∆)
U ·U∗−−→ UgE(∆)U∗

g

.

The commutativity requirement implies the covariance condition

UgE(∆)U∗
g = E(g∆), ∆ ∈ Σ(Q), g ∈ G. (2.2)

If we take as configuration space Q three dimensional Euclidean space,

and as symmetry group G the Euclidean group E , then the covariance

condition implies isotropy and homogeneity in the physical sense.18

This covariance condition can be interpreted in the following way.

Transforming the system actively changes its state from ψ to Ugψ. Also,

the map E(∆) 7→ E(g∆) describes an active transformation of the

apparatus measuring the observable E. Using the covariance condition

one calculates

〈Ugψ|E(g∆)|Ugψ〉 = 〈Ugψ|UgE(∆)U∗
g |Ugψ〉 = 〈ψ|E(∆)|ψ〉.

18See Jauch 1968.
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Thus the covariance condition guarantees that an active transformation

of the system and a simultaneous active transformation of the appara-

tus does not change the expectation values of experiments. This is a

statement of symmetry of the configuration space under G.

2.2.1 Systems of Imprimitivity

The covariance condition implies that the PV-measure E together with

the unitary representation U forms a system of imprimitivity in the

following sense.

Definition 6 A PV-measure E on a Borel space X on which G acts

transitively, together with a measurable unitary ray representation U of

G is called an transitive system of imprimitivity19 (E, U) based on X

if E acts covariantly with respect to U ,

UgE(∆)U∗
g = E(g∆), ∆ ∈ Σ(X), g ∈ G.

A system of imprimitivity (E,U) is called irreducible if the von Neu-

mann algebra M := {E(∆)Ug : ∆ ∈ Σ(X), g ∈ G}′′ generated by E

and by U is irreducible.

A transitive system of imprimitivity (E, U) is irreducible if and only

if U is irreducible. A non-transitive system of imprimitivity may be

irreducible even if U is reducible.

A physical system is called elementary if the corresponding system

of imprimitivity is irreducible. This is the case if only the identity op-

erator commutes with both the configuration observables E and with

19The term “imprimitivity” has been introduced by S. Lie and F. Engel (1888, p.
220) in the context of transformation group theory.
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(the self-adjoint generators of) U . This is in harmony with the tra-

ditional picture that elementary systems are described by irreducible

representations of the kinematical group G.

Systems of imprimitivity induced from representation of the little group

H. Given a unitary ray representation L : h 7→ Lh of the closed

subgroup H on some Hilbert spae H0 one can construct a transitive

system of imprimitivity based on G/H in the following way.

Let µ be a measure on G/H which is quasi-invariant with respect

to translations from the left. Let HL be the Hilbert space of functions

f on G with values in H0 satisfying

1. g 7→ 〈f(g), ψ〉 is a measurable function for all ψ ∈ H0,

2. f(gh) = L−1
h f(g),

3.
∫
G/H ‖f(g)‖2dµ(gH) < ∞.

Because of requirement (2) and the unitarity of Lh we have ‖f(gh)‖ =

‖L−1
h f(g)‖ = ‖f(g)‖. Therefore the quantity ‖f(g)‖ is constant on

all left cosets. In this way requirement (3) makes sense. The scalar

product on HL is defined by 〈f, f ′〉 :=
∫
G/H〈f(g), f ′(g)〉dµ(gH).

Now define a representation UL of G on HL. Denote by ρg(s) :=

dµ(g−1sH)/dµ(sH) the Radon-Nikodym derivative of the translated

measure µg−1 with respect to µ. Then define a unitary represenation

UL of G on HL by

UL
g f(s) :=

√
ρg(s)f(g−1s), g, s ∈ G, f ∈ HL. (2.3)

UL is called the representation of G onHL induced by the representation

L of H. The Radon-Nikodym factor ρg(s) compensates for the non-

invariance of the measure µ in such a way as to make UL
g a unitary
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operator. Note that changing µ to another measure in the same class

does not change the equivalence class of the representation UL.

Define a projection-valued measure EL on G/H by

(EL(∆)f)(s) := χ∆(sH)f(s), g, s ∈ G, f ∈ HL, ∆ ∈ Σ(G/H).

(2.4)

(EL, UL) satisfies the covariance condition

(
UL

g EL(∆)UL
g−1f

)
(s) = EL(g−1∆)f(s), s ∈ G

and therefore is a transitive system of imprimitivity based on G/H. It

is called the system of imprimitivity induced from the representation L.

2.2.2 The commutation relations

To see why configuration space systems of imprimitivity describe quan-

tum systems in the usual sense, I shall briefly explain how Mackey

(1949, and 1978, ch. 18) derives the commutation relations from the

covariance condition of Euclidean systems of imprimitivity.

To take the simplest example, consider a particle moving freely in

three dimensional Euclidean space IR3
pos. As symmetry group of Eu-

clidean space take the Euclidean group E , and write IR3
pos = E/R.

Making this assumption of Euclidean symmetry of configuration space

means that one assumes physical space to be homogeneous and isotropic.

Let us choose a rectangular coordinate system {x, y, z} in IR3
pos. Accord-

ing to Mackey’s (1949) imprimitivity theorem (see below, p. 83), every

irreducible system of imprimitivity is unitarily equivalent to a system of

imprimitivity (EL, UL) induced from some representation L of the ro-

tation group R. So when considering a system of imprimitivity we may

take it to be (EL, UL) and drop the superscripts L. Applying equation
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(2.3) one defines on HL (now called H) a unitary representation U of

the additive group IR by

(Ua,xf) (x, y, z) := f(x− a, y, z).

The Radon-Nikodym factor ρg(s)
1/2 equals one because the Lebesgue

measure is translation invariant. Mackey (1958) showed that because

of Euclidean symmetry of E (not just translation symmetry), every

representation of the Euclidean group, when restricted to the transla-

tion group, is unitarily equivalent to an ordinary (i.e. not projective)

unitary representation of the translation group. Therefore the phase

factors of Ua,x above can be chosen in such a way that {Ua,x : a ∈ IR}
forms a continuous ordinary representation of the additive group IR.

According to Stone’s theorem such a group uniquely determines a self-

adjoint operator Px such that in the weak sense we have

Ua,x = exp (−iaPx).

By equation (2.4) one defines a projection valued measure Ex on IR,

which in turn defines a self-adjoint operator Qx on H by

Qx :=
∫

IR
λEx(dλ).

Qx generates a strongly continuous unitary one parameter group Vb,x

by

Vb,x := exp(ibQx) =
∫

IR
exp(ibλ)Ex(dλ).

This equation again holds in the weak sense. Omitting the index x,

from the covariance condition we obtain

UaVbU
−1
a =

∫

IR
exp (ibλ)UaE(dλ)U−1

a

=
∫

IR
exp (ibλ)E(dλ− a)
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=
∫

IR
exp (ib(λ + a))E(dλ)

= exp (iab)Vb.

These are the Weyl commutation relations.20

Thus Euclidean invariance of (E, U) implies that the Heisenberg

commutation relations are fulfilled by Q :=
∫
IR λE(dλ) and the self-

adjoint generator P of U . Furthermore, the assumption of Euclidean

symmetry implies the commutation relations for angular momentum.

Different irreducible Euclidean systems of imprimitivity are induced

by different representations of the rotation group and correspond to

different spins.21

2.2.3 Classification of configuration space quanti-
sations.

A system of imprimitivity on configuration space Q consists of a Hilbert

space representation E of the Boolean lattice LQ and a representation

U of the action of G on Q = G/H. Inequivalent representations (E, U)

describe inequivalent quantisations of the classical systems with the

same configuration space.22 Therefore one can classify the configuration

20The self-adjoint generator Px is defined on all wave functions f ∈ H for which
the limit lima→0

1
ia (Ua,x−1)f =: Pxf exists. The domain of the self-adjoint genera-

tor Qx is defined in a similar way. From these definitions and the Weyl commutation
relations one can obtain the Heisenberg form of the commutation relations

[Qx, Px] f = if.

This equation holds for all f in the intersection of the domains of Px and Qx.
The intersection is dense and the restrictions of Px and Qx to the intersection are
essentially self-adjoint.

21For a detailed description of spin by Euclidean systems of covariance, see
Mackey 1978.

22As pointed out by Robson (1994a,b), these systems do not have the same phase
space. Rather they correspond to systems with different constraints. I will report
on this later.
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space quantisations by a classification of systems of imprimitivity.

This is achieved by Mackey’s (1949) imprimitivity theorem: Let G

be locally compact second countable23 group and H a closed subgroup

of G. Let (E,U) be a transitive system of imprimitivity based on

G/H. Then there exists a unitary representation L of H on a Hilbert

space H0 such that U is unitarily equivalent to the representation UL

of G on HL induced by L, and E is unitarily euqivalent to the PV-

measure EL. The equivalence class of the representation L is uniquely

determined by (E,U). So there is a one-to-one correspondence between

the set of all equivalence classes of systems of imprimitivity based on

G/H and equivalence classes of unitary representations of the little

group H. (E, U) is irreducible or a direct sum of irreducible systems of

imprimitivity, if and only if L is.

Consider a system of imprimitivity based on a given configuration

space Q = G/H. It follows from Mackey’s imprimitivity theorem that

these different configuration space systems of imprimitivity are in a

one-to-one relation to the different representations of the little group H.

Traditionally these have been regarded as inequivalent representations

of the same classical system with phase space T ∗Q. Recent work by

Landsman (1993) and Robson (1994a,b), however, stresses that these

are quantisations of classical systems with the same configuration space

but with different phase spaces.

Superselection rules associated with inequivalent quantisations. Con-

sider a Galilean elementary particle moving without constraints in IR3.

The unitary ray representations of the Galilei group are in one-to-one

relation with the unitary vector representation of the central exten-

23The assumption that G is second countable could actually be dropped. Without
this assumption the imprimitivity theorem was proved by Blattner (1961, 1962).
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sion of the covering group of the Galilei group by some abelian group

(Bargmann 1954). Take as symmetry group G this extended Galilei

group. As algebra of kinematical observables M := {U(g) : g ∈ G}′′
take the von Neuamnn algebra generated by the infinitesimal genera-

tors of the representation U of G. Bargmann (1954) pointed out that

the generator M of the extension commutes with all other generators

of the extended Galilei group and can be regarded as mass operator.

Apart from the mass operator M , there is only one additional central

element inM.24 This is S2 := (J +Q×P )2, where J is the vector of the

three generators of the rotation group, Q the generator of the boosts

and P the generator of the translations. If U is irreducible, the central

elements of M are constant multiples of the identity operator. Denote

the value of the mass operator by m, and the value of S2 by s(s + 1)

where s = 0, 1/2, 1, 3/2, . . .. The numbers m, s label the irreducible

representations of G. In all pure states of a given representation M

and S2 have a dispersion free value.

This is just one example of a more general phenomenon. Inequiva-

lent systems of imprimitivity, or in general inequivalent quantisations,

lead to superselection rules in the following sense: there are quantities

which have a dispersion free value in all pure states.

Whether inequivalent quantisations are described by a superselec-

tion rule or by a parameter is, to a certain extent, a matter of taste.

Consider, for example, an elementary Galilei system. If mass is re-

garded as a fixed parameter, one uses the corresponding representation

of the Galilei group and works with an irreducible Hilbert space. Alter-

natively, one can regard mass as an observable which can take different

values. Then one works on a direct sum Hilbert space, i. e. simultane-

24See Bargman 1954, Lévy-Leblond (1963, 1971).
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ously with all the possible representations of the group.

The description of inequivalent quantisations by superselection rules

will soon be related to the usual picture of superselection rules as arising

from different inequivalent representations of an abstract algebra of

observables.

2.2.4 Algebraic description of systems of imprim-
itivity

It is also possible to give an operator algebraic description of systems

of imprimitvity. I will outline how this is done, following Landsman

(1990a), who elaborated results of Glimm (1962).

As a first step, the commutative lattice LQ = Σ(G/H) and the

action ∆ 7→ g∆ is replaced by a C∗-dynamical system. Denote by

C0(G/H) the C∗-algebra of continuous complex-valued functions on

G/H vanishing at infinity. The action ∆ 7→ g∆ naturally carries over

to an action Adλ of G on C0(G/H) by

(Adλ(g)f) (sH) := f(g−1sH).

(C0(G/H), G, Adλ) forms a classical C∗-system in the sense of Defini-

tion 4. It describes the action of G on the configuration space.

Then, in a second step, one can define25 the C∗-algebra C∗(G,G/H)

as the C∗-crossed product of C0(G/H) and G with respect to the ac-

tion Adλ. C∗(G,G/H) is called the transformation group algebra of

the classical system. Note that there is by no means a one-to-one cor-

respondence between C∗(G,G/H) and the pair G,G/H: Whenever the

duals of H1 and H2 are homeomorphic, C∗(G1, G1/H1) is isomorphic

to C∗(G2, G2/H2).

25See e.g. Bratteli and Robinson (1979), chapter 1.3.6). In the literature
C∗(G,G/H) is sometimes denoted by C0(G/H)⊗Adλ G.
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C∗(G,G/H) is already the abstract algebra of quantum mechanical

observables. The operators in C∗(G,G/H) = C0(G/H) ⊗Adλ G repre-

senting C0(G/H) describe the quantum mechanical localisation prop-

erties, which are the same as the classical ones. The representation of

C0(G/H) in C∗(G,G/H) plays the same rôle as the PV-measure E.

The operators in C∗(G,G/H) representing the action Adλ describe the

quantum mechanical generators of translations. They play the same

rôle as the representation U(G) in the traditional configuration space

system of imprimitivity (E, U). C∗(G,G/H) can be regarded as ab-

stract C∗-algebra of kinematically determined quantum mechanical ob-

servables.

To recover the familiar Hilbert space description of systems of im-

primitivity, we take, in a third step, an irreducible Hilbert space rep-

resentation of the C∗-algebra C∗(G, G/H). The important point now,

proved by Glimm (1962), is that the non-degenerate (but possibly non-

faithful) covariant representations26 of the classical C∗-system (C0(G/H), G, Adλ)

are in one-to-one correspondence with the non-degenerate representa-

tions of the C∗-algebra C∗(G,G/H). Thus this third step amounts

to choosing a covariant Hilbert space representation of the classsical

C∗-system (C0(G/H), G, Adλ).

Non-degenerate covariant representations (π, U) of (C0(G/H), G, Adλ)

are naturally related to systems of imprimitivity. The von Neumann al-

gebras π(C0(G/H))′′ and {E(∆) : ∆ ∈ Σ(G/H)}′′ are both isomorphic

to L∞(G/H). Therefore the W ∗-systems ({E(∆) : ∆ ∈ Σ(G/H)}′′, G, U ·U∗)

and (π(C0(G/H)′′, G, U ·U∗) obtained from the covariant representation

(π, U) and from the system of imprimitivity (E, U) are isomorphic.

26A covariant representation (π,U) of the classical C∗-system (C0(G/H), G, Adλ)
is given by a representation π of the C∗-algebra C0(G/H) on a Hilbert space H and
a unitary representation U of G on H such that Ugπ(f)U∗

g = π(Adλ(g)f).



2.3. THE WEYL SYSTEM 87

The non-degenerate covariant representations of the classical system

(C0(G/H), G, Adλ) are in one-to-one correspondence with the non-

degenerate representations of the C∗-algebra C∗(G,G/H). Therefore

the inequivalent configuration space quantisations, which are in one-to-

one relation with the inequivalent representations of the little group H,

are also in one-to-one relation to the inequivalent non-degenerate repre-

sentations of the abstract C∗-algebra C∗(G,G/H). The superselection

rules induced by inequivalent quantisations can then be regarded as

arising from inequivalent representation of this abstract C∗-algebra of

kinematic observables. This is in harmony with the usual picture of su-

perselection rules as arising from inequivalent representation of abstract

C∗-algebras of observables.

2.3 Phase space quantisation of the Weyl

system

In the previous section we considered systems of imprimitivity (E, U)

based on configuration space. The PV-measure E described the quan-

tum mechanical position observable, whereas the quantum mechanical

momentum observable emerged as self-adjoint generator of the unitary

representation U . So position and momentum were quantised in strik-

ingly different ways.

Phase space quantisation tries to treat position and momentum on

equal footing. In order to achieve this, the configuration space quanti-

sation scheme can be extended in two different directions. Firstly, the

quantisation of position and momentum can be described by a unitary

representation of some appropriate group. This approach is taken by

the geometric quantisation procedure or by Isham’s (1983) quantisation
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scheme. The aim of Isham’s quantisation scheme is to find a Lie group

and to associate to classical observables as quantum observables the

self-adjoint generators of an irreducible unitary representation of the

Lie group. Secondly, the quantisation of position and momentum can

be described by a POV-measure on phase space. This is the approach

I will take in this chapter.

2.3.1 Phase space quantisation by systems of co-
variance

Recall how systems of imprimitivity are used in configuration space

quantisation: the configuration space PV-measure represents the lattice

LQ of Borel sets in the configuration space by a Boolean sublattice of the

projection lattice P(H) of some Hilbert space. This lattice morphism

was described by a PV-measure E on configuration space fulfilling

E(∆1)E(∆2) = E(∆1 ∩∆2) = E(∆2)E(∆1). (2.5)

In view of the fact that it is only the phase space Γ which carries a

full description of the system, it would be desirable to regard quanti-

sation as a map from the Boolean lattice LΓ of Borels subsets of the

phase space into the lattice P(H). But quantum mechanical position

and momentum observables do not commute. Therefore a measure rep-

resenting localisation on the phase space cannot fulfil equation (2.5).

Thus the quantisation map cannot be a projection-valued measure on

phase space. The impossibility of sharp localisation on phase space is

consequence of the non-commutativity of quantum mechanical position

and momentum operators, or of the uncertainty relations.

Having to drop requirement (2.5), a measure representing phase

space localisation can at most be a POV-measure as used by Ludwig



2.3. THE WEYL SYSTEM 89

(1967, 1968, 1972) and Davies and Lewis (1970).

Definition 7 A POV-measure on a Borel space (X, Σ(X)) is a map-

ping a from Σ(X) into B(H) such that

(i) a(X) = 1,

(ii) 0 ≤ a(∆) ≤ 1 for all ∆ ∈ Σ(X), and

(iii) for each family {∆i} of mutually disjoint Borel sets of X we have

a(
⋃∞

i=1 ∆i) =
∑∞

i=1 a(∆i), where the right hand side converges weakly.

A POV-measure on the phase space describes a mapping from the

Boolean lattice LΓ into the partially ordered set of effect operators27

on H. This mapping is of course not a lattice morphism. How a phase

space POV-measure can be characterised lattice-theoretically is still an

open question.

Systems of covariance. It was argued in section 2.1.1 that it is some-

times justified to assume that the phase space Γ is a homogeneous space,

which I will denote it again by G/H. (Of course G and H are not the

groups denoted by G and H when I referred to a homogeneous config-

uration space G/H.) Assume also that a unitary ray representation U

of G on the Hilbert space is given.

Since G is a symmetry of the phase space, the action of G on the

phase space and of U(G)·U(G)∗ on the phase space observables should

not have any observable consequences. Thus we have to require com-

mutativity of the diagram

27Effect operators are self-adjoint operators whose spectrum is contained in the
interval [0, 1].
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∆
g−−→ g∆

ya

ya

a(∆)
Ug ·U∗g−−→ Uga(∆)U∗

g

.

The commutativity requirement implies the covariance condition

Uga(∆)U∗
g = a(g∆), ∆ ∈ Σ(Γ), g ∈ G. (2.6)

Definition 8 A POV-measure a on a homogeneous G-space X, to-

gether with a weakly measurable unitary ray representation U is called

a transitive system of covariance (a, U) based on X if the covariance

condition (2.6) is satisfied.

This defintion of systems of covariance is the traditional one.28 It al-

lows for both a description of covariant phase space localisation and of

unsharp configuration space localisation of quantum systems. In the

latter case the POV-measure a is commutative. In this chapter I will

use system of covariance for phase space localisation.

Let us see how a covariant POV-measure a on phase space Γ can be

used for quantisation. The von Neumann algebra generated by the char-

acteristic functions {χ∆ : ∆ ∈ Σ(Γ)} is L∞(Γ). Then by the functional

calculus, the map ∆ 7→ a(∆) can be extended σ-weak continuously to

a map O from L∞(Γ, µ) into {a(∆) : ∆ ∈ Σ(Γ)}′′ satisfying

O(χ∆) = a(∆).

If (a, U) is a system of covariance then O is a covariant embedding

in the following sense.

28See e.g. the review of Ali (1985).
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Definition 9 Let X be a Borel space on which G acts transitively, µ

a quasiinvariant measure on X, and U be a weakly measurable unitary

ray representation of G on some separable Hilbert space H. A covariant

embedding of L∞(X,µ) into B(H) is a map O : L∞(X, µ) → B(H)

satisfying

(i) linearity: O(cf + g) = cO(f) + O(g) for f, g ∈ L∞(X, µ), c ∈ C,

(ii) covariance: O(Adλ(g)f) = αg(O(f)) for all f ∈ L∞(X,µ),

(iii) positivity: O(f) ≥ 0 for all f ∈ L∞(X,µ) with f(x) ≥ 0 a.e.,

(iv) O(f) is self-adjoint if f is real

(v) normalisation: O(1) = 1.

Note that positivity of O only requires that O(f) is a positive operator

if f is a positive function. It does not mean that every positive operator

in O(L∞(X, µ)) is the image of a positive function. In general there are

positive operators in O(L∞(X, µ)) which are not the image of positive

functions. The term ‘embedding’ might be somewhat misleading, since

O preserves only the linear, but not the multiplicative structure of

L∞(X, µ).

Now we are going to see how covariant embeddings arising from

phase space systems of covariance are quantisation maps.

2.3.2 Phase space representation of the Weyl sys-
tem

Because in this section I merely want to explain the main ideas of quan-

tisation by phase space systems of covariance, I will restrict attention

to the case of a non-relativistic spin zero particle. The theory has been

developed more generally by Ali (1985) for traditional systems of co-

variance on homogeneous phase spaces. In a different direction, namely

for the systems of covariance defined with respect to von Neumann al-
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gebras, the theory was generalised by Amann (1986a). Phase space

quantisation by systems of covariance, as presented here, is also known

under the name of coherent state quantisation.29

Since we are dealing with a spinless particle, it is sufficient to take

as symmetry group G not the full Galilei group but just the space

translations and the velocity boosts. So we specify as G the additive

group IR3
pos×IR3

mom corresponding to the phase space. The Haar measure

on IR3
pos × IR3

mom is the Lebesgue measure µ. Let {Ua, Vb : a, b ∈ IR3} be

a weakly measurable irreducible representation of the Weyl relations

UaVb = exp (iab)VbUa

on the Hilbert space L2(IR3) (ab denotes the scalar product of the vec-

tors a and b ∈ IR3). Consider the action α of IR3
pos×IR3

mom on B(L2(IR3))

defined by

α(a,b)(x) := UaVbxV ∗
b U∗

a , x ∈ B(L2(IR3)), (a, b) ∈ IR3
pos × IR3

mom.

(2.7)

This action is pointwise σ-continuous, since the representation of the

Weyl relations is weakly measurable. Due to the irreducibility of the

representation of the Weyl relations, only multiples of the identity fulfil

α(a,b)(x) = x for all a, b.

Now observe that for each character χ on IR3
pos × IR3

mom, χ(a, b) =

exp(iat + isb), there is a unitary operator uχ ∈ B(H1), namely uχ =

UtVs, such that uχ transforms under α according to χ:

α(a,b)(uχ) = χ(a, b)uχ.

29For more information on the relation to coherent states, see Ali 1985 and Amann
1986b.
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Since only multiples of the identity are fixed under all α(a,b), it follows30

that the action α on B(L2(IR3)) is integrable.31

By definition of integrability (see Definition 16 on p. 130) there is

some atomic projection

Pe = |e〉〈e|, e ∈ L2(IR3)

such that the integral
∫
IR3

pos×IR3
mom

α(a,b)(Pe)dµ(a, b) exists in the weak

sense and is in B(L2(IR3)). Since the Lebesgue measure µ is translation

invariant, the integral is also invariant under all phase space transla-

tions:

αa′,b′

(∫

IR3
pos×IR3

mom

α(a,b)(Pe)dµ(a, b)

)
=

∫

IR3
pos×IR3

mom

α(a,b)(Pe)dµ(a, b),

for all (a′, b′) ∈ IR3
pos × IR3

mom. This implies that the integral is a scalar

multiple of the identity operator. By multiplying P or e with an ap-

propriate complex number we can achieve

∫

IR3
pos×IR3

mom

α(a,b)(Pe)dµ(a, b) = 1. (2.8)

Now we can define a covariant POV-measure ae on IR3
pos × IR3

mom by

ae(∆) :=
∫

∆
α(a,b)(Pe)dµ(a, b) =

∫

∆
|UaVbe〉〈UaVbe|dµ(a, b), (2.9)

where ∆ ∈ Σ(IR3
pos× IR3

mom). The corresponding quantisation map Oe is

given by

Oe(f) :=
∫

IR3
pos×IR3

mom

α(a,b)(Pe)f(a, b)dµ(a, b), (2.10)

where f ∈ L∞(IR3
pos × IR3

mom). In the sense of Definition 9, Oe is a

covariant embedding of L∞(IR3
pos × IR3

mom) into B(L2(IR3)).

30See de Schreye (1983).
31Integrability of a W ∗-system will be will be introduced in Definition 16.
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Phase space representation. The quantisation map Oe induces a dual

map O∗
e : B(L2(IR3))∗ → L∞(IR3

pos × IR3
mom)∗ defined by

O∗
e : ρ 7→ ρ ◦Oe.

Thus we have (O∗
e(ρ))(f) = ρ(Oe(f)) for f ∈ L∞(IR3

pos × IR3
mom). As-

sume that Oe maps B(L2(IR3))∗ ⊂ B(L2(IR3))∗ into L∞(IR3
pos × IR3

mom)∗ ⊂

L∞(IR3
pos × IR3

mom)∗. Since L∞(IR3
pos × IR3

mom)∗ ∼= L1(IR3
pos × IR3

mom), for

every normal state ρ ∈ B(L2(IR3))∗ there is a µ-integrable function

Oe
∗(ρ) such that

ρ(Oe(f)) = O∗
e(ρ)(f) =

∫

IR3
pos×IR3

mom

Oe
∗(ρ)(a, b)f(a, b)dµ(a, b) (2.11)

for any f ∈ L∞(IR3
pos × IR3

mom). Oe
∗(ρ) is given by

Oe
∗(ρ)(q, p) = tr

(
ρα(q,p)(Pe)

)
, (q, p) ∈ IR3

pos × IR3
mom (2.12)

where, by a slight abuse of notation, the same symbol ρ refers on the

right hand side to a density matrix and on the left hand side to the

linear functional tr(ρ· ).
Oe
∗ associates to every density matrix ρ an L1-function Oe

∗(ρ) on the

phase space such that (2.11) is fulfilled. Since Oe maps positive func-

tions on IR3
pos × IR3

mom into positive operators, Oe
∗ maps positive func-

tionals in B(L2(IR3))∗ into positive L1-functions. So the phase space

probability distribution Oe
∗(ρ) is positive almost everywhere. Since

states are normalised (i.e. ρ(1) = 1), we have

∫

IR3
pos×IR3

mom

Oe
∗(ρ)(a, b)dµ(a, b) = 1.
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Therefore Oe
∗(ρ) is a probability density on the phase space.32 As we

will see later (eqs. (2.13), (2.14)), it can be regarded as smeared Wigner

function.

The plurality of quantisation maps. Different choices of e lead to dif-

ferent quantisation maps Oe.

Many choices are possible: Since the action α on B(L2(IR3)) is inte-

grable, the set of x ∈ B(L2(IR3)) for which the integral
∫
IR3

pos×IR3
mom

α(a,b)(x)dµ(a, b)

exists and is finite, is very large indeed.33 Since the Lebesgue mea-

sure µ is translation-invariant, for every x for which the integral ex-

ists and is finite, the integral is fixed under all α(a,b). This implies

that the integral is a multiple of the identity. Multiplying x with an

appropriate complex number one arrives at operators x′ which fulfil
∫

α(a,b)(x
′)dµ(a, b) = 1. All these operators define covariant embed-

dings Ox′ by Ox′(f) :=
∫

α(a,b)(x
′)f(a, b)dµ(a, b).

One has to impose an additional condition which guarantees that

the range O(L∞(IR3
pos × IR3

mom)) of the quantisation map exploits B(L2(IR3))

as far as possible. Following Amann (1986a), we require quantisation

maps to be maximal in the following sense.

32In the terminology of Araki (1960), O∗e(ρ) is the state generating functional
of the state ρ. Araki (1960) showed that every complex valued function f on IR6

satisfying
(i) f(0) = 1,
(ii) for all (p, q) ∈ IR6, the map IR → C defined by r 7→ f(rp, rq) is continuous,
(iii) f is positive semidefinite in the sense that for all natural numbers N , for all
zk ∈ C, for all (pk, qk) ∈ IR6 (k=1, 2, .s, N),
we have

N∑

j,k=1

z∗j z∗kf(pk − pj , qk − qj)e−
2πi
h̄ (pjqk−pkqj) ≥ 0,

is the state generating function of some state ρ, f = O∗(ρ).
33There exists a set nα which is σ-weakly dense in M such that the integral exists

and is finite for arbitrary x of the form x = y∗1y2 with y1, y2 ∈ nα.
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Definition 10 A covariant embedding O of L∞(IR3
pos × IR3

mom) into B(L2(IR3))

is called maximal if for every covariant embedding O′,

O(L∞(IR3
pos × IR3

mom)+) ⊆ O′(L∞(IR3
pos × IR3

mom)+) implies

O(L∞(IR3
pos × IR3

mom)+) = O′(L∞(IR3
pos × IR3

mom)+).

If x′ is a multiple of an atomic projection, then the quantisation map

Ox′ is maximal in the sense of Definition 10.34 (It is not clear whether

the converse holds, namely that every maximal normal embedding O

is of the form Ox′ for some x′ which is a multiple of an atomic projec-

tion.) An atomic projection x′ can be written as x′ = |e〉〈e| for some

vector e ∈ L2(IR3). In this case we write Oe instead of Ox′ . So by

taking quantisation maps of the form Oe we are sure that the range

Oe(L
∞(IR3

pos × IR3
mom)+) is maximal.

If O′ is any embedding with O′(L∞(IR3
pos×IR3

mom)+) = Oe(L
∞(IR3

pos×
IR3

mom)+), then O′ is of the form

O′(f) = OUa0Vb0
e(f) = Oα(a0,b0)(Pe)(f), f ∈ L∞(IR3

pos × IR3
mom)

for some suitable (a0, b0) ∈ IR3
pos × IR3

mom.35 OUa0Vb0
e is the covariant

embedding associated associated with the translated function Ua0Vb0e.

Interpretation of e in Oe. The map Oe defines operators Oe(q), Oe(p)

corresponding to classical position and momentum. Since Oe was de-

fined (in equations (2.9)and (2.7) via a representation of the Weyl

commutation relations, the operators Oe(q), Oe(p) fulfil the Heisenberg

commutation relations. The choice of e fixes how the quantisation map

extends from position and momentum to all functions on phase space.

Therefore, choosing e amounts to a choice of operator ordering.36

34See Amann 1986b, Theorem 1.
35See Amann (1986b), Theorem 1.
36See e.g. Ali and Doebner (1990).
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In the context of coherent state quantisation, the choice of e is the

choice of a fiducial vector determining a family {UaVbe : (a, b) ∈ IR3
pos×

IR3
mom} of coherent states.37 Equation (2.8) is then the completeness

property for a familily of coherent states. Coherent states in this gen-

eralised sense were introduced by Perelomov (1972). Often the choice

of e is related to the Hamiltonian. (For example, the usual e in the co-

herent state approaches is the ground state of the harmonic oscillator.

A family of coherent states is then given by {exp(λa∗−λ∗a)e : λ ∈ C},
where a is the destruction operator and a∗ is the creation operator.

These states minimize the product of the dispersions in position and

momentum.) In the context of phase space quantisation the Hamilto-

nian does not play any rôle in the choice of e. I will discuss the relevance

of e on p. 101.

The marginals of the phase space probability density satisfy the uncer-

tainty relations. Ali (1985, his eq. 4.52) showed that the phase space

probability density Oe
∗(q, p) satisfies the marginality conditions

∫

IR3
mom

Oe
∗(q, p)dp =

∫

IR3
pos

|e(q′ − q)|2〈q′|ρ|q′〉dq′,

∫

IR3
pos

Oe
∗(q, p)dq =

∫

IR3
mom

|ê(p′ − p)|2〈p′|ρ|p′〉dp′, (2.13)

where q, q′ ∈ IR3
pos, p, p′ ∈ IR3

mom. ê denotes the Fourier transform of the

function e, 〈q′|ρ|q′〉 is the position representation of the density matrix,

and 〈p′|ρ|p′〉 is its momentum representation.

Define the standard deviations of the marginals (2.13) by

σ(qk) :=

√√√√
∫

IR3
pos

q2
k|e(q)|2dq −

(∫

IR3
pos

qk|e(q)|2dq

)2

, k = 1, 2, 3

37See Klauder and Skagerstam 1984, p. 21.
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σ(pk) :=

√√√√
∫

IR3
mom

p2
k|ê(p)|2dp−

(∫

IR3
mom

pk|ê(p)|2dp

)2

. k = 1, 2, 3

They satisfy the uncertainty relations

σ(qk)σ(pi) ≥ h̄

2
δik.

It might seem surprising that the phase space probability distribu-

tion O∗
e is positive. After all, Wigner’s (1932) phase space distribution

function

wρ(q, p) :=
∫

IR3
pos

exp (−ip·x)〈q+x

2
|ρ|q−x

2
〉dx, p ∈ IR3

mom, q, x ∈ IR3
pos

is not positive. The marginals of the Wigner distribution satisfy
∫

IR3
mom

wρ(q, p)dp = 〈q|ρ|q〉 (2.14)

∫

IR3
pos

wρ(q, p)dq = 〈p|ρ|p〉.

〈q|ρ|q〉 is the probability density for finding the particle, if it in the state

ρ, sharply localised at the point q. Similarily, 〈p|ρ|p〉 is the probability

of the particle having sharp momentum p. Therefore equation (2.14)

suggest that wρ(q, p) should be interpreted as a probability density for

finding the particle at the phase space point (q, p). However, wρ(q, p)

can assume also negative values. So it is not possible to interpret it

as a probability distribution. This situation reflects the fact that it is

impossible for a quantum mechanical particle to be sharply localised at

q and at the same time to have sharp momentum p. It was proved by

Wigner (1971) that it is impossible to find a linear map ρ 7→ wρ such

that all wρ satisfies the marginality conditions (2.14) and are positive.

The marginals (2.13) of the probability density Oe
∗(ρ)(p, q) are ob-

tained from the marginals (2.14) of the Wigner distribution by smear-

ing with the functions |e|2, |ê|2. Since the smearing in position and



2.3. THE WEYL SYSTEM 99

momentum space is by (squares of the moduli of) functions which are

Fourier transforms of each other, the smeared marginals satisfy the un-

certainty relations. Because the marginals of Oe
∗(ρ)(p, q) fail to fulfil

the sharp marginal conditions (2.14), Wigners no-go theorem cannot

prevent Oe
∗(ρ) from being positive.

Interpretation of the marginals. Since Oe
∗(q, p) is positive and nor-

malised, it is a probability density. What is the interpretation of Oe
∗(ρ)

and its marginals?

Recall why it would have been desirable to interpret the Wigner

function wρ as a probablitity distribution: 〈q|ρ|q〉 is the probability for

finding the particle, if it is in the state ρ, sharply localised at the point

q. Similarily, 〈p|ρ|p〉 is the probability of the particle having sharp

momentum p. Therefore equations (2.14) suggest that wρ(q, p) should

be interpreted as a probability density for finding the particle at the

phase space point (q, p). So the probability interpretation of wρ would

have been motivated because the marginals of wρ can be interpreted as

probabilities of localisation in position or in momentum space.

In the same spirit, one might be tempted to base a probability in-

terpretation of Oe
∗(ρ) on a probability interpretation of its marginals

(2.13). But it is difficult to give a probability interpretation to the

smeared marginals (2.13) since the functions |e|2, |ê|2 by which the sharp

marginals (2.14) are smeared are independent of the state ρ. The ob-

vious way out is to base a probability interpretation of Oe
∗(ρ) not on

a probability interpretation of its marginals, but to proceed in the op-

posite direction: A probability interpretation of the marginals will be

based on a probablity interpretation of the joint distribution Oe
∗(ρ).

Oe
∗(ρ) can be given a straightforward probability interpretation in
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terms of phase space localisation: (2.11) can be rewritten as

tr (ρae(∆)) =
∫

∆
(Oe

∗(ρ))(q, p)dµ(q, p), ∆ ∈ Σ(IR3
pos × IR3

mom).

(2.15)

ae is the covariant POV-measure on IR3
pos × IR3

mom corresponding to Oe

by ae(∆) = Oe(χ∆). It is a covariant POV-measure describing phase

space localisation: By (2.15), tr (ρae(∆)) is the probability to find the

expectation values of position and momentum of the system, if it is in

the state ρ, in the phase space region ∆.

The probability interpretation of Oe
∗(ρ) can be carried over to its

marginals (2.13) in the following way: The phase space probability

measure ae gives rise to “marginal” POV-measures aQ
e , aP

e on position

and on momentum space by

aQ
e (∆) := ae(∆× IR3

mom), ∆ ∈ Σ(IR3
pos), (2.16)

aP
e (∆′) := ae(IR

3
pos ×∆′), ∆′ ∈ Σ(IR3

mom).

aQ
e , aP

e are POV-measures on position resp. momentum space. By

integration they lead to operators

Qk
e :=

∫

IR3
pos

qka
Q
e (dq) q ∈ IR3

pos, k = 1, 2, 3 (2.17)

P k
e :=

∫

IR3
mom

pka
P
e (dp) p ∈ IR3

mom, k = 1, 2, 3

where the integral is taken in the weak sense. As already remarked

above, the operators Qk
e , P

k
e fulfil the commutation relations

[
Qk

e , P
j
e

]
= ih̄δjk1.

Furthermore, Qk
e transforms covariantly under translations and is in-

variant under boosts, whereas P k
e is invariant under translations and



2.3. THE WEYL SYSTEM 101

transforms covariantly under boosts. Therefore Qk
e , P

j
e can be called po-

sition and momentum operators. Since they were derived from POV-

measures, and not from PV-measures, they are regarded as unsharp

position and momentum operators.

The marginals (2.13) of Oe
∗(ρ) are related to the marginal POV-

measures aQ
e , aP

e by

tr
(
ρaQ

e (∆)
)

=
∫

∆
dq

(∫ 3

IR
dpOe

∗(q, p)
)

=
∫

∆
dq

(∫

IR3
pos

|e(q′ − q)|2〈q′|ρ|q′〉dq′
)

(2.18)

tr
(
ρaP

e (∆′)
)

=
∫

∆′
dp

(∫

IR3
mom

|ê(p′ − p)|2〈p′|ρ|p′〉dp′
)

=
∫

∆′
dp

(∫

IR3
pos

dqOe
∗(q, p)

)

It is easier to give a probability interpretation to the marginal POV-

measures aQ
e , aP

e than to the marginals of the phase space probability

density Oe
∗(ρ) of the state ρ. The difficulty with a probability interpre-

tation of the marginals of the Oe
∗(ρ) was that the smearing function e

does not have anything to do with the state ρ. Each state ρ is smeared

in the same way (2.13) by e. e is not related to the different states

having different spreading in position and momentum.

This suggests two possible interpretations of the function e: Fol-

lowing Prugovečki (1984), Ali (1985), or Ali and Doebner (1990), one

can explain the ρ-independence of the smearing function e by saying

that e characterises the measurement apparatus performing the simul-

taneous unsharp position-momentum measurements described by the

POV-measure ae. Since e refers to the measuring apparatus and not

to the system described by ρ, it is natural that the smearing function

e does not depend on ρ.
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Carrying operationalism even further, one might define space to

be what we measure in position measurements. Then the function e

does not only characterise position measurement instruments, but is an

intrinsic property of space itself. Spelling this out, Prugovečki (1984)

is thus led to the concept of stochastic spacetime.

There is a second way to interpret the function e: As above, the

e-dependence of Oe
∗(ρ) can be shifted from the from the states to the

observables. The result of this are the smeared marginal POV-measures

aQ
e , aP

e . The arbitrariness in the choice of e then simply reflects arbi-

trariness of quantisation maps, as expressed also by the ordering prob-

lem. In this way e refers to the quantisation and not to the system

described by ρ. Then it is natural that the smearing function e in the

marginal O∗
e(ρ) does not depend on ρ.

There are reasons to consider the first interpretation preferable, as

do for example Ali and Doebner (1990). Associating the choice of e,

and therefore the choice of an ordering, with the characteristics of a

measurement apparatus certainly has the advantage that it provides

physical reasons for the choice of one of the mathematically equivalent

orderings. An operationalist should like this.

A realist might find it difficult to accept that the arbitrary function

e specifies a property of space. Being realist about space, the one real

space distinguishes one function e. It is not satisfactory that there

is one function e distinguished by nature, and that the formalism is

unable to reflect this distinction. The realist can choose the second

interpretation, which shifts the arbitrariness in the choice of e to the

quantisation map.

(aQ
e , Ua) and (aP

e , Vb) are systems of covariance on position and mo-
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mentum space. The POV-measures aQ
e on position space (defined in

equation (2.16)) has the covariance properties

Uaa
Q
e (∆)U∗

a = aQ
e (∆ + a), ∆ ∈ Σ(IR3

pos). (2.19)

(aQ
e , Ua) is therefore a system of covariance on position space. Note that

since aQ
e arose from integration over momentum space, it is invariant

under boosts

Vba
Q
e (∆)V ∗

b = aQ
e (∆), ∆ ∈ Σ(IR3

pos).

(aQ
e , Ua) is not a system of imprimitivity on position space since aQ

e is not

projection valued. However, aQ
e is still a special kind of POV-measure

since it is commutative,

aQ
e (∆1)a

Q
e (∆2) = aQ

e (∆2)a
Q
e (∆1), ∆1, ∆2 ∈ Σ(IR3

pos).

To see how the position space POV-measure aQ
e is related to the

configuration space PV-measure E defined by

(E(∆)ψ)(q) = χ∆(q)ψ(q), ψ ∈ L2(IR3
pos),

compare equation (2.18),

tr
(
ρaQ

e (∆)
)

=
∫

∆
dq

(∫

IR3
pos

|e(q′ − q)|2〈q′|ρ|q′〉dq′
)

with

tr (ρE(∆)) =
∫

∆
dq〈q|ρ|q〉, ∆ ∈ IR3

pos.

Obviously a∗e(∆) is obtained from smearing the sharp position operator

E(∆) with the probability measure |e|2,
(
aQ

e (∆)φ
)

(x) = (χ∆ ∗ |e(x)|2)φ(x), φ ∈ L2(IR3
pos). (2.20)
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(Note that all commutative POV-measures can be written as smeared

PV-measures.38) Because aQ
e arises from smearing the sharp localisa-

tion PV-measure E, it can be considered as an unsharp localisation in

position space.

Comparison of phase space systems of covariance and configuration

space systems of imprimitivity. As marginals of the phase space POV-

measure ae we arrived at POV-measures aQ
e , aP

e which are not projection

valued. We were thus led to unsharp localisation in position and in mo-

mentum space. This contradicts the assumption (2) made on page 76

when we introduced systems of imprimitivity by sharp localisation in

configuration space.

Another important difference between phase space systems of co-

variance and configuration space systems of imprimitivity is the follow-

ing one: the phase space POV-measure ae is covariant with respect to

boosts and translations, whereas the configuration space PV-measures

are covariant only with respect to the translations but invariant with

respect to boosts.

One has to pay a price for the more general covariance properties of

phase space POV-measures. As mentioned above, configuration space

systems of imprimitivity can be very nicely described from a lattice

theoretic point of view: The configuration space PV-measure E is sim-

ply a lattice isomorphism from the Boolean σ-algebra of the Borel sets

of configuration space into a Boolean sublattice of P(H). In contradis-

tinction to this, a satisfying lattice theoretic description of phase space

POV measures is still wanting.

38See Ali (1984).
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2.3.3 Systems of covariance in geometric quantisa-
tion.

In this section I will point out some connections between geometric

quantisation and phase space quantisation by systems of covariance. I

will sketch the different steps of the geometric quantisation procedure at

different levels of generality: I start with some remarks on the choice

of the prequantum bundle for general symplectic manifolds. Then I

will describe prequantisation for cotangent bundles. Thirdly, geomet-

ric quantisation will be made explicit for the Weyl system. Since I

am mainly interested in the connection arising between quantum and

classical mechanics at the intermediate level of prequantisation, I will

not describe the geometrical technicalities connected to the choice of

polarisation. These aspects are covered, for example, in the textbook

of Woodhouse (1976).

The main aim of this section is to establish, for the simple case

of the Weyl system, a connection between geometric quantisation and

phase space quantisation by systems of covariance.

Prequantisation in general. The geometric quantisation programme

proceeds in two steps: In the prequantisation step, one finds a Lie al-

gebra morphism from the functions of the symplectic manifold to the

Hamiltonian vector fields on some other manifold, called the prequan-

tum bundle. This morphism maps the position and momemtum coordi-

nate functions into operators fulfilling the commutation relations. Since

we have a Lie algebra morphism, requirement 3 of the Dirac problem is

fulfilled. But requirement 4 is violated: the vector fields corresponding

via the morphism to position and momentum coordinate functions are

first order differential operators, and the von Neumann algebra they
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generate is not irreducible. Therefore, in a second step, one chooses

via a polarisation an irreducible subrepresentation of the commutation

relations. In doing so, one gives up requirement 3 in order to fulfil

requirement 4.

For a general symplectic manifold (Γ, σ), prequantisation is achieved

in the following way. First one tries to find a principal U(1)-bundle Y

over Γ with a connection form α and curvature σ. Y is called the pre-

quantum bundle. For an arbitrary symplectic manifold it is not neces-

sarily possible to find a prequantum bundle. But one can formulate an

integrality condition which is necessary and sufficient for the existence

of a prequantum bundle.39 Given the prequantum bundle (Y, α), for

every function f ∈ C∞(Γ) there is a unique vector field Vf on Y such

that α(Vf ) = f 40 and that the image of Vf under the projection Y → Γ

is the hamiltonian vector field Xf .

Note that even if a prequantum bundle (Y, α) exists, it need not

be unique. A necessary and sufficient condition for the uniqueness of

the prequantum bundle is that Γ is simply connected. Non-uniqueness

of the prequantum bundle can be used to explain topological quantum

effects, as for example the Aharanov-Bohm effect.41

Prequantisation of a cotangent bundle. If the symplectic manifold is

a cotangent bundle, Γ = T ∗Q, for some configuration space Q, one

possible choice for the prequantum bundle is T ∗Q × U(1). This is

the only choice if Q is simply connected. A smooth function f on

T ∗Q = Γ defines a Hamiltonian vector field Xf . In a local trivialisation

39See Woodhouse (1992, section 8.3).
40Here α is considered a 1-form; I use α for the connection form and the

connection.
41See Woodhouse (1992, p. 188).
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the symplectic form σ is σ =
∑

i dpi ∧ dqi, and the vector field Xf is

given by

Xf (q, p) :=

(
∂f

∂p
(q, p),−∂f

∂q
(q, p)

)
.

The mapping f 7→ Xf is a mapping of Lie algebras and has as kernel

the constant functions on Γ.

In traditional quantum mechanics, states are represented by points

in the projective Hilbert space, or equivalently by circles on the unit

sphere of H. The prequantum bundle is a reconstruction of this situa-

tion in classical mechanics. Define a space Y and a projection π : Y →
T ∗Q in local coordinates by

Y := T ∗Q× U(1), π(q, p, exp(iδ)) := (q, p).

We use the angle δ as a coordinate on U(1), and denote a vector field X

on Γ as a mapping γ → IR6n, and a vector field V on Y as a mapping

V : Y → IR6n+1. To every smooth function on Γ one associates a

Hamiltonian vector field Vf on Y , defined locally by

Vf (q, p, δ) :=

(
∂f

∂p
(q, p),−∂f

∂q
(q, p), f(q, p)− p· ∂f

∂p
(q, p)

)
. (2.21)

This definition ensures that the map f 7→ Vf is an injective Lie algebra

morphism from the Poisson algebra to vector fields on Y , and that the

image of Vf under the projection π is Xf . The 1-form α on Y defined

by α = p· dq + dδ satisfies dα = σ. Thus Y is a principal U(1)-bundle

over Γ with connection form α and curvature σ.

So far we have just incorporated phase factors into classical me-

chanics and obtained the prequantum bundle. Now we will use the

prequantum bundle for prequantisation. We want to associate to the

smooth functions on Γ operators on a Hilbert space. Associating to
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functions f the differential operator ih̄Xf on L2(Γ) is no good, because

requirement 2 of the Dirac problem is not satisfied: the constant func-

tions are mapped into the zero operator. In a second attempt, one can

associate to smooth functions f on Y the differential operator ih̄Vf on

the Hilbert space L2(Y ) of functions square integrable with respect to

the canonical measure dpdqdδ. Again, requirement 2 of the Dirac prob-

lem is not satisfied: although ih̄V1 is not the zero operator on L2(Y ), it

is not the identity operator either; it is −ih̄(∂/∂δ). However, one can

define the Hilbert space HPQ (PQ stands for prequantisation) to be the

subspace of L2(Y ) for which −ih̄V1 is the identity operator. HPQ is the

Hilbert space

HPQ =
{
g ∈ L2(Y ) : g(q, p, δ) = f(q, p)eiδ/h̄, f ∈ L2(Γ)

} ∼= L2(Γ).

(2.22)

We thus arrive at a prequantisation map OPQ which associates to every

smooth function f on Y an operator on HPQ by

f 7→ OPQ(f) := −ih̄Vf . (2.23)

Prequantisation of the Weyl system. Now we will start to give an ex-

plicit account of geometric quantisation of the Weyl system. This is

a special case of what was dealt with above. The reason why I give

the explicit formulas is that I will need them in order to display the

relation between geometric quantisation and phase space quantisation

by systems of covariance.

First I will briefly describe prequantisation of the Weyl systems,

following Ali and Emch (1986). Instead of working on the Hilbert space

HPQ, I will use the Hilbert space L2(IR3
pos×IR3

mom), which will be denoted

by HΓ. On HΓ, the prequantised position and momentum operators
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can be constructed in the following way. On HΓ, a representation WΓ

of the Weyl relations is given by

(WΓ(a, b)ψ)(p, q) := exp((i/h̄)a(q − b))ψ(p− a, q − b), ψ ∈ HΓ.

(2.24)

Define OPQ(p), OPQ(q) as self-adjoint generators of WΓ,

WΓ(a, b) =: exp(−(i/h̄)aOPQ(p)) exp((i/h̄)bOPQ(q)). (2.25)

By differentiating this, one sees that the prequantised position and

momentum operators OPQ(p), OPQ(q) are given on HΓ by

OPQ(qk) = qk + ih̄
∂

∂pk
, OPQ(pk) = −ih̄

∂

∂qk
, (2.26)

where k = 1, 2, 3. (Using equations (2.23),(2.21), and (2.22) one can

check that, on HPQ, the prequantised position and momentum opera-

tors have the same form as in equation (2.26).) They fulfil the commu-

tation relations

ih̄OPQ({qi, pk}) =
[
OPQ(qi), OPQ(pk)

]
= ih̄δik1,

where i, k ∈ {1, 2, 3}. OPQ(pk), OPQ(qi) are the position and momen-

tum operators produced by prequantisation. Since they fulfil the com-

mutation relations, they can be regarded as quantum mechanical po-

sition and momentum operators. They are, however, not the position

and momentum operators of the Schrödinger representation. The von

Neumann algebra {OPQ(qi)OPQ(pk)}′′ they generate is not irreducible.

Therefore requirement 4 of the Dirac problem is not fulfilled.

To functions f ∈ C∞(Γ) on the phase space Γ = IR3
pos × IR3

mom,

the geometric quantisation map associates operators on HΓ, which are,

according to equation (2.21), given by

OPQ(f) = −ih̄
∂f

∂p

∂

∂q
+ ih̄

∂f

∂q

∂

∂p
+ f − p· ∂f

∂p
.
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Observe that OPQ satisfies requirement 3 of the Dirac problem,

[OPQ(f), OPQ(g)] = −ih̄OPQ({f, g}).

Note that the von Neumann algebra {OPQ(f) : f ∈ C∞(Γ)}′′ gen-

erated by the prequantisation operators of all classical observables is

irreducible.

The second step in the geometric quantisation of the Weyl system. The

von Neumann algebra {OPQ(qi)OPQ(pk)}′′ ⊂ B(HΓ) generated by the

prequantised position and momentum operators is not irreducible. In

order to fulfil requirement 3 of the Dirac problem, the second step in

the geometric quantisation procedure is the choice of a polarisation.

Algebraically, this is described by the choice of a projector P in the

commutant of {OPQ(qi)OPQ(pk)}′′ which projects onto an irreducible

subspace HP of HΓ. (Such projections will later be explicitly con-

structed.) Define a quantisation map

f 7→ OP
GQ(f) := POPQ(f)P, (2.27)

where OP
GQ is an operator on HP . OP

GQ is the geometric quantisation

map. By construction of OP
GQ, the von Neumann algebra {OP

GQ(qi)OP
GQ(pk)}′′

is irreducible. By the Stone-von Neumann uniqueness theorem, OP
GQ is

therefore unitarily equivalent to the Schrödinger representation, which

I will denote by OS. Note that P commutes with the prequantised posi-

tion and momentum operators. Therefore, on HP , we have OP
GQ(pk) =

OPQ(pk) and OP
GQ(qk) = OPQ(qk),

OP
GQ(qk) = qk + ih̄

∂

∂pk
, OP

GQ(pk) = −ih̄
∂

∂qk
. (2.28)

These are the position and momentum operators produced by geomet-

ric quantisation. Thus, as far as position and momentum are concerned,
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OP
GQ is still a Lie algebra morphism, ih̄OS({qi, pk}) =

[
OGQ(qi), OGQ(pk)

]
=

ih̄δik1. But for a classical observable f with OPQ(f) 6∈ {OPQ(qi)OPQ(pk)}′′
we do not have in general [OPQ(f), P ] = 0. Thus on HP , OP

GQ(f) does

not coincide with OPQ(f). So OP
GQ is not a Lie algebra morphism on

the whole of C∞(Γ): the Poisson bracket is not represented by the com-

mutator. This can be considered as a consequence of van Hove’s (1951)

result that the Schrödinger representation cannot be extended to a Lie

algebra morphism of C∞(Γ).

Explicit construction of projectors in the commutant of {OPQ(qi)OPQ(pk)}′′.
Following Ali and Emch (1986), we will now construct explicitly pro-

jectors P in the commutant of {OPQ(qi)OPQ(pk)}′′. The Schrödinger

system is defined on L2(IR3) by means of the irreducible representation

WS of the Weyl commutation relations,

WS(a, b)ψ(x) := exp((i/h̄)xb)ψ(x− a), (2.29)

The generators of WS are the Schrödinger position and momentum

operators

OS(qk) = xk, OS(pk) = −ih̄
∂

∂xk
. (2.30)

The algebra of observables of the Schrödinger quantised Weyl system

is {WS(a, b)}′′ = B(L2(IR3)) on which IR3
pos × IR3

mom acts by Ws·W ∗
S .

Every e ∈ L2(IR3) fulfilling (2.8) defines by equation (2.10) a co-

variant embedding of L∞(Γ) into B(L2(IR3)). The choice of P in the

geometric quantisation procedure can be related to the choice of e used

in (2.10) of a phase space system of covariance. This is done in the

following way.

For an arbitrary e ∈ L2(IR3) fulfilling (2.8) define a partial isometry
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Ve : L2(IR3) → HΓ by

(Veψ)(p, q) := 〈WS(p, q)e, ψ〉, ψ ∈ L2(IR3). (2.31)

Using (2.24), (2.29), (2.31) one can show by explicit calculation that

Ve intertwines WΓ,WS,

WΓ(p, q)Ve = VeWS(p, q). (2.32)

This and (2.25), (2.30) imply

V ∗
e OPQ(pk)Ve = OS(pk) and V ∗

e OPQ(qk)Ve = OS(qk). (2.33)

Compare this with

PeOPQ(pk)Pe = OPe
GQ(pk) and PeOPQ(qk)Pe = OPe

GQ(qk), (2.34)

which follows from the definiton of OPe
GQ in (2.27). VeV

∗
e =: Pe is a pro-

jector onto a subspace of HΓ, which will be denoted by He := PeHΓ.

The geometric quantisation map OPe
GQ (2.27) and the Schrödinger rep-

resentation OS are related by the unitary operator PeVe.

Since V ∗
e Ve is the identity operator on L2(IR3), one obtains from

(2.32)

PeWΓ(p, q) = WΓ(p, q)Pe (2.35)

Thus Pe is a projector in the commutant of {OPQ(qi)OPQ(pk)}′′.

Connection of prequantisation to the Koopman representation of clas-

sical mechanics. Now I will point out, for the Weyl system, the con-

nection between geometric quantisation and the Koopman formalism.

In doing so I will again follow Ali and Emch (1986).

In the Koopman formalism, the classical observables are represented

as multiplication operator on HΓ by

(M(f)ψ)(p, q) := f(p, q)ψ(p, q), f ∈ C∞(Γ).
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We assume that the expectation value of OS(pk) and OS(qk) in the

state e vanishes for all k = 1, 2, 3. (This can be achieved by choosing

the origin in IR3
pos × IR3

mom appropriately.) Then it is possible42 to show

that

V ∗
e M(pk)Ve = OS(pk), and V ∗

e M(pk)Ve = OS(pk), (2.36)

PeM(pk)Pe = OPe
GQ(pk) and PeM(qk)Pe = OPe

GQ(qk), (2.37)

Combining equations (2.36), (2.33), (2.37), and (2.34) we obtain

V ∗
e OPQ(pk)Ve = V ∗

e M(pk)Ve, and V ∗
e OPQ(qk)Ve = V ∗

e M(qk)Ve.

PeOPQ(pk)Pe = PeM(pk)Pe, and PeOPQ(qk)Pe = PeM(qk)Pe.

(Of course, since [Pe, OPQ(pk)] = 0, we have PeOPQ(qk)Pe = PeOPQ(qk).)

We therefore arrive at the following: Pe·Pe projects the classical Koop-

man observables and the prequantised observables to the geometrically

quantised observables. V ∗
e ·Ve maps the classical Koopman observables

and the prequantised observables to the Schrödinger quantised observ-

ables. PeVe is the unitary operator establishing the equivalence of the

geometrically quantised and the Schrödinger quantised observables.

Resulting picture. The map OPQ preserves the Poisson structure, but

not the multiplicative structure: since it maps the classical position and

momentum operators qk, pk onto operators fulfilling the commutation

relations. In contradistinction to this, M preserves the multiplicative

structure, but not the Poisson structure: the commutators of the func-

tions qk, pk vanish, but their Lie brackets are not zero. The situation

can be pictured as follows.

42See Ali and Emch 1986, derivation of their equation 2.27.
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p, q
M−−→ M(p),M(q)

yOPQ

yPe·Pe

OPQ(p), OPQ(q)
Pe·Pe−−→ OGQ(p), OGQ(q)

.

In the upper line of this diagram we have the classical situation, in

the lower line the quantum situation. The transition from the upper

to the lower line is achieved by the (pre)quantisation maps; this transi-

tion destroys the multiplicative structure. The transition from the left

column to the right column destroys the Lie algebra structure. The

choice of an irreducible subrepresentation, pictured by the map Pe·Pe,

in the geometric quantisation procedure has the function of restoring

irreducibility, whereas in the case of phase space quantisation, it is

the quantisation map. In the end, both routes lead to the geometri-

cally quantised position and momentum operators, which are unitarily

equivalent to the Schrödinger operators.

Extension and imprimitivity theorems in geometric quantisation. Now

we are in position to point out the rôle played by extension and imprim-

itivity theorems in geometric quantisation. In the generality needed for

the Weyl systems such theorems have been proved, in different versions,

by Neumann (1972), Scutaru (1977), Cattaneo (1979), Castrigiano and

Henrichs (1980), and Ali (1984). Further generalisations of these theo-

rems will be presented in sections 2.5.1 and 2.5.2.

Define a POV-measure aS on IR3
pos× IR3

mom with values in B(L2(IR3))

by

aS(∆) :=
∫

∆
dpdqWS(p, q)|e〉〈e|WS(p, q)∗. (2.38)
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By construction aS is covariant with respect to the representation WS.

(aS,WS) forms a system of covariance.

Define a PV-measure Ecl on Γ with values in B(HΓ) by

(Ecl(∆)ψ)(p, q) := χ∆(p, q)ψ(p, q), ∆ ∈ Σ(Γ), ψ ∈ HΓ. (2.39)

The Koopman representation f 7→ M(f) of classical mechanics can be

regarded as the extension of of Ecl because

M(χ∆) = Ecl(∆). (2.40)

Using equations (2.39) and (2.24) one verifies that

WΓ(p, q)Ecl(∆)WΓ(p, q)∗ψ(p′, q′) = χ∆(p− p′, q − q′)ψ(p− p′, q − q′)

= Ecl(∆ + (p, q))ψ(p′, q′).

Therefore (Ecl,WΓ) is a system of imprimitivity. This phase space sys-

tem of imprimitivity encodes: in Ecl the classical multiplicative struc-

ture; and in WΓ the classical Poisson structure.

The rôle played by the classical phase space system of imprimitiv-

ity (Ecl,WΓ) in geometric quantisation can be understood in terms of

extension and imprimitivity theorems. Let me elaborate this.

Naimark’s (1943) extension theorem43 and Mackey’s imprimitivity

theorem44 can be combined in the following way to arrive at a gener-

alised imprimitivity theorem. Let (a, U) be a system of covariance on

some G-space X = G/H in a Hilbert space H (see Definition 8). Then

there is a unitary representation L of H and an isometric mapping V

from H into HL (defined on p. 79) such that

V Ug = UL
g V, g ∈ G, (2.41)

43 This theorem says the following. For any POV-measure a on a Borel space X in
a Hilbert space H there is a unique minimal Hilbert space H′ containing H = PH′
as a subspace and a PV-measure E on X in H′ such that a(∆) = PE(∆)P .

44See p. 83 for a simplified version of Mackey’s theorem.
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V aS(∆) = EL(∆)V, ∆ ∈ Σ(G/H), (2.42)

where UL is the induced representation of (2.3) and EL is the PV-

measure of (2.4). The Hilbert space HL is minimal in the sense of

Naimark’s extension theorem. The system of imprimitivity (EL, UL)

is determined uniquely up to unitary equivalence by the system of co-

variance (a, U). (Defining the projector P := V V ∗ on HL one relates

(2.42) to Naimark’s extension theorem (footnote 43).)

Let us apply this generalised imprimitivity theorem to the system

of covariance (aS,WS) defined in equation (2.38). The imprimitivity

theorem now states that there is a Hilbert space HL, an isometry V :

L2(IR3) → HL, and a system of imprimitivity (EL, UL) on IR3
pos× IR3

mom

such that V Ug = UL
g V and V a(∆) = EL(∆)V . But since the subgroup

H is trivial in this case, HL is L2(IR3
pos × IR3

mom) = HΓ and equation

(2.4) takes the form

EL(∆)ψ(p, q) = χ∆(p, q)ψ(p, q). (2.43)

Comparing this with equation (2.39) one sees that Ecl = EL. Since UL

is determined up to unitary equivalence, UL coincides with WΓ. This

can easily be verified by comparing equations (2.32) and (2.41).

The resulting situation can be pictured as follows.

M
(2.40)←−→ (Ecl, WΓ)

(2.25)←−→ OPQ

x(2.42)

x(2.32)

(aS, WS)

In the bottom line of this diagram we have the system of covari-

ance (aS,WS) describing the Schrödinger quantised Weyl system. This
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system of covariance is extended to the system of imprimitivity of the

top line. The extension of the subrepresentation WS to the full WΓ

leads from the Schrödinger quantised system to the prequantised sys-

tem (2.33). This extension restores the classical Poisson structure of

prequantisation. The extension of the POV-measure aS to the PV-

measure Ecl restores the classical multiplicative structure of the Koop-

man representation. The extension of (aS,WS) to (Ecl,WΓ) is an inverse

of quantisation, leading from the quantum system to the classcial.

2.4 Generalised systems of covariance

W ∗-systems. In the example of the elementary Weyl system, the action

x 7→ UaVbxV ∗
b U∗

a of IR3
pos × IR3

mom on B(L2(IR3)) is pointwise σ-weakly

continuous. (B(L2(IR3)), IR3
pos × IR3

mom, UV ·V ∗U∗) is thus a W ∗-system

in the sense of the following definition.

Definition 11 A W∗-system (M, G, α) consists of a W∗-algebra M
with separable predual, a locally compact, separable group G, and a rep-

resentation α : G → Aut(M) of G as a group of automorphisms of M
such that

(i) αg1g2 = αg1αg2 and

(ii) for all operators x ∈ M the function g 7→ αg(x) is σ-weakly con-

tinuous.

The assumption thatM has separable predual is equivalent45 to the fact

that M is isomorphic to a von Neumann algebra on a separable Hilbert

space. Although for some of the mathematical results this assumption

is not necessary, it is usually made in physical applications. Similarly,

the assumption that G is separable is not necessary for most of the

45See Pedersen (1979, 3.9.9).
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results. It can be dropped if one is willing to enter into more intricate

mathematical arguments.46

Example 1: The systems of traditional quantum mechanics can be

regarded as W∗-systems in the following way. A quantum mechanical

system is specified by a unitary ray representation U of a kinematical

group G, which is for example the Poincaré group or the Galilei group.

Associated to U is a representation α of G as a group of automorphisms

of B(H) defined by

αg(x) := UgxU∗
g , g ∈ G, x ∈ B(H).

Then (B(H), G, α) is a W∗-system. The choice of B(H) for M is a

consequence of von Neumann’s irreducibility postulate.

Conversely, every W ∗-system, where M is a type I factor, can be

brought into the form (B(H), G, U ·U∗). This is due to the fact that all

automorphisms α of a type I factor are inner: they are produced by a

unitary operator U ∈M via α(x) = UxU∗.

Example 2: Every classical W ∗-system in the sense of Definition 4 is

a W ∗-system in the sense of Definition 11.

As these examples show, W ∗-systems generalise quantum mechanical

and classical systems. They can also describe systems which are par-

tially classical and partially quantum mechanical.

Elementary systems. A quantum mechanical system is said to be ele-

mentary if it is described by an irreducible representation of the kine-

matical group. Following Amann (1978), it is possible to generalise this

notion of elementarity to arbitrary W ∗-systems.

46See Blattner (1961,1962).
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Definition 12 A W ∗-system (M, G, α) describes an elementary sys-

tem if the action of α on M is ergodic, i.e. if the condition

αg(x) = x, ∀g ∈ G

is satisfied only by multiples x = λ1 of the identity operator.

In traditional quantum mechanics an elementary system is described by

an irreducible ray representation of the symmetry group G. In this case

the two notions of elementary system coincide: A type I factor system

(M, G, α) is ergodic if and only if the corresponding representation

U(G) acts irreducibly on H.47

Traditionally, a classical system with symmetry group G is called

elementary if G acts transitively on the phase space Γ. Mackey (1962,

theorem 3) showed that if the Borel G-space Γ is standard, then the W ∗-

system (L∞(Γ), G, α) is ergodic (in the sense defined above) if and only

if the action of G on Γ is metrically transitive (or ergodic in the sense

of traditional dynamical systems), i.e. if for any ∆ ∈ Σ(X), sg(∆) = ∆

for all g ∈ G implies that µ(∆) = 0 or µ(Γ−∆) = 0. Thus the notions

of ergodicity above and in the sense of traditional dynamical systems

coincide. But a metrically transitive system is not always transitive.48

Thus in the case of classical systems the above definition of elemen-

tarity as ergodicity is much broader than the traditional definition of

elementarity as transitivity. This is perhaps disturbing.

But if one restricts oneself to a statistical description, then even for

classical systems the above definition of elementarity is in full agree-

ment with the traditional one. The reason for this is as follows. In a

47See Berberian (1974), theorem 67.2.
48This is of paramount importance in classical ergodic theory, which would be

inconceivable without measure zero orbits which are dense in the state space. Such
systems are ergodic (metrically transitive).



120 2. PHASE SPACE QUANTISATION

statistical description of classical mechanics, take as algebra of observ-

ables L∞(Γ, µ). Associate to a Borel subset ∆ of Γ as observable the

multiplication operator χ∆. Then to the sets with µ(∆) = 0 the null

operator is associated. Thus both transitive and metrically transitive

actions on Γ lead to ergodic actions on L∞(Γ, µ). The algebra of statis-

tical observables cannot distinguish between transitive and metrically

transitive actions. Therefore, in a statistical description of classical me-

chanics, it does not matter whether one chooses the traditional notion

of elementarity as transitivity or the above notion of elementarity as

metric transitivity.

Note that elementarity is defined with respect to a group G. A

system which is elementary with respect to some group G need not be

elementary with respect to another group G′.

Consider for example an n particle Weyl system with algebra of

observables
⊗n B(L2(IR3)). The additive group IR3× IR3 of boosts and

translations does not act ergodically on
⊗n B(L2(IR3)). With respect

to this group the n particle system is therefore not elementary. In

contradistinction to this, the n-fold direct product
⊕n

(
IR3 × IR3

)
does

act ergodically on
⊗n B(L2(IR3)) by extension to linear combinations

of

α⊕n
i=1(ai,bi)(

n⊗

i=1

xi) :=
n⊗

i=1

Uai
Vbi

xiV
∗
bi
U∗

ai
, xi ∈ B(L2(IR3)).

The n particle Weyl system is therefore elementary with respect to the

group
⊕n

(
IR3 × IR3

)
. (The direct product

⊕n
(
IR3 × IR3

)
corresponds

to the classical phase space of the n particle system. Its action describes

space translations and boosts of each particle separately.)

In order not to have to call the n particle Weyl system elementary,

one might wish to say that a system is elementary only if one partic-
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ular group acts ergodically on the observables. This would eliminate

the group-dependence of the notion of elementarity. Such a stipula-

tion seems possible, but it deprives us of the flexibility to call systems

elementary which behave as basic building blocks only in specific situa-

tions. Protons for example can be regarded as basic building blocks in

chemical experiments, but they behave as complex composite systems

in high energy collisions. In order to retain the flexibility of calling a

proton elementary in one situation but not in another, I want to keep

the group-dependent definition of elementarity.

Generalised systems of covariance. Using W ∗-systems one arrives at a

generalised notion of systems of covariance, which will be used in the

sequel.

Definition 13 Let (M, G, α) be a W ∗-system and let X be a standard

Borel G-space. A quasi-invariant POV-measure a on X with values

in M, together with the automorphic representation α of G on M is

called a generalised system of covariance (a, α) based on X if a acts

covariantly with respect to α,

αg(a(∆)) = a(g∆), ∆ ∈ Σ(X).

If G acts transitively on X, then (a, α) is called a transitive generalised

system of covariance.

Why is this definition more general than the traditional Definition 8?

Definition 8 used a unitary ray representation U of G instead of an

automorphic representation. U leads to an automorphism group of

B(H). Thus every system of covariance in the sense of Definition 8 can

be regarded as a generalised system of covariance with respect to the
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W ∗-system (B(H), G, U ·U∗). But the converse in not true: an auto-

morphic representation of G on M cannot be replaced by a unitary

ray representation of G on H. The present definition is more general

than Definition 8 because the automorphism group α need not be of

the form αg = Ug·U∗
g for any unitary ray representation U . For this

there are several reasons. I will briefly make some remarks which au-

tomorphic group representations can be replaced with a unitary ray

representations and which not.

Unitary implementability of automorphic group representations. An au-

tomorphic group representation α cannot be replaced with a unitary

ray representation if there is some αg which is not spatial. (An auto-

morpism α of a von Neumann algebra M ⊂ B(H) is called spatial if

there is a unitary operator U on H, U not necessarily in M, such that

α = U ·U∗.) Non-spatial automorphisms are essential in the description

of spontaneous symmetry breaking: A symmetry, which is described by

an automorphism α of a C∗-algebra A of observables commuting with

the dynamics, is said to be broken in a representation π of A if π ◦α is

not a spatial automorphism (Streater 1965) or if it is not an automor-

phism at all (Morchio and Strocchi 1987).49

49In the traditional (non-algebraic) formulation of quantum field theories, spon-
taneous symmetry breaking is said to occur if the “formal” charge Q(x0) =∫
IR3 dxj0(x) associated with a conserved current jµ does not exist as an opera-

tor and therefore cannot not be the generator of a symmetry, i.e of a unitary group
of transformation generated by a self-adjoint operator commuting with the momen-
tum operator and the S-matrix. The algebraic and the traditional definition are
not in a straightforward relation, but they are connected by the idea that in the
representation specified by a vacuum of the traditional theory there is no auto-
morphism group although the existence of a conserved current suggests a certain
symmetry of the Hamiltonian. For a review of spontaneous and intrinsic symmetry
breaking in the traditional formalism see Orzalesi (1970). For a discussion in the
algebraic framework see Streater (1965) or Swieca (1970), or the more recent paper
of Buchholz et al. (1992).
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Let me quote some partial results on when automorphisms are spa-

tial. If M is a factor of type I or III, any automorphism is spatial. But

if M is a factor of type II∞ with commutant of type II1, then there

are examples50 of automorphisms which are not spatial, even if H is

separable. It is possible to give a necessary and sufficient condition51

when an automorphism of a type II∞ factor with commutant of type

II1 is spatial. If M is not a factor, then one can guarantee that an

automorphism is spatial if the central decomposition of M does not

contain any factor of type II and if the automorphism leaves every cen-

tral element fixed. This last condition is a severe restriction in physical

applications. It can be dropped if for example the commutant of M
is abelian52, or if the commutant is of the form C ⊗ F , where C is an

abelian von Neumann algebra and F is a factor,53 or if M is of type

III and operates on a separable Hilbert space.54

Up to now we only dealt with the unitary implementability of au-

tomorphisms. But even if all αg are spatial it is in general not possible

to replace α by a unitary ray representation. This is the practically

most relevant aspect of generalising from unitary ray representations of

G to automorphic repressentations. Assume that each automorphism

αg can be implemented by a unitary operator Ug. By glueing together

the Ug one obtains a unitary representation U(G) with multiplier in

M′.55 Thus, only if M is irreducible the Ug form necessarily a unitary

ray representation. (If M is of type I then the multipliers can be cho-

50See Kadison and Ringrose (1986, 13.4.3).
51See Kadison and Ringrose (1986, 9.6.33).
52See Dixmier (1957), III.3.2, Corollary to Proposition 2.
53See Dixmier (1957), III.3.2, Proposition 2.
54See Dixmier (1957), III.8.6, Corollary 8.
55The resulting non-abelian cohomology theory has been described in Streater

(1990).
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sen to be in the centre of M.56) Furthermore the multipliers need not

commute with the Ug.
57

Covariant embeddings. Let (a, α) be a system of covariance based on

X. Since M was assumed to have separable predual, it is σ-finite, and

therefore there exists a vector ξ which is cyclic and separating for M.58

Define a scalar-valued measure µ on X by

µ(∆) := 〈ξ|a(∆)|ξ〉, ∆ ∈ Σ(X).

We have µ(∆) = 0 iff a(∆) = 0. Therefore, since a was assumed to be

quasi-invariant, µ is quasi-invariant as well.

The map ∆ 7→ a(∆) can be extended σ-weak continuously to a map

O from L∞(X, µ) into M satisfying

O(χ∆) = a(∆).

If (a, α) is a system of covariance, then O is a covariant embedding

in the following sense.

Definition 14 A covariant embedding of the classical W ∗-system (L∞(X, µ),-

G,Adλ) into a W ∗-system (M, G, α) is a map O : L∞(X, µ) → M
satisfying

(i) linearity: O(cf + g) = cO(f) + O(g) for f, g ∈ L∞(X, µ), c ∈ C,

(ii) covariance: O(Adλ(g)f) = αg(O(f)) for all f ∈ L∞(X,µ),

(iii) positivity: O(f) ≥ 0 for all f ∈ L∞(X,µ) with f(x) ≥ 0 a.e.,

(iv) O(f) is self-adjoint if f is real,

(v) normalisation: O(1) = 1.

56See Theorem 1 of Streater 1990.
57When such non-trivial multipliers occur between a one-parameter symmetry

group and the time evolution group, then the generator of the symmetry does not
commute with the Hamiltonian, and is thus not a conserved quantity. Models with
such anomalies can be found in Chen et al. (1989) and Streater (1990).

58See e.g. Bratteli and Robinson (1987, Proposition 2.5.6).
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This definition is a straightforward generalisation of Amann’s (1986a)

definition of covariant embeddings of L∞(G) into a W ∗-system. Note

that positivity of O only implies that O(f) is a positive operator if f

is a positive function. It does not mean that every positive operator in

O(L∞(X, µ)) is the image of a positive function. In general there are

positive operators in O(L∞(X, µ)) which are not the image of positive

functions.

The term ‘embedding’ might be somewhat misleading, since O pre-

serves only the linear, but not the multiplicative structure of L∞(X,µ).

If the multiplicative structure is preserved by O then O is a covariant

representation in the following sense.

Definition 15 A covariant embedding O is called a covariant repre-

sentation of L∞(X,µ) in M if it additionally satisfies condition

(v) O(fg) = O(f)O(g) for all f, g ∈ L∞(X, µ).

Proposition 1 To every covariant embedding O of L∞(X, µ) into a

W ∗-system (M, G, α) there corresponds a generalised system of co-

variance (a, α) based on X, and vice versa. To every covariant repre-

sentation of L∞(X, µ) in a W ∗-system (M, G, α) there corresponds a

system of imprimitvity based on X, and vice versa.

Proof: Let (a, α) be a generalised system of covariance based on X.

Since M was assumed to be σ-finite, there exists a vector ξ which is

cyclic and separating for M.59 Define a scalar-valued measure µ on X

by

µ(∆) := 〈ξ|a(∆)|ξ〉, ∆ ∈ Σ(X).

We have µ(∆) = 0 iff a(∆) = 0.60 Therefore, since a was assumed

to be quasi-invariant, µ is quasi-invariant as well. a can be extended

59See e.g. Bratteli and Robinson (1987, Proposition 2.5.6).
60See e.g. Conway (1985, IX. 8. 3.
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σ-weak continuously to a covariant embedding of L∞(X,µ) into the

W ∗-system (M, G, α). Covariance of a implies covariance of O. O is

a representation if a is projection-valued.

A covariant embedding O defines a covariant POV-measure a on X

by

a(∆) := O(χ∆),

where ∆ ∈ Σ(X) and where χ∆ is the characteristic function of ∆. The

POV-measure a is projection-valued if O is a representation.
2

By this Proposition it is admissible to identify generalised systems of

covariance (a, α) with covariant embeddings into a W ∗-system (M, G,

α). In the sequel we will use these terms as synonyms.

The non-uniqueness of covariant embeddings. Not every covariant em-

bedding O into a given W ∗-system (M, G, α) is appropriate for de-

scribing a quantisation procedure. For example, if G is compact so that

the Haar-measure can be normalised, then one can define a covariant

embedding O of L∞(G) into an arbitray W ∗-system (M, G, α) by

O(f) :=
(∫

G
f(g)dg

)
1, f ∈ L∞(G).

This covariant embedding is trivial in the sense that its range is {λ1 :

λ ∈ C}.
One has to impose an additional condition which guarantees that

the range O(L∞(X,µ)) exploitsM as far as possible. Following Amann

(1986a), we require quantisation maps to be covariant embeddings O

which are maximal in the sense of Definition 10 (with IR3
pos × IR3

mom

replaced by G).
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In general there exist many maximal covariant embeddings of (L∞(X,µ),

G, Adλ) into a given W ∗-system (M, G, α). The most important rea-

son for this is that O(L∞(X, µ)+) is usually properly contained in M+.

Another reason why in general there are many covariant embeddings

is that for a given covariant embedding O there are many embeddings

O′ with O(L∞(X, µ)+) = O′(L∞(X, µ)+). Consider for instance the

case where (M, G, α) is ergodic and integrable.61 Assume that there

is a maximal covariant embedding O of (L∞(G), G, Adλ) into (M, G,

α). According to Amann (1986a, Theorem II.6), to every g ∈ G there

corresponds a covariant embedding Og defined by

Og(f) := O(Adρ(g−1)f)

which fulfils O(L∞(X,µ)+) = O′(L∞(X, µ)+). Conversely, for every

covariant embedding O′ with O(L∞(X, µ)+) = O′(L∞(X, µ)+) there is

a g ∈ G such that O′(f) = Og(f) for all f ∈ L∞(G).

2.4.1 Phase space quantisation by generalised sys-
tems of covariance

Suppose now that the phase space Γ of a classical system is homoge-

neous and therefore of the form G/H for some locally compact group

G. As earlier, denote by L∞(Γ) the complex-valued functions on phase

space which are essentially bounded with respect to some measure µ

in the unique quasi-invariant measure class on Γ. Let (a, α) be a sys-

tem of covariance based on Γ. By Proposition 1, a can be extended

to a covariant embedding O of L∞(Γ) into (M, G, α). L∞(Γ) is the

algebra of classical statistical observables. For each classical observable

f ∈ L∞(Γ), O(f) is a bounded operator on a Hilbert space.

61Integrability of a W ∗-system will be introduced in Definition 16.
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In order to ensure that the observables O(f) really describe a quan-

tum mechanical system, one has to impose further conditions on (M,

G, α). Which conditions are regarded as sufficient depends on the

situation. Sometimes ergodicity is appropriate, sometimes one would

require some commutation relations. If suitable conditions are fulfilled,

O can be regarded as a quantisation map.

O is a more general version of the quantisation map Oe introduced

in equation (2.10). It is more general because the algebra O(L∞(Γ))

of observables of the quantum mechanical system need not be B(H).

Instead it can be an arbitrary von Neumann algebra M. This general-

isation allows for quantised systems with superselection rules.

In a similar way as in section 2.3.2 for the Weyl system, but now in

a more general framework, it is possible to introduce phase represen-

tations of the quantised system. A generalised covariant embedding O

induces a dual map O∗ : M∗ → L∞(Γ)∗ defined by

O∗ : ρ 7→ ρ ◦O.

Thus we have (O∗(ρ))(f) = ρ(O(f)) for f ∈ L∞(Γ). The preduals M∗,

L∞(Γ)∗ satisfy

M∗ ⊆M∗,

L1(Γ) ∼= L∞(Γ)∗ ⊆ L∞(Γ)∗.

A covariant embedding is called normal if it satisfies O∗(M∗) ⊆ L1(Γ).

For every O∗(ρ) ∈ L∞(Γ)∗ there is a µ-integrable function O∗(ρ) such

that O∗(ρ)(f) =
∫
Γ O∗(x)f(x)dµ(x) for any f ∈ L∞(Γ). Thus for every

statistical state ρ of the quantum system there is a µ-integrable function

O∗(ρ) on Γ such that

ρ (O(f)) =
∫

Γ
(O∗(ρ)(x))f(x)dµ(x) f ∈ L∞(Γ, µ). (2.44)
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Thus the normal covariant embedding O induces a phase space rep-

resentation O∗. O∗ associates to every statistical state ρ ∈ M∗ an

L1-function O∗(ρ) on the phase space such that (2.44) is fulfilled. Since

O maps positive functions on Γ into positive operators, O∗ maps pos-

itive functionals in M∗ into positive L1-functions. Since states are

normalised (i.e. ρ(1) = 1), we have

∫

Γ
O∗(ρ)dµ(x) = 1.

Therefore O∗(ρ) is a probability density on the phase space.

The covariant POV-measure a on the phase space Γ corresponding

to O by a(∆) := O(χ∆) fulfils

ρ(a(∆)) =
∫

∆
(O∗(ρ))(x)dµ(x), ∆ ∈ Σ(Γ). (2.45)

a is a covariant POV-measure describing phase space localisation. By

(2.45) ρ(a(∆)) is the probability to find the system, if it is in the state

ρ, in the phase space region ∆.

2.4.2 Existence of transitive generalised systems
of covariance

Now I will turn to some results on the existence of transitive gener-

alised systems of covariance with values in a given W ∗-algebra M. The

results presented in this section are straightforward generalisations of

the existence theorems of Amann (1986a) and Homma (1988) for gener-

alised systems of covariance on a group G. This section follows Breuer

(1994b).

Integrability of automorphic group representations on von Neumann al-

gebras First I will introduce the notion of integrability for an auto-
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morphic group representation on a von Neumann algebra. This defini-

tion is due to Connes and Takesaki (1977) and generalises the notion

of square-integrability for unitary ray representations of a group on a

Hilbert space.

Let (M, G, α) be a W ∗-system. The restriction of the left Haar

measure dg to a compact subset K of G is finite. For each fixed x ∈M
there is exactly one y ∈ M such that ρ(y) =

∫
K ρ(αg(x))dg for all

ρ ∈M∗. The integral
∫
K αg(x)dg is said to exist in the weak sense and

one writes y =
∫
K αg(x)dg. The Haar measure on G is not finite if G is

not compact. One says that the integral
∫
G αg(x)dg exists if the set

{
∫

K
αg(x)dg : K ⊂ G, K compact}

is bounded in M. In this case one writes
∫
G αg(x)dg < ∞ and defines

∫
G αg(x)dg := supK

∫
K αg(x)dg, where the supremum is taken over all

compact subsets of G.

Definition 16 A W ∗-system (M, G, α) is called integrable if the set

nα := {y ∈M :
∫

G
αg(y

∗y)dg < ∞}

is σ-weakly dense in M.

Let mα be the linear hull of the set m+
α := {x ∈M+ :

∫
G αg(x)dg < ∞}.

The integral
∫
G αg(· )dg can be extended from m+

α to mα. We have

mα = n∗αnα := {x∗y : x, y ∈ nα}. If x ∈ mα, then the translation

invariance of the Haar measure implies that the integral
∫
G αg(x)dg is

in the fixed point algebra

Mα := {x : x ∈M, αg(x) = x for all g ∈ G}.

If (M, G, α) is ergodic, then
∫
G αg(x)dg is a multiple of the identity.
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If M is the von Neumann algebra B(H) of all bounded operators on

a Hilbert space, then the automorphic representation α can be written

as

αg(x) := UgxU∗
g , x ∈M,

where U is a Borel measurable unitary ray representation of G on H.

Definition 17 A Borel measurable unitary ray representation U of G

on a Hilbert space H is square-integrable if there exist at least two

non-zero vectors ξ, η ∈ H such that

∫

G
|〈Ugη|ξ〉|2dg

exists.

Note that if G is not unimodular, there are always some pairs ξ′, η′ ∈ H
such that 〈Ugη

′|ξ′〉 is not a square integrable function on G.62 A unitary

ray representation U is square integrable if and only if the automorphic

representation U ·U∗ is integrable on B(H).63

Assume that we have two W ∗-systems (M, G, α) and (N , G, β)

satisfying M ⊂ N and αg(x) = βg(x) for all x ∈ M. The following

then is immediately obvious from the definition of integrability: The

integrability of (N , G, β) implies the integrability of (M, G, α), but

not vice versa.

We then arrive at the following. Assume that M is a von Neumann

subalgebra of B(H), and that there exists a Borel measurable unitary

ray representation U such that αg(x) := UgxU∗
g , where the Ug are not

necessarily in M. Then the integrability of (M, G, α) does not imply

the square-integrability of U .

62See Duflo and Moore (1976).
63See Amann (1986b, theorem 2).
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A sufficient condition. I will now show that integrability of (M, G, α)

is a sufficient condition for the existence of a system of covariance based

on G/H with values in M. This is an obvious application of theorems

of Amann (1986a) for ergodic W ∗-systems and of Homma (1988) for

general W ∗-systems showing that the integrability of M is equivalent

to the existence of a covariant embedding of (L∞(G), G, Adλ) into (M,

G, α).

Proposition 2 Let (M, G, α) be a W ∗-system, and let H be a closed

subgroup of G. If (M, G, α) is integrable, then there exists a covariant

POV-measure on G/H with values in M.

Proof: To each f ∈ L∞(G/H) associate a function i(f) ∈ L∞(G) by

i(f)(s) := f(sH), s ∈ G.

According to Homma (1988), the integrability of (M, G, α) implies the

existence of a covariant embedding O of (L∞(G), G, Adλ) into (M, G,

α). Define a map O′ : L∞(G/H) →M by

O′(f) := O(i(f)), f ∈ L∞(G/H).

Normalisation, linearity, and positivity of O′ are obviously implied by

O having these properties. The covariance of O′ follows from

O′(Adλ(g)f)(s) = O(i(Adλ(g)f))(s) = O(f(g−1sH)) =

= O(Adλ(g)i(f))(s) = αg(O(i(f))(s) = αg(O
′(f))(s).

A covariant POV-measure a on G/H is defined by taking a(∆) :=

O′(χ∆) for any Borel subset of G/H.
2
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A necessary condition. In general the existence of a covariant POV-

measure on G/H does not imply integrability of (M, G, α). But if H

is a compact closed subgroup of G, then this implication holds.

Proposition 3 Let (M, G, α) be a W ∗-system, and let H be a closed

subgroup of G. If there exists a covariant POV-measure on G/H with

values in M and if H is compact, then (M, G, α) is integrable.

Proof: Since H is compact, the right Haar measure dh on H can

be normalised,
∫
H dh = 1. To every function f ∈ L∞(G) associate a

function f in L∞(G/H) by

f(gH) :=
∫

H
f(gh)dh.

By assumption there exists a covariant POV-measure a on G/H

with values in M. a can be extended to a covariant embedding O′ of

(L∞(G/H), G, Adλ) into (M, G, α). Define a map O : L∞(G) → M
by

O(f) := O′(f), f ∈ L∞(G).

O is a covariant embedding of (L∞(G), G, Adλ) into (M, G, α):

from Adλ(g)f = Adλ(g)f and from covariance of O′ we have

O(Adλ(g)f) = O′(Adλ(g)f) = O′(Adλ(g)f) = αg(O
′(f) = αg(O(f)).

Normalisation of the Haar measure dh and of O′ imply O(1) = O′(
∫
H 1dh) =

O′(1) = 1. Positivity and linearity of O also follow from the fact that

O′ has these properties.

By Homma (1988) the existence of a covariant embedding O :

L∞(G) →M implies that (M, G, α) is integrable.
2
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Ali, Antoine, and Gazeau (1991a,b) introduced a weaker form of square

integrability for unitary group representations. They defined square

integrablity with respect to a given subgroup H and a cross-section

σ : G/H → G. Square integrability in the traditional sense implies

square integrability with respect to all subgroups and cross-sections.

But square integrability with respect to some subgroup and some cross-

section does not imply square integrability in the traditional sense.

They showed that square integrability with respect to a subgroup H

and a cross-section σ is equivalent to the existence of a quasi-covariant64

POV-measure on G/H.

In this spirit, it should be possible to introduce the notion of inte-

grability of an automorphic representation with respect to a subgroup

and a cross-section. One might conjecture that integrability of α with

respect to a subgroup H and a cross-section σ is equivalent to the ex-

istence of a (quasi)covariant embedding of L∞(G/H) into (M, G, α).

2.5 An extension and an imprimitivity the-

orem

Various imprimitivity and extension theorems. Mackey’s (1949) im-

primitivity theorem says that a transitive system of imprimitivity is

unitarily equivalent to a system of imprimitivity induced from a rep-

resentation L of the subgroup H. Furthermore, there is a one-to-one

correspondence of the equivalence classes of systems of imprimitivity

based on G/H and the equivalence classes of unitary representations of

the little group H.

64Quasi-covariant here means invariant up to some multiplier. See Ali, Antoine,
and Gazeau (1991a,b).
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Blattner (1961, 1962) generalised the imprimitivity theorem to lo-

cally compact groups which are not necessarily separable. Takesaki

(1968, 1973) gave generalisations of Mackey’s theorem to C∗- and W ∗-

systems. He constructed W ∗-systems which are induced from W ∗-

systems of a subgroup H and gave sufficient conditions for W ∗-systems

to be isomorphic to induced W ∗-systems.

The extension theorem of Naimark (1943) says that every POV-

measure can be extended to a projection valued measure on an enlarged

Hilbert space (see footnote 43). Stinespring (1955) gave a generalisa-

tion of Naimark’s theorem saying that one need not necessarily con-

sider embeddings of commutative C∗-algebras like C0(X) into B(H).

A necessary and sufficient condition for an embedding of an arbitrary

C∗-algebra A into B(H) to be of the form pπ(A)p for some projector p

and some representation π is complete positivity.65

Amann (1986a, theorem IV.2) proved a theorem which says that

every covariant embedding of (L∞(G), G, Adλ) into a W ∗-system (M,

G, α) can be extended to a covariant representation of (L∞(G), G, Adλ)

into a W ∗-system (N , G, β) containing (M, G, α). Amann’s theorem

is a generalisation of Naimark’s theorem in the sense that the embed-

ding is into an arbitrary von Neumann algebra M, and not necessarily

into B(H). Amann also proves covariance properties of the relevant

measures. Amann’s theorem is a special case of Naimark’s in the sense

that only POV-measures on G are considered, and not POV-measures

on arbitrary Borel spaces X.

Neumann (1972), Scutaru (1977), Cattaneo (1979), and Castrigiano

65A map d : A → B between C∗algebras is said to be completely positive if the
maps d ⊗ 1n : A ⊗ Mn → B ⊗ Mn are positive for all natural numbers n. Here
Mn denotes the algebra of complex n× n natrices and 1n : Mn → Mn denotes the
identity map.
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and Henrichs (1980), and Ali (1984) combined the results of Mackey and

Naimark to arrive at vrious versions of the imprimitivity and extension

theorems formulated on p. 115.

In this section I will first give a straightforward generalisation of

Naimark’s and Amann’s extension theorems. Then I will prove an

imprimitivity theorem for generalised systems of covariance. In how far

this is a generalisation was discussed on pages 122-124.

2.5.1 An extension theorem

Here I will give an extension theorem for generalised systems of co-

variance. This is a partial generalisation of Naimark’s (1943) theo-

rem because embeddings into von Neumann algebras are considered.

Naimark’s theorem is more general in the sense that it applies to POV-

measures on arbitrary Borel spaces, not just on Borel G-spaces. But

the fact that we consider POV-measures on G-spaces allows for the

construction of a group action with respect to which the extended PV-

measure transforms covariantly.

The following extension theorem also generalises Amann’s (1986,

theorem IV.2) extension theorem, since it applies to covariant POV-

measures on arbitrary Borel G-spaces X, and not just to those on

G. This generalisation, however, is straightforward, because Amann’s

proof can be easily adapted.

Theorem 3 Let (M, G, α) be a W ∗-system. Let O be a covariant

embedding of (L∞(X, µ), G,Adλ) into (M, G, α). Then there is

a W ∗-system (N , G, β);

a representation π of L∞(X,µ) in N fulfilling the covariance condition

βg(π(f)) = π(Adλ(g)f) f ∈ L∞(X, µ), g ∈ G; (2.46)
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a projector p in the fixed point algebra N β := {x ∈ N : βg(x) =

x for all g ∈ G} ;

an isomorphism i : M→ pN p of the W ∗-algebras M and pN p,

i(M) = pN p, (2.47)

fulfilling

i(O(f)) = pπ(f)p, f ∈ L∞(X, µ). (2.48)

The projector p is an atom of N β if α acts ergodically on M. If α is

ergodic and if the covariant embedding O is extremal in the set of all

covariant embeddings of L∞(X, µ) into (M, G, α), then π(L∞(X,µ))

is maximally abelian in N : π(L∞(X,µ))′ ∩N = π(L∞(X, µ)).

Remark: The assumption thatM has separable predual, which enters

Theorem 3 through Definition 11, could be replaced by the weaker as-

sumption that M is σ-finite. The assumption that G is separable could

be dropped at the expense of more intricate mathematical arguments,

as in Blattner (1961, 1962). But the assumption of local compactness

for G is essential.

Proof: Step 1: Representation of (M, G, α) on a Hilbert space. The

construction of the W ∗-crossed product (see e.g. Bratteli and Robinson

(1987, p. 139)) shows that there exist a representation π1 of M and a

strongly continuous unitary representation u of G on a Hilbert space

H such that

π1(αg(x)) = ugπ1(x)u∗g. x ∈M, g ∈ G (2.49)

Step 2: The enlarged Hilbert space. π1 ◦O : L∞(X, µ) → B(H) is a

completely positive map from the commutative W ∗-algebra L∞(X,µ)

into B(H). Therefore a theorem of Stinespring (1955) or the one of
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Naimark (1943) implies that there is a Hilbert space H′, a bounded lin-

ear transformation V : H → H′, and a representation π : L∞(X,µ) →
B(H′) such that

(π1 ◦O)(f) = V ∗π(f)V, f ∈ L∞(X, µ) (2.50)

[π(L∞(X, µ)VH] = H′ (2.51)

i.e. H′ is the Hilbert generated by π(L∞(X, µ)VH.

Step 3: V is an isometry between H and a subspace of H′. Since

(π1 ◦ O)(1) = 1H , π(1) = 1H′ , and (π1 ◦ O)(1) = V ∗π(1)V , we have

V ∗V = 1H .

Step 4: Definition of the von Neumann algebra N . Define p := V V ∗

to be the projector onto VH ⊂ H′. Then i : M→ B(H′) defined by

i(x) := V π1(x)V ∗, x ∈M

is a representation of M in the W ∗-algebra pB(H′)p. We define N as

the von Neumann subalgebra of B(H′) generated by π(L∞(X,µ)) and

i(M). So from equation (2.50) we conclude that V ∗NV = π1(M).

This implies

pNp = V (V ∗NV )V ∗ = V π1(M)V ∗ = i(M),

which proves equation (2.47). From equation (2.50) we also have

pπ(f)p = V (V ∗π(f)V )V ∗ = V π1(O(f))V ∗ = i(O(f)),

which proves equation (2.48).

Step 5: Definition of the automorphic representation β of G on N .

The maps Ug, g ∈ G are defined on the dense subspace π(L∞(X, µ)VH
of the Hilbert space H′ by

Ug : π(f)V ψ 7→ π(Adλ(g)f)V ugψ, f ∈ L∞(X,µ), ψ ∈ H.
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Using equations (2.50, 2.51) one proves that the operators Ug are well

defined, that they leave the scalar product on H′ invariant, that they

can be extended to the whole of H′, and that they fulfil

(a) U∗
g = Ug−1

(b) Ug1g2 = Ug1Ug2

(c) Ugπ(f)U∗
g = π(Adλ(g)f)), for f ∈ L∞(X, µ)

(d) UgV = V ug

(e) UgV π1(x)V ∗U∗
g = V ugπ1(x)u∗gV

∗, for x ∈M
(f) the map g 7→ Ug is strongly continuous.

Properties (c) and (e) imply that the Ug·U∗
g leave N globally invariant.

Define the automorphism βg of N to be the restriction of Ug·U∗
g to

N . Property (f) implies that β is σ-weakly continuous. Property (c) is

the covariance property (2.46). Because of property (e) the projector

p := V V ∗ is an element of the fixed point algebra N β.

Step 6: p is an atom of N β if α acts ergodically on N . If this were

not the case, then there would be a projector r ∈ N β such that r < p,

r 6= 0. The projector prp ∈ pN p is invariant under the restriction

of β to pN p. Therefore i−1(r) is a projector in M, which is smaller

than the identity. Because of property (e) and equation (2.49), i−1(r)

is invariant under all αg. This contradicts ergodicity of α.

Step 7: If α is ergodic and the covariant embedding O is extremal

in the set of all covariant embeddings of L∞(X, µ) into (M, G, α),

then π(L∞(X,µ)) is maximally abelian in N : π(L∞(X,µ))′ ∩ N =

π(L∞(X,µ)).

According to Nakagami and Takesaki (1979, therorem II.2.2),

π(L∞(X,µ))C := π(L∞(X,µ))′ ∩ N is the von Neumann algebra gen-

erated by π(L∞(X, µ)) and the fixed point algebra (π(L∞(X, µ))C)β =

N β∩π(L∞(X, µ))C . Therefore it is sufficient to show that (π(L∞(X, µ))C)β =
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C1. Let r be a projector in N β which commutes with π(L∞(X, µ)).

Then the map Or : L∞(X,µ) →M defined by

Or(f) := i−1(prπ(f)p)

is a positive, normal, linear, covriant map from L∞(X, µ) into M.

Ergodicity of α and covariance of Or imply that Or(1) = c1, where

c is a real number between 0 and 1. From Arveson (1969, theo-

rem 1.4.2) and the extremality of O we deduce that r is either 0 or

1. Since (π(L∞(X, µ))C)β is generated by its projectors, this implies

(π(L∞(X, µ))C)β = C1. 2

2.5.2 An imprimitivity theorem

Now I will prove an imprimitivity theorem for transitive generalised

systems of covariance. This generalises the imprimitivity theorem for

systems of covariance (see p. 115) by Neumann (1972), Scutaru (1977),

Cattaneo (1979), Castrigiano and Henrichs (1980), and Ali (1984), be-

cause it applies to automorphic group representations and not only to

projective unitary ones.

Construction of induced W ∗-systems. In the construction of induced

W ∗-systems I will follow Takesaki (1973). Let (N0, H, γ) be a W ∗-

system of a closed subgroup H of G. N0 is isomorphic to a weakly closed

subalgebra of bounded operators on a not necessarily separable Hilbert

space H0. We consider the tensor-product L∞(G)⊗N0 of N0 and the

abelian von Neumann algebra L∞(G). The elements of L∞(G) ⊗ N0

are regarded as bounded N0-valued functions x on G with the following

properties.

1. For all pairs ξ, η ∈ H0 the function g 7→ 〈ξ, x(g)η〉 is Haar mea-

surable.
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2. dg-ess supg∈G ‖x(g)‖ < ∞.

On L∞(G)⊗N0 define actions γ′ of H and β of G by

(γ′h(x))(s) := γh(x(sh)), s ∈ G, h ∈ H, x ∈ L∞(G)⊗N0,

(βg(x))(s) := x(g−1s), g, s ∈ G, x ∈ L∞(G)⊗N0.

LetN denote the fixed point algebra of L∞(G)⊗N0 under {γ′h : h ∈ H}.
Since γ′h and βg commute for all h ∈ H, g ∈ G, N is invariant under βg.

The restriction of βg to N is also denoted by βg. We say that the W ∗-

system (N , G, β) is induced from the W ∗-system (N0, H, γ) and write

(N , G, β) = IndG
H(N0, H, γ).

Theorem 4 Let G be a locally compact group, and let H be a closed

subgroup of G. Let a be a POV-measure based on G/H, and denote

by M the W ∗-algebra {a(∆) : ∆ ∈ Σ(G/H)}′′. Let α be a pointwise

σ-weakly continuous representation of G as automorphism group of M.

Assume that a is covariant with respect to α,

αg(a(∆)) = a(g∆), g ∈ G, ∆ ∈ σ(G/H).

Then there is

a classical W ∗-system (N , G, β) (see Definition 4);

a PV-measure E on G/H generating N = {E(∆) : ∆ ∈ Σ(G/H)}′′
and fulfilling the covariance condition

βg(E(∆)) = E(g∆), f ∈ L∞(G/H), g ∈ G;

a projector p in the fixed point algebra N β;

and an isomorphism i : M → pN p of the W ∗-algebras M and pN p

such that

i(a(∆)) = pE(∆)p, ∆ ∈ Σ(G/H).
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Furthermore, there is a W ∗-system (N0, H, γ) such that (N , G, β) is

isomorphic to IndG
H(N0, H, γ).

Proof: The POV-measure a gives rise to a covariant embedding O of

L∞(G/H) into M = {a(∆) : ∆ ∈ Σ(G/H)}′′ by σ-weakly continuous

extension of O(χ∆) := a(∆). The previous proposition then yields

everything claimed by the theorem, except that (N , G, β) is an induced

W ∗-system.

Because of M = {a(∆) : ∆ ∈ Σ(G/H)}′′ we have

O(L∞(G/H)) = M.

By equation (2.48) this implies that i(M) = i(O(L∞(G/H))) =

pπ(L∞(G/H))p. N was defined as the von Neumann algebra generated

by π(L∞(G/H)) and by i(M). i(M) = pπ(L∞(G/H))p implies that

N = π(L∞(G/H)).

Since π(L∞(G/H)) is commutative, it coincides with its centre. There-

fore π is an covariant isomorphism from L∞(G/H)) into the centre of

M. Thus it follows from Takesaki (1973), Theorem 10.5, that there

exists a W ∗-system (N0, H, γ) such that (N , G, β) is isomorphic to

IndG
H(N0, H, γ). 2

An alternative look at phase space quantisation. From this imprimitiv-

ity theorem one gains an alternative view on phase space quantisation.

Assume that the phase space Γ is a homogeneous space Γ = G/H.

The algebra of classical observables in a statistical description is L∞(G/H).

The quantisation map O associates to these classical observables the

W ∗-algebra M of quantum observables.
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According to Theorem 3, there exists a representation π of L∞(G/H)

and a projector p such that

O(f) = pπ(f)p.

Since π(L∞(G/H)) is isomorphic to L∞(G/H), one can equally well

regard π(L∞(G/H)) as algebra of classical statistical observables. From

this point of view, the transition from the quantum to the classical

system is achieved by the map

p· p : π(f) 7→ pπ(f)p.

This generalises to more general systems equations (2.36) and (2.37)

which described for the Weyl system how the Koopman observables

are related to the geometrically quantised and to the Schrödinger ob-

servables. The Naimark extension of the covariant embedding (i.e. of

the quantisation map) describes the classical system. In this sense the

Naimark extension is the inverse of the quantisation map: it leads from

the quantum system to the classical system.





Chapter 3

The Classical Limit

Chapter abstract

The emergence of classical observables in infinite quantum systems is

examined. The framework and assumptions for this emergence are dis-

cussed in general terms. Then we deal with the simultaneous measura-

bility of position and momentum in infinite quantum systems. Positive-

operator-valued measures transforming covariantly under velocity boosts

and space translations are regarded as joint position-momentum ob-

servables. It is shown that in the finite Weyl system there exist only

unsharp joint position-momentum observables, whereas in the infinite

Weyl system there are sharp joint position-momentum observables.

Chapter overview

Sometimes it is said that “in the classical limit” h̄ → 0 quantum me-

chanics leads to classical mechanics. One way in which this statement

can be regarded as true is that the commutators of quantum mechan-

ical observables are usually proportional to h̄. Therefore, if h̄ = 0 all

observables commute, and we are in the classical situation.

In another sense, it is very misleading to say that classical mechanics

145
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emerges from quantum mechanics in the limit h̄ → 0. Many of the

conceptual difficulties in the interpretation of quantum mechanics are

fully present for very small h̄ > 0, but suddenly disappear for h̄ =

0. This “discontinuous” behaviour makes the limit very problematic

from a conceptual point of view. Furthermore, h̄ is a constant in our

world and not a variable parameter. Investigations of how the classical

situation is gradually recovered as h̄ → 0 are therefore mathematical

in nature rather than physical.

I prefer to think of the classical limit as the description of situations

in which quantum mechanical systems display classical behaviour. This

is possibly, but not necessarily, the case if the masses or the number

of degrees of freedom involved get very large. But there might also be

other circumstances in which the quantum mechanical systems behave

classically. I will leave these situations out of consideration. Instead I

will deal just with the behaviour of macroscopic quantum systems.

In section 3.1 I introduce classical observables as those which com-

mute with all other observables. In order to motivate this definition, it

is discussed in Propsositions 4-6 how such observables display proper-

ties which are usually associated to classical systems. The introductory

section 3.1 closes with a discussion of von Neumann’s (1938) work on

the infinite tensor product. Von Neumann’s results can be interpreted

as implying the emergence of classical observables in infinite quantum

systems. But such an interpretation relies on choosing the quasilocal

observables to be the algebra of observables.

In section 3.2 I discuss the simultaneous measurability of position

and momentum in elementary, finite, and infinite quantum systems.

Joint position-momentum observables are defined to be covariant POV-

measures on the group IR3 × ÎR3 of space translations and velocity
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boosts. For elementary or finite quantum systems, it is shown that

there is no covariant PV-measure on IR3 × ÎR3 into the von Neumann

algebra generated by average position and momentum. So these cannot

be measured sharply at the same time. For an infinite quantum system,

we construct a covariant PV-measure on IR3 × ÎR3 into the von Neu-

mann algebra generated by average position and momentum. Therefore

average position and momentum of an infinite quantum system can be

measured sharply at the same time. Section 3.2 follows Breuer (1994c).

3.1 Classical observables in quantum me-

chanics

We now introduce classical observables as those which commute with

all other observables. This is done first in the Hilbert space formalism,

and then in the algebraic formalism.

3.1.1 Hilbert space formulation

In the Hilbert space formalism of quantum mechanics superselection

rules are present if the Hilbert space decomposes into subspaces which

are not connected by observables. This is done in the following way.

Assume that the Hilbert space describing a quantum system is a
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discrete1 direct sum of subspaces

H =
⊕
i∈I

j∈Ji

Hij,

where I and Ji, i ∈ I are index sets, and the subspaces Hij,Hi′j′ are

isomorphic for i = i′. (They also may, but need not, be isomorphic

for i 6= i′.) Assume furthermore that the observables of the quantum

system are of the form

A =
⊕

i∈I


⊕

j∈Ji

xij


 , xij = xi′j′ if i = i′,

where xij ∈ B(Hij). Denote the set of such operators A by M. M
leaves the subspaces Hij invariant.

Obviously we have

〈ψij|A|ψi′j′〉 = 0 (3.1)

for all observables A ∈ M, whenever ψij ∈ Hij, ψi′j′ ∈ Hi′j′ and i 6= i′

or j′ 6= j′. This is usually interpreted by saying that a transition

between the states ψij, ψi′j′ is not observable, and that no observable

operation can transform ψij into a state from which there would be a

non-vanishing transition probability to ψi′j′ . The Hilbert spaces Hij

describe the superselection sectors of the theory.

Let Ψ be any unit vector in H. Ψ can be written as

Ψ =
⊕
i∈I

j∈Ji

cijψij, ψij ∈ Hij,

1The assumption that I is discrete is necessary for the following reason. If I is
discrete, then the projection lattice of M is atomic. (A lattice is called atomic if
every element is the join of minimal elements.) Then these minimal elements are
unique and M as a whole is uniquely a direct sum of irreducible factors. Thus
the subspaces Hij are uniquely determined. This would not be the case if I were
continuous. If the centre of I were not discrete (i.e. if we had a direct integral
instead of a direct sum), we could not even be sure that M has a non-trivial centre.
See e.g. Dixmier (1964b) and Mackey (1978, chaps 7,8).
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where ‖ψij‖ = 1 and the cij are properly normalised coefficients. Then,

because of (3.1), for any observable A we have

〈Ψ|AΨ〉 =

〈⊕
i∈I

j∈Ji

cijψij

∣∣∣∣∣∣∣∣

⊕
i∈I

j∈Ji

xi

∣∣∣∣∣∣∣∣

⊕
i∈I

j∈Ji

cijψij

〉

=
∑

i6=i′
j 6=j′

〈cijψij|xi′j′|ci′j′ψi′j′〉

+
∑
i∈I

j∈Ji

〈cijψij|xij|cijψij〉

=
∑
i∈I

j∈Ji

|cij|2〈ψij|xij|ψij〉.

Therefore all observables A have the same expectation values in the

states Ψ and
∑

ij |cij|2|ψij〉〈ψij|. If one defines states to be positive nor-

malised linear functionals on the observables, then Ψ and
∑

ij |cij|2|ψij〉〈ψij|
are the same states. Thus the vector Ψ describes a convex mixture of

states ψij. A vector Ψ ∈ H describes a pure state on M only if all

coefficients cij vanish except one.

Operators of the form

S =
⊕
i∈I

j∈Ji

sij1ij, sij ∈ C

commute with all observables A ∈ M. The operators S are not in M
unless sij = si′j′ for i = i′. Such operators S 6∈ M do not describe

observables. But operators of the form

Z =
⊕

i∈I


⊕

j∈Ji

zi1ij


 , zi ∈ C

commute with all observables and are themselves observables.

Every pure state is an eigenstate of such operators Z, S: 〈Ψ|S|Ψ〉 =

si0j0Ψ if all cij except ci0j0 vanish. Thus the values of the observables
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Z in any pure state is dispersion-free. Also, the operators S associate

to each vector in Hij the same number sij. The number sij associated

by S to a subspace Hij plays the rôle of a quantum number, but is in

general not an observable.

Let us now compare this to classical mechanics. The continuous

functions on the phase space Γ vanishing at infinity form a C∗-algebra

of classical observables. Define the states to be the positive normalised

linear functionals on these functions. The convex combination of states

is again a state. Call a state pure if it can not be written as a non-

trivial convex combination of other states. It can be shown that there

is a one-to-one relation between the pure states and the points ω ∈ Γ.

The value of a pure state ω on a classical observable f is given by

ω(f) = f(ω). Since ω(f 2) = ω(f)2 the value of all observables f in all

pure states ω is dispersion-free.

This is exactly the situation encountered for the observables Z of

the quantum mechanical system. The points i ∈ I are the quantum

analogue of the points ω ∈ Γ. So the following definition seems justified.

Definition 18 Assume that the algebra of observables is a C∗- or a

W ∗-algebra of operators on a Hilbert space. The minimal non-trivial

projections in the commutant describe superselection sectors. A su-

perselection operator which is itself an observable is called a classical

observable.

In this terminology, every classical observable is described by a

superselection operator, but superselection operators need not be ob-

servable. If the algebra of observables acts irreducibly on the Hilbert

space, then there is only one superselection sector, and the only classi-

cal observables are the constant multiples of the identity operator. If

the centre of the algebra of observables contains only multiples of the
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identity, then the algebra is called a factor. In this case there are only

trivial classical observables. But since a factor may be reducible, there

may be non-trivial superselection operators.

For example, permutations in a system of n identical particles should

not be observable. If the observables are represented as operators on

the full (i.e. not symmetrised) n-fold tensor product Hilbert space, then

they are required to commute with the unitary operators implementing

permutations. These unitaries must not themselves be observables, be-

cause permutations should not be observable. There is another reason

why the permutations cannot be observable: If they commute with all

observables and were themselves observables they would have to com-

mute with each other. But for more than two elements the permutation

group is not abelian. Thus the unitaries implementing permutation on

the full tensor product lead, in the above terminology, to superselection

operators but not to classical observables. (What one does in this case

is, of course, to take the symmetric or antisymmetric tensor product

Hilbert space instead of the full tensor product.)

3.1.2 Algebraic formulation

In the algebraic formulation of quantum mechanics, the distinction be-

tween superselection operators and classical observables becomes un-

necessary. In this formulation one assumes all physically relevant infor-

mation to be encoded in an abstract C∗- or W ∗-algebra A. ‘Abstract’

means that the algebra need not be an algebra of operators on a Hilbert

space. Of course, the abstract algebra is always isomorphic to an alge-

bra of operators on some Hilbert space, but this Hilbert space is usually

non-separable. To recover the Hilbert space formalism one takes a rep-

resentation of the abstract algebra on a separable Hilbert space. Under
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certain circumstances inequivalent representations are possible. The oc-

curence of inequivalent representations is closely linked to the existence

of classical observables. I will come back to this later.

Now, let us see why the distinction between superselection operators

and classical observables becomes unnecessary in algebraic quantum

mechanics.

Definition 19 Let us say that two representations π1, π2 of the abstract

algebra of observables A are physically equivalent if the statistical states

in the two representations can be identified. By this I mean that for

every given density matrix D1 on H1 there exists a density matrix D2

on H2 such that

tr(D1π1(A)) = tr(D2π2(A))

for all A ∈ A.

But if this is the case, then there exists a W ∗-isomorphism between the

von Neumann algebras π1(A)′′ and π2(A)′′.2 (Here I denote again by

π1(A)′′ the double commutant of π1(A). According to von Neumann’s

double commutant theorem, π1(A)′′ coincides with the closure of π1(A)

in the weak operator topology.) This, however, is the case if and only

if π1 and π2 are quasiequivalent, i.e. if they are both direct sums of

the same irreducible representation. Thus representations are physically

equivalent if and only if they are unitarily equivalent up to multiplicities.

How can we see that in the algebraic formulation, the distinction

between superselection operators and classical observables becomes un-

necessary? Let us consider the situation where we do not have any

classical observables but still have several superselection sectors. (This

2See Bratteli and Robinson 1987, 2.4.26.
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is the case if, in the notation used above, I consists of only one el-

ement i, but Ji has more than one element.) In this case the ob-

servables form a reducible factor M. M decomposes into irreducible

factors. Since two factors are either quasi-equivalent or disjoint, each

of the irreducible factors is quasiequivalent to M. Thus there is a W ∗-

isomorphism between each of the irreducible factors andM. Therefore,

according to Definition 19, the irreducible factors contain exactly the

same physical information as M. (In the example of p. 147, the oper-

ators Ai =
⊕

j∈Ji
xij act reducibly on

⊕
j∈Ji

Hij but they form a factor

Mi. The W ∗-isomorphism between the irreducible factors B(Hij) and

the reducible factor Mi is given by x 7→ ⊕
j∈Ji

x.)

From this point of view, irreducibility is a representation dependent

property without physical significance. Superselection rules which do

not correspond to classical observables are described by reducible fac-

tors. But since the irreducibility of a factor is without physical signifi-

cance, the same is true for superselection rules which do not correspond

to classical observables.

We are thus led to the following definition.

Definition 20 Let A be the abstract C∗-algebra of observables of a

physical system, and let A∗∗ ⊃ A be the space of contionuous linear

functional on the states. The non-trivial elements of the centre of A∗∗

describe the classical observables of the system. States on which a clas-

sical observable takes different values are separated by a superselection

rule.

In this definition we did not make the assumption that the classical

observables have to be discrete. This will always be fulfilled because

classical observables are taken as elements of A∗∗, which can only be

represented faithfully on a non-separable Hilbert space. On this Hilbert
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space: all pure states, normal and non-normal, are represented by vec-

tors; and all observables, even those with an uncountable range of pos-

sible values, have a discrete spectrum.

Note that it may happen that A has trivial centre, whereas A∗∗

does not. (This is for example the case for the quasilocal algebra of

an infinite quantum system, see sections 3.1.3 and 3.2.4.) In this case

non-trivial central elements can only be found in the weak closure of

particular representations. Is therefore the concept of classical observ-

able representation dependent and without physical significance, similar

to the notion of irreducibility?

I will argue that this is not the case. Note first that the above

definition of classical observables does not make reference to any par-

ticular representation. (But certainly whether and which classical ob-

servables emerge in a particluar representation depends on the rep-

resentation.) Since representations π1, π2 corresponding to states in

which some Z ∈ A∗∗ has a different value are not quasi-equivalent,

there is no W ∗-isomorphism between π1(A)′′ and π2(A)′′. Thus the

representations π1 and π2 are not physically equivalent in the sense

of Definition 19. Therefore the choice of representation is of physical

significance if classical observables are involved. Only if no classical

observables are involved, the choice of representation is of no physical

significance.

Properties of classical observables. I will now mention some elementary

properties of classical observables. Neither of the following propositions

is new or technically difficult. I display them as Propositions only to

stress their conceptual importance.

Proposition 4 If ρ is a pure state on a C∗-algebra A, and Z is in
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the centre of A∗∗, then Z2(ρ) = (Z(ρ))2. Thus the classical observables

have dispersion-free expectation values in all pure states. Also, classical

observables have dispersion free expectation values in all states which

are linear superpositions of pure states with the same expectation values

on all classical observables.

Proof: Let πρ be the GNS-representation of A with respect to the

state ρ. There is a normalised vector Ω ∈ Hρ such that for all A ∈ A
we have ρ(A) = 〈Ω, πρ(A)Ω〉. (See e.g. Bratteli and Robinson (1987,

Theorem 2.3.16)). Since A∗∗ is canonically isomorphic to the weak

closure of the universal representation (Dixmier (1977, 12.1.3), and πρ

is a subrepresentation of the universal representation, for every A ∈ A∗∗

there is a x ∈ πρ(A)′′ such that A(ρ) = 〈Ω, xΩ〉. Denote this x by πρ(A).

Since ρ is pure, M := πρ(A)′′ is irreducible (see Bratteli and Robin-

son (1987, theorem 2.3.19)) and therefore a factor. M′ and the centre

of M consist only of multiples of the identity. Since Z is in the centre

of A∗∗, πρ(Z) is in the centre of M and therefore πρ(Z) = z1.

We thus have Z(ρ) = 〈Ω, z1Ω〉 = z〈Ω, Ω〉 and Z2(ρ) = 〈Ω, z21Ω〉 =

z2〈Ω, Ω〉. Thus Z2(ρ) = Z(ρ)2. 2

Proposition 5 If ρ is an arbitrary state on a C∗-algebra A with iden-

tity, and Z is in the centre of A∗∗, then for all observables A ∈ A ⊂ A∗∗

we have AZ(ρ) = A(ρ)Z(ρ). Thus in all states the joint expectation

values of classical observables and arbitrary observables factorise.

Proof: Let πρ be again the GNS-representation of A with respect to

the state ρ. There is a normalised vector Ω ∈ Hρ such that for all

A ∈ A we have ρ(A) = 〈Ω, πρ(A)Ω〉. For A ∈ A∗∗, denote again by

π(A) the x ∈ πρ(A)′′ such that A(ρ) = 〈Ω, xΩ〉.
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Since Ω is normalised, we have 〈Ω, Ω〉 = 1. Because Z is in the cen-

tre ofA∗∗ and the projector |Ω〉〈Ω| is in πρ(A), we have [πρ(Z), |Ω〉〈Ω|] =

0. Thus

A(ρ)Z(ρ) = 〈Ω|πρ(A)|Ω〉〈Ω|πρ(Z)|Ω〉
= 〈Ω|πρ(A)πρ(Z)|Ω〉〈Ω|Ω〉
= 〈Ω|πρ(AZ)|Ω〉
= AZ(ρ).

2

Let ρ and φ be states on a C∗-algebra A. Following Roberts and Roep-

storff (1969), define the transition probabilities between pure3 states ρ

and φ by

p(ρ, φ) := 1− 1

4
‖φ− ρ‖2,

where ‖φ − ρ‖ := supA∈A |ρ(A) − φ(A)|/‖A‖2 is the norm distance

between the states ρ and φ. (Note that for two unit vectors in the

Hilbert space, ‖φ− ρ‖ is not the length of the vector ρ− φ.)

If the pure states ρ, φ assign the same expectaion values to all clas-

sical observables, then this definition reduces to the traditional defi-

nition of transition probabilities: In this case there is an irreducible

3Roberts and Roepstorff (1969) explicitly resist the temptation to use the same
formula to define transition probabilites between mixed states. They give the fol-
lowing argument: The transition probability from a mixed state with density matrix
ρ into a pure state represented by a vector ψ could be defined as the proportionality
constant (PψρPψ)/Pψ, where Pψ := |ψ〉〈ψ|. PψρPψ and Pψ are always proportional,
irrespective of the choice of ρ. But if the transition is into a mixed state φ, then
there is no observable P (φ) such that P (φ)ρP (φ) is proportional to P (φ), indepen-
dent of the choice of ρ. Thus although one can define transition probabilities from
mixed states into pure states, it is not possible to do so for transitions into mixed
states. In order to preserve the symmetry between initial and final state, Roberts
and Roepstorff refrain also from defining transition probabilities from mixed into
pure states.
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representation π of A and two vectors Ωρ, Ωφ ∈ Hπ such that ρ(A) =

〈Ωρ|π(A)|Ωρ〉 and φ(A) = 〈Ωφ|π(A)|Ωφ〉.4 Then5 one finds that

p(ρ, φ) = |〈Ωφ|Ωρ〉|2.

Following Haag and Kastler (1964), one can define an observable

operation to be a state transformation induced by an observable B ∈ A
via

ρ 7→ ρB(A) :=

{
ρ(B∗AB)
ρ(B∗B)

for all A ∈ A if ρ(B ∗B) > 0,

ρ(A) for all A ∈ A if ρ(B ∗B) = 0.

(In case A has a quasilocal structure, ρB is called a local perturbation

of the state ρ.) Note that the states ρ, ρB are quasi-equivalent. In the

Hilbert space formalism, if we choose A = B(H), and represent a pure

state ρ by a unit vector ψ, then ρB is represented by the unit vector

Bψ/‖Bψ‖2 for any B with Bψ 6= 0.

Referring to the quantity p(ρ, φ) as “transition probability” contains

the implicit assumption that the time evolution can only be induced

by observables. This assumption is questionable. But since the term is

firmly established, I will continue to use it, keeping in mind that under

certain circumstances the time evolution can bring about transitions

not describable as ρ 7→ ρA for any A ∈ A.

Proposition 6 If ρ, φ are pure states on A with Z(ρ) 6= Z(φ) for some

classical observable Z ∈ A∗∗, then the transition probability between ρ

and φ vanishes. Also, no observable operation can transform ρ into a

state with non-vanishing transition probability into φ: p(ρA, φ) = 0 for

all A ∈ A.

4See e.g. Roberts and Roepstorff 1969, Proposition 4.2.
5See e.g. Roberts and Roepstorff 1969, Proposition 4.6.
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Proof: Assume that p(ρA, φ) > 0 for some A ∈ A. Thus ‖ρA−φ‖ < 2.

Hence (see Glimm and Kadison 1960, Corollary 9) ρA and φ give rise

to unitarily equivalent irreducible representations πρA
and πφ of A.

Since the πρA
and πρ are quasi-equivalent, so are πρ and πφ. This is

in contradiction to the disjointness of ρ, φ which is a consequence of

Z(ρ) 6= Z(φ).
2

These properties of classical observables are nice enough to justify the

predicate “classical” for them. But their nice behaviour only reflects the

strong condition we imposed on them. The condition that the centre of

A∗∗ be non-trivial is so strong that it is violated in traditional Hilbert

space quantum mechanics: the algebra B(H) has trivial centre.

So far I only presented the mathematical formalism which could

describe a system with quantum and classical properties. But the real

world could be one without superselection rules or classical observables.

Classical observables exist if finite systems are not correctly described

by algebras B(H), but rather by non-simple algebras of observables.

But even if this is not the case and finite systems are fully quantum

mechancial, infinite quantum systems may have classical properties. In

the rest of this chapter I will focus on the superselection rules arising

for infinite systems. In doing so I neglect the superselection rules like

charge6 or mass7 which can already be present in finite systems.

3.1.3 The infinite tensor product

The main reasons for the emergence of superselection rules in infinite

quantum systems lie in the natural structure of the infinite tensor prod-

uct Hilbert space. Following the classical paper of von Neumann (1938),

6See e.g. Wick, Wigner, Wightman (1952).
7See Bargman (1954).
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I will quickly describe this structure. For simplicity I will consider the

case where all factor Hilbert spaces are identical.

Let Π be an infinite index set, not necessarily countable. Denote

by {ψn}n∈Π, or simply by {ψ}, an infinite sequence (or more generally

a net) of vectors ψn ∈ H. The scalar product of the two sequences

{ψ}, {ρ} is defined by

〈{ψ}, {ρ}〉 :=
∏

n∈Π

〈ψn, ρn〉 =
∏

n∈Π

exp(iφn)|〈ψn, ρn〉|, (3.2)

where the φn := arg〈ψn, ρn〉 and it is assumed that
∑

n∈Π |φn| < ∞.

If
∑

n∈Π |φn| = ∞, i.e. if the phases do not converge, we define the

scalar product to be zero. The scalar product 〈{ψ}, {ρ}〉 is also zero if

〈ψn, ρn〉 = 0 for some n or if
∏

n∈Π |〈ψn, ρn〉| = 0.

One then forms the quotient space with respect to zero sequences.

As zero sequences one regards those for which
∏

n∈Π〈ψn, ψn〉 converges

to zero, in particular those for which one factor is zero. On the quotient

space define a separating norm by

〈{ψ}, {ψ}〉 :=
∏

n∈Π

〈ψn, ψn〉. (3.3)

The quotient space can then be completed to a Hilbert space, which I

will denote by
⊗∞H. The Hilbert space

⊗∞H is not separable.

On
⊗∞H we define weak and strong equivalence classes

C{ψ} := {{ψ′} :
∑
n

|〈ψn, ψ
′
n〉 − 1| < ∞}

Cw{ψ} := {{ψ′} :
∑
n

||〈ψn, ψ′n〉| − 1| < ∞}.

Completing these equivalence classes with respect to the norm (3.3)

we obtain a separable Hilbert space HC{ψ} and a nonseparable Hilbert
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space HCw{ψ}. The strong HC{ρ} are sometimes called incomplete infi-

nite tensor product Hilbert space. They are only defined with respect

to a sequence {ψ}. Any weak HCw{ψ} is the uncountable direct sum of

all strongHC{ψ′} for which
∑

n ||〈ψn, ψ′n〉|−1| < ∞} but
∑

n∈Π |φn| = ∞
(and the {ψ′} are mutually strongly inequivalent). If Π is finite, there

is only one weak and strong equivalence class. In this case the whole

construction collapses to the unique finite tensor product of Hilbert

spaces.

We can pass from one strong HC{ψ} to another HC{ψ′} in the same

weak HCw{ψ} by a unitary operator U({z}) defined by

U({z}){ψ} :=
⊗

n∈Π

zn{ψn},

where |zn| = 1,
∑

n | arg zn| = ∞. But no U({z}) can take a vector

from a weak eqivalence class into another one. The vectors U({z}){ψ}
and {ψ} belong to the same strong equivalence class if and only if
∑

n | arg zn| < ∞. The complete tensor product Hilbert space
⊗∞H is

the direct sum of all weak HCw{ρ}.

The emergence of strong HC{ψ} and weak HCw{ψ} is a conse-

quence of the convention to define {ψ, ρ} =
∏

n∈Π〈ψn, ρn〉 to be

zero if
∏

n∈Π |〈ψn, ρn〉| converges but the phases do not converge,
∑

n∈Π | arg〈ψn, ρn〉| = ∞. It would be possible to be more restrictive

and insist on the convergence of both moduli and phases. Then we

would arrive at an infinite tensor product Hilbert space HC{ψ} depend-

ing on a reference sequence {ψ}. This would have the advantage that

one works only on separable Hilbert spaces. On the other hand, the

definition of the infinite tensor product would not be unique any more,

but rather depend on a reference sequence. In being less restrictive and

admitting not one but all HC{ψ} we obtain the complete infinite ten-
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sor product
⊗∞H. This provides for a definition of the infinite tensor

product which is independent of reference sequences.

The quasilocal algebra. Consider a system of n particles, each with

algebra of observables B(Hi). An observable xi of the i-th particle can

be represented on the Hilbert space
⊗n

i=1Hi by

ιxi := 11 ⊗ 12 ⊗ . . .1i−1 ⊗ xi ⊗ 1i+1 ⊗ . . .⊗ 1n.

The C∗-algebra and the W ∗-algebra generated by the one particle ob-

servables ιxi is B(
⊗n

i=1Hi). Thus the observables of the n particle

system is the C∗- or W ∗-algebra generated by the one particle observ-

ables.

Let us make the same assumption for the infinite system: take as

algebra of observables the C∗- or W ∗-algebra generated by the one

particle observables. This coincides with the algebra generated by the

observables relating to finitely many particles. Call the C∗-aglebra

generated by the one particle observables A. It is the norm closed

algebra of operators on the infinite tensor product Hilbert space. Let

A′′ be its weak ( = strong) closure. A is called the algebra of quasilocal

observables.

An element of A sends no vector {ψ} of
⊗∞H out of its strong

equivalence class: It can be approximated in norm by operators x with

only finitely many entries different from 1, and x{ψ} is in the same

strong equivalence class as {ψ}. Therefore every strong HC{ψ} (and

also every weak HCw{ψ}) is a subspace of
⊗∞H invariant under A, and

also under A′′.

What is more, von Neumann (1938, theorems IX, X) showed that

A′′ consist exactly of those bounded operators on
⊗∞H which leave all

strong HC{ψ} invariant and commute with all U({z}), where {zn}n∈Π
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is an arbitrary sequence of complex numbers of modulus one. Thus a

bounded operator on
⊗∞H is in A′′ if and only if

1. it leaves all weak HCw{ψ} invariant, and

2. within the weak HCw{ψ} it leaves all strong HC{ψ} invariant and

its behaviour on all HC{ψ} in a weak eqivalence class is the same.

One can define representations of the C∗-algebra A by restriction

to weak and strong subspaces. For x ∈ A one takes

πC{ψ}(x) := x|HC{ψ}
,

πCw{ψ}(x) := x|HCw{ψ}
.

From the above conditions on x it follows that all representations

πC{ψ}(A)′′ are irreducible and that all representations πCw{ψ}(A)′′ are

reducible factor representations. The projectors onto the weak sub-

spaces are in the centre of A′′. In the Hilbert space sense of Defini-

tion 18, the strong and weak subspaces are the superselection sectors.

In the algebraic sense of Definition 20 only the weak subspaces are

superselection sectors.

We have seen that choosing for the observables an algebra which

is generated by the one particle observables leads to the emergence of

classical observables in an infinite system but not in any finite one. Al-

ternatively it would be conceivable, although this is not usually done

in the theory of infinite quantum systems, to choose for the observables

the algebra of all bounded operators on the tensor product Hilbert space
⊗∞H. Then even in the infinite system there are no classical observ-

ables. In this case the fact that A ⊂ B(
⊗∞H) would be interpreted

by saying that for infinite systems there are observables which cannot
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be approximated by observables of finite subsystems, or, equivalently,

by sums and products of one particle observables.

Thus in the description of infinite quantum systems one faces the

choice of whether to interpret A ⊂ B(
⊗∞H) either as emergence of

classical observables or as the existence of observables which cannot

be approximated by observables of finite systems. In the first case

one would choose A or A′′ as algebra of observables, in the second case

B(
⊗∞H). I do not know of anybody opting for the second alternative.

It seems that the phenomenon of having observables which cannot be

approximated by observables of elementary systems is too much at

odds with some reductionist preconception to be acceptable. Rather

the emergence of classical observables in infinite quantum systems is

accepted.

3.2 Simultaneous Sharp Measurability of

Position and Momentum in Infinite

Quantum Systems

Position and momentum of an elementary quantum system obey (on

a dense domain of common self-adjointness) the commutation relations

[P, Q] = ih̄1. (3.4)

Therefore the accuracy of joint position and momentum measurements

is bound from below by ∆p∆q ≥ h̄/2. Average position and momen-

tum Qn, P n of an n-particle quantum system obey the commutation

relations

[P n, Qn] =
ih̄

n
1. (3.5)
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In the limit of an infinite quantum system it is clear that the right

hand side of (3.5) tends to zero. But it is not immediately clear how

to interpret the left hand side because the norm limits of the operators

P n, Qn do not exist.

A solution to this problem is provided in algebraic quantum me-

chanics. The limits of the averages P n, Qn exist in the strong operator

topology and are global observables. As such they commute with all

other observables and are classical.

In this section we treat the problem of joint measurability of po-

sition and momentum in the framework of covariant POV-measures

sketched in Chapter 2.8 It is necessary to use this more flexible frame-

work because in the traditional (i.e. von Neumann’s) formalism non-

commuting observables do not have joint probability distributions. So

in von Neumann’s formalism it is not even possible to talk about joint

measurability of position and momentum. In the framework of covari-

ant POV-measures, non-commuting observables can have unsharp joint

probability measures.9 In this framework it is possible to describe joint

measurements of non-commuting observables, as long as the measure-

ment is sufficiently unsharp.

In section 3.2.1 a joint position-momentum observable is defined to

be a covariant POV-measure on the additive group IR3 × ÎR3. Then it

is shown that there is no covariant PV-measure on IR3 × ÎR3 into the

von Neumann algebra generated by average position and momentum of

elementary (section 3.2.2) and finite (section 3.2.3) quantum systems.

So these cannot be measured sharply at the same time. In section 3.2.4

8POV-measures were introduced into the mathematical literature by Davies and
Lewis (1970), and Ludwig (1967, 1968, 1972). For a review of the theory of covariant
POV-measures see Ali 1985.

9See Busch and Lahti 1986, Busch 1987.
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we construct the strong operator limits of the average position and

momentum observables. Also, we construct a covariant PV-measure

on IR3 × ÎR3 into the von Neumann algebra generated by the average

position and momentum of infinite quantum systems. This means that

the average position and momentum of an infinite quantum system can

be measured sharply at the same time and are classical observables.

The main argument of this section follows Breuer (1994c).

3.2.1 Joint position-momentum observables

Let us start with an

Example 1: Let {Ua, Vb : a, b ∈ IR3} be an irreducible σ-weakly mea-

surable unitary representation of the Weyl relations UaVb = exp (iab)VbUa

on the Hilbert space L2(IR3) (ab denotes the scalar product of the vec-

tors a, b ∈ IR3). Ua represents the space translations and Vb the velocity

boosts.

On B(L2(IR3)) the additive group IR3 × ÎR3 is represented by an

automorphic action α,

α(a,b̂)(x) := UaVbxV ∗
b U∗

a =: α(a,b)(x), x ∈ B(L2(IR3)). (3.6)

(The characters b̂ on IR3 and the elements b ∈ IR3 are in a one-to-

one relation by b̂(s) = exp(ibs) for s ∈ IR3. So one can say that

α(a,b) is an automorphic representation of IR3× IR3 and that α(a,b̂) is an

automorphic representation of IR3 × ÎR3.)

Since the representation {Ua, Vb} is σ-weakly measurable, the action

α is pointwise σ-weakly continuous. Therefore (B(L2(IR3)), IR3 × ÎR3,-

α) is a W ∗-system in the sense of Definition 11. The action α is ergodic

(Definition 12) on B(L2(IR3)) since, due to the irreducibility of the
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representation {Ua, Vb}, the only x ∈ B(L2(IR3)) which fulfil α(a,b̂)(x) =

x for all a, b̂ are multiples of the identity.

Denote by P the self-adjoint generator of the unitary group Ua and

by Q the self-adjoint generator of the unitary group Vb. Each character

χ of IR3 × ÎR3 can be written as χ(a, b̂) = exp(iat + isb) for some s, t ∈
IR3. Now observe that for each character χ there is a unitary operator

uχ ∈ B(L2(IR3)), namely uχ = UtVs, such that uχ transforms under α

according to χ:

α(a,b̂)(uχ) = χ(a, b̂)uχ. (3.7)

According to de Schreye (1986), since (B(L2(IR3)), IR3 × ÎR3, α) is er-

godic, it follows from (3.7) that the automorphic representation α is

integrable in the sense of Connes and Takesaki (see Definition 16).

This in turn implies10 that there is a POV-measure a on IR3 × ÎR3 with

values in B(L2(IR3)) which fulfils the covariance condition

α(a,b̂)(a(∆)) = a([∆] + (a, b̂)), (3.8)

for any Borel subset ∆ of IR3 × ÎR3 and for any (a, b̂) ∈ IR3 × ÎR3. (Such

a POV-measure was explicitly defined in equation (2.9).) The POV-

measure a was derived from the unitary groups Ua, Vb whose generators

are the position and momentum operators Q,P .

a transforms covariantly under space translations and velocity boosts.

Also, its marginals aQ
e (resp. aP

e ), defined in equation (2.16), transform

covariantly under space translations (resp. velocity boosts), see eq.

(2.19). The position space POV-measure aQ
e and the momentum space

POV-measure aP
e lead to unsharp position and momentum observables

Qe, Pe (defined in eq. (2.17)). Qe is a smeared version of the sharp

10See Amann 1986, Theorem II.7.
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Schrödinger position operator, see eq. (2.20). For these reasons it is

justified to regard a as joint position-momentum observable.

This motivates the following central

Definition 21 Let (M, IR3 × ÎR3, α) be a W ∗-system of the additive

group IR3 × ÎR3. A POV-measure a on IR3 × ÎR3 with values in M ful-

filling the covariance condition (3.8) is called a joint position-momentum

observable. A covariant PV-measure on IR3 × ÎR3 is called a sharp joint

position-momentum observable.

Remarks: (1) We use the additive group IR3 × ÎR3 instead of the

additive group IR6 = IR3× IR3 because we do not want to consider a 6-

dimensional position observable as a joint position-momentum observ-

able. IR3 × ÎR3 describes the group of space translations and boosts.

(2) As illustrated by Example 1, the justification of calling a covari-

ant POV-measure on IR3 × ÎR3 a joint position-momentum observable

stems from the fact that the operators in its image have the transfor-

mation properties of position and momentum. This idea of defining

observables through their transformation properties is due to Weyl.

3.2.2 Elementary Systems

We say that a physical system with algebra of observablesM is elemen-

tary if the kinematical group acts ergodically on M (see Definition 12).

This definition (see Amann 1986) generalises the quantum mechan-

ical notion of elementarity: In traditional quantum mechanics an ele-

mentary system is described by an irreducible ray representation U of

the kinematical group G. Its algebra of observables M = {U(g) : g ∈
G}′′ is a type I factor. In this case the two notions of elementarity coin-

cide: Every automorphism αg is inner; it can be written as αg = Ug·U∗
g
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for some Ug ∈M. Accorrding to (Berberian 1974, theorem 67.2) a type

I factor system (M, G, α) is ergodic if and only if the corresponding

ray representation U(G) is irreducible.

Theorem 5 Let (M, G, α) be a W ∗-system with respect to a locally

compact separable group G. If (M, G, α) is ergodic and M is not

abelian, then there exists no covariant PV-measure on G with values in

M.

Proof (see Amann 1986, IV.1): A covariant PV-measure on G with

values in M can be extended to a covariant ∗-morphism π : L∞(G) →
M. According to Amann (1986, II.2.2.), the existence of such a co-

variant ∗-morphism is equivalent to the existence of a W ∗-algebra N
and of a coaction δ on N such that {M, α} ∼= {N ⊗δ G, δ̂}. Therefore

Mα ∼= N . But since (M, G, α) is ergodic, Mα = {λ1}. Therefore

M ∼= {λ1} ⊗δ G ∼= L∞(G), which contradicts the assumption that M
is not abelian.

2

Corollary 2 Let {Ua, Vb : a, b ∈ IR3} be an irreducible σ-weakly mea-

surable unitary ray representation of the Weyl relations on the Hilbert

space L2(IR3). There exists no covariant PV-measure on IR3 × ÎR3

with values in B(L2(IR3)). There exists a covariant POV-measure on

IR3 × ÎR3 with values in B(L2(IR3)).

Proof: The non-existence of a covariant PV-measure follows from

Theorem 5 and the fact that (B(L2(IR3)), IR3 × ÎR3, UaVb·V ∗
b U∗

a ) is an

ergodic non-abelian W ∗-system. The existence of a covariant POV-

measure was proved in Example 1.

Remarks: (1) For elementary systems there exists a sharp joint position-

momentum observable iff M is abelian, i.e. iff the system is classical.
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(2) One should be cautious not to infer prematurely from the existence

of an unsharp joint position-momentum observable that position and

momentum can be measured at the same time. Caution is necessary

because for two observables the notion of being measurable at the same

time carries the connotation of being transitive, whereas for two ob-

servables the existence of a joint unsharp observable is not transitive.

(3) Taking as G the phase space, Theorem 5 generalises to arbitrary

von Neumann algebras results of Ali and Prugovečki (1977) that for

(elementary) quantum systems there exist no covariant projection val-

ued measures on the phase space. There exist, however, covariant PV-

measures on the configuration space of an elementary particle. These

are the transitive systems of imprimitivity as introduced by Mackey

(1949). Also, there exist covariant POV-measures on the phase space

if and only if α is integrable.11 These are unsharp joint position-

momentum observables.

(4) Note that the problem is not to find covariant PV-measure on G

with values in some W ∗-system of the group G. It is always possible

take the W ∗-system (B(L2(G)), G, U ·U∗) where U is the representa-

tion of G on L2(G) defined by Ug′ψ(g) := ψ(g − g′), and to take as

PV-measure E on G simply E(∆)ψ(g) := χ∆(g)ψ(g), where χ∆ is the

characteristic function of the subset ∆ of G. (Note that this W ∗-system

is not ergodic.) The problem is to find a covariant POV-measure with-

values in a given W ∗-system.

Theorem 5 suggests that there are two scenarios in which it is possible

to have sharp joint position-momentum observables: Either the von

Neumann algebra M should be abelian, or the action α should not be

11This proved in Homma 1988 or Amann (1986, II.7) for the case that the phase
space is a group. Propositions 2 and 3 generalise this to homogeneous phase spaces.
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ergodic.

3.2.3 Finite Systems

The assumption of ergodicity is essential in Theorem 5. This is illus-

trated by the following

Example 2: As in Example 1, let {Ua, Vb : a, b ∈ IR3} be an irreducible

representation of the Weyl relations UaVb = exp (iab)VbUa on L2(IR3).

It describes the one particle Weyl system. Consider the two particle

Weyl system whose algebra of observables is B(L2(IR6)) = B(L2(IR3))⊗
B(L2(IR3)). Define a representation α of IR3 × ÎR3 by extension to linear

combinations of

α(a,b̂)(x1 ⊗ x2) := UaVbx1V
∗
b U∗

a ⊗ UaVbx2V
∗
b U∗

a .

This W ∗-system is not ergodic since 1/2(1+W ), where W (ψ1⊗ψ2) :=

ψ2⊗ψ1 is the unitary operator implementing a permutation of the two

particles, is a projection invariant under all α(a,b).

The condition of ergodicity being violated, we can construct a PV-

measure on IR3 × ÎR3 which is covariant with respect to α. Let Q be

the self-adjoint generator of the unitary group Vb and let EQ be its

spectral measure: Q =:
∫
IR3 λEQ(dλ). Since a 7→ Ua is a strongly

continuous unitary representation of the additive group IR3, a corollary

of Stone’s theorem12 implies that there exists a PV-measure ÊP on ÎR3

with values in B(L2(IR3)) such that 〈φ, Uaψ〉 =
∫
ÎR3 λ̂(a)〈φ, ÊP (dλ̂)ψ〉

for all φ, ψ ∈ L2(IR3). Then

∆1 ×∆2 7→ EQ(∆1)⊗ ÊP (∆2)

12See e.g. Reed and Simon 1972, Theorem VIII.12.
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can be extended to a PV-measure on IR3 × ÎR3 with values in B(L2(IR3))⊗
B(L2(IR3)). It is covariant since

UaVbE
Q(∆1)V

∗
b U∗

a ⊗ UaVbÊ
P (∆2)V

∗
b U∗

a =

= EQ([∆1] + a) ⊗ ÊP ([∆2] + b̂).

This sharp joint position-momentum observable describes the position

of one particle and the momentum of the other.

We should exclude such trivial joint sharp measurements of position

and momentum for non-elementary systems. We do this by requiring

that the operators in the range of the POV-measure is permutation

invariant. Since we will only consider average position and momentum

observables, the requirement of permutation invariance will automati-

cally be satisfied.

We will now set out to show that average position and momentum

of a finite Weyl system cannot be measured sharply at the same time.

But first we will define the position and momentum operators of the one

particle system. Usually these are taken to be the selfadjoint generators

P of Ua and Q of Vb. Since P,Q are unbounded, they do not belong

to B(L2(IR3)). Rather they are affiliated to it. To make this mathe-

matically precise, write P = P+ − P− and Q = Q+ −Q− as differences

of positive unbounded selfadjoint operators P±, Q±, also affiliated with

B(L2(IR3)). So (see e.g. Haagerup 1979) there exist mappings (which

I will also denote by P±, Q±) from B(L2(IR3))1
∗ into the positive reals

which are linear and semicontinuous from below. For every ε > 0,

(1 + εP±)−1P±, (1 + εQ±)−1Q± are in B(L2(IR3)) (see e.g. Pedersen

1979, 5.3.10). For every normal state ρ in B(L2(IR3))∗1 we have

P±(ρ) = lim
ε→0

ρ((1 + εP±)−1P±), Q±(ρ) = lim
ε→0

ρ((1 + εQ±)−1Q±).
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P and Q transform under α covariantly according to

α(a,b̂)(P ) = P − b1, α(a,b̂)(Q) = Q− a1. (3.9)

They describe position and momentum of the one-particle system.

Let us now consider a system consisting of finitely many particles. Let

Λ be the set of finite subsets of an infinite index set Π, and for Λ ∈ Λ

let |Λ| be the cardinality of Λ. Let {Ua, Vb : a, b ∈ IR3} be an irreducible

representation of the Weyl relations UaVb = exp (iab)VbUa on L2(IR3).

Denote by un : L2(IR3) → Hn unitary mappings from L2(IR3) onto

copies Hn of L2(IR3). Define πn(x) := unxu−1
n for x ∈ B(L2(IR3)). Now

let

AΛ :=
⊗

n∈Λ

πn(B(L2(IR3))),

be the W ∗-tensorproduct of |Λ| copies of B(L2(IR3)). AΛ is the algebra

of observables of a system consisting of |Λ| non-relativistic particles.

As before, a pointwise σ-weakly continuous representation of the ad-

ditive group IR3 × ÎR3 on B(L2(IR3)) is given by α(a,b̂)(x) := UaVbxV ∗
b U∗

a .

On AΛ, define an action α of IR3 × ÎR3 by extension to linear combina-

tions of

α(a,b̂)

(⊗

n∈Λ

πn(xn)

)
:=

⊗

n∈Λ

πn

(
α(a,b̂)(xn)

)
. (3.10)

α describes translations and boosts of the system as a whole.

Next construct the average position and momentum operators for the

system of |Λ| particles. For x ∈ B(L2(IR3)) define the averaged element

xΛ ∈ AΛ by

xΛ :=
1

|Λ|
∑

n∈Λ

1⊗ . . .⊗ 1⊗ πn(x)⊗ 1⊗ . . .⊗ 1. (3.11)
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((1+εP±)−1P±)Λ and ((1+ εQ±)−1Q±)Λ are in AΛ for all ε > 0. There-

fore we can define positive unbounded self-adjoint operators PΛ
± , QΛ

±
affiliated with AΛ by taking

PΛ
± (ρ) := lim

ε→0
ρ

((
(1 + εP±)−1 P±

)Λ
)

,

QΛ
±(ρ) := lim

ε→0
ρ

((
(1 + εQ±)−1 Q±

)Λ
)

,

for any normal state ρ ∈ (AΛ)1
∗. Define PΛ := PΛ

+ − PΛ
− and QΛ :=

QΛ
+ − QΛ

−. Formally (i.e. ignoring the fact that πn is only defined on

bounded operators) one can write

QΛ =
1

|Λ|
∑

n∈Λ

1⊗ . . .⊗ 1⊗ πn(Q)⊗ 1⊗ . . .⊗ 1, (3.12)

PΛ =
1

|Λ|
∑

n∈Λ

1⊗ . . .⊗ 1⊗ πn(P )⊗ 1⊗ . . .⊗ 1. (3.13)

Readers less worried about technical details can take these last equa-

tions to define QΛ, PΛ. QΛ, PΛ describe the average position and mo-

mentum of the Weyl system with |Λ| particles.

Lemma 2 The PΛ, QΛ defined above transform under the action α de-

fined in (3.10) covariantly according to

ᾱ(a,b̂)(P
Λ) = PΛ − b1Λ, ᾱ(a,b̂)(Q

Λ) = QΛ − a1Λ. (3.14)

Proof: Using the proper definition of PΛ one verifies the following

formal calcualtion

ᾱ(a,b̂)(P
Λ) (3.10,3.13)

=

1

|Λ|
∑

n∈Λ

1⊗ . . .⊗ 1⊗ πn(α(a,b̂)(P ))⊗ 1⊗ . . .⊗ 1

(3.9)
=

1

|Λ|
∑

n∈Λ

1⊗ . . .⊗ 1⊗ πn(P − b1)⊗ 1⊗ . . .⊗ 1

(3.11,3.13)
=

PΛ − b1Λ.

Similarily for QΛ.
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Lemma 3 exp (iaPΛ), exp (ibQΛ) fulfil the commutation relations

exp (iaPΛ) exp (ibQΛ) = eiab/|Λ| exp (ibQΛ) exp (iaPΛ).

Proof: Follows by straight calculation from the Weyl relations

exp (ia|Λ|−1P ) exp (ib|Λ|−1Q) = eiab|Λ|−2
exp (ib|Λ|−1Q) exp (ia|Λ|−1P ).

Define MΛ to be the von Neumann subalgebra of AΛ generated by

exp (iaPΛ) and exp (ibQΛ):

MΛ := {exp (iaPΛ) exp (ibQΛ) : a, b ∈ IR3}′′ ⊂ AΛ. (3.15)

Loosely speaking (i.e. neglecting the fact that PΛ, QΛ are unbounded

and therefore not contained in MΛ) one can say that MΛ is the von

Neumann algebra generated by average position and momentum QΛ, PΛ.

MΛ contains exactly the averaged observables: MΛ = {xΛ : x ∈
B(L2(IR3))}. For |Λ| finite, MΛ is a factor of type I∞.

Lemma 4 For every finite index set Λ, the action α defined in (3.10)

acts ergodically on the von Neumann algebra MΛ defined by (3.15).

Proof: Assume that

α(a,b̂)

(∑

n∈Λ

1⊗ . . .⊗ πn(x)⊗ . . .⊗ 1

)
=

∑

n∈Λ

1⊗ . . .⊗ πn(x)⊗ . . .⊗ 1

(3.16)

for all (a, b̂) ∈ IR3 × ÎR3. We will prove that
∑

n∈Λ 1⊗. . .⊗πn(x)⊗. . .⊗1

is a multiple of the identity.

First of all note that if M1,M2 are von Neumann algebras, then for

any A ∈M2, B ∈M1, 11⊗A = B⊗ 12 implies that A = c12, B = c11

for some complex number c.
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Denoting by n0 the first element of the index set Λ, (3.16) implies
(
πn0(x)− πn0(α(a,b̂)(x))

)
⊗ 1 . . .⊗ 1 =

= 1⊗




∑
n∈Λ

n6=n0

1⊗ . . .⊗ (πn(α(a,b̂)(x))− πn(x))⊗ . . .⊗ 1


 .

This in turn implies that

πn0(x)− πn0(α(a,b̂)(x)) = c1 (3.17)

∑
n∈Λ

n6=n0

1⊗ . . .⊗
(
πn(α(a,b̂)(x))− πn(x)

)
⊗ . . .⊗ 1 = c1⊗ . . .⊗ 1. (3.18)

From (3.17) we infer that

x− α(a,b̂)(x) = c1 (3.19)

which implies that πn(x) − πn(α(a,b̂)(x)) = c1 for all n ∈ Λ. So (3.18)

can be written as

−

 ∑

n∈Λ,n6=n0

c1⊗ . . .⊗ 1


 = c1⊗ . . .⊗ 1.

This implies that −|Λ|c1 ⊗ . . . ⊗ 1 = 0 which can only be the case if

c = 0. Thus (3.19) reads x = α(a,b̂)(x) for all (a, b̂) ∈ IR3 × ÎR3, which

by ergodicity of α on B(L2(IR3)) implies that x is a multiple of the

identity. The same is true for
∑

n∈Λ 1⊗ . . .⊗ πn(x)⊗ . . .⊗ 1. 2

From Lemmata 2, 4, Theorem 5, and an obvious generalisation of Ex-

ample 1 we obtain the following

Theorem 6 For |Λ| finite, there is no PV-measure on IR3 × ÎR3 with

values in MΛ which is covariant with respect to the action α defined by

(3.10). There is a covariant POV-measure on IR3 × ÎR3 with values in

MΛ.
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This shows that average position and momentum of a finite quantum

system cannot be measured sharply at the same time.

3.2.4 Infinite systems

Let A be the C∗-inductive limit of the net {AΛ}Λ∈Λ. A is simple

and has a quasilocal structure. One can embed each AΛ into A by

ι : x 7→ x⊗1⊗1⊗ . . . . The action α on AΛ defined by equation (3.10)

can be extended continuously to an action on A, and further to one on

A∗∗. Let us denote this action also by α.

Using the framework of Amann and Müller-Herold (1986) and of

Amann (1987), one can construct a classical momentum operator on

a separable Hilbert space. This classical momentum operator arises

through spontaneous breaking of the boost symmetry. Due to its clas-

sicality it commutes with all possible position operators. This implies

the simultaneous sharp measurability of position and this momentum

operator.

Here we will take a different route and consider average position

and momentum operators. One idea for how to treat the case of in-

finitely many particles would be to take the norm limit of the average

position and momentum operators QΛ, PΛ. From Lemma 3 one would

expect that their commutator tends to zero, and that therefore one can

measure them sharply at the same time. But we will see that there

is a problem: the norm limits of the average position and momentum

operators do not exist.

Lemma 5 For any y ∈ A, limΛ ‖[y, ιxΛ]‖, if it exists, is zero.

Proof: Let ε > 0, y ∈ A, and x ∈ B(L2(IR3)) be arbitrary but fixed. I

will show that there is a Λ0 ∈ Λ such that ‖[y, ιxΛ]‖ ≤ ε for all Λ ⊃ Λ0.
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Every element y in the quasilocal algebra A can be approximated

in norm by local elements. So there is a Λ1 ∈ Λ and a y1 ∈ AΛ1 such

that ‖y− ιy1‖ ≤ ε/(8‖x‖). Every element y1 of the tensor product AΛ1 ,

can be approximated in norm by elements which are finite sums. So

there is an element z1 ∈ AΛ1 of the form z1 =
∑n

i=1 (
⊗

k∈Λ1
zi

k) fulfilling

‖y1 − z1‖ ≤ ε/(8‖x‖). ιz1 can be written as
∑n

i=1 (
⊗

k∈Π zi
k) if we take

zi
k := πk(1) for all i whenever k 6∈ Λ1. Then ‖ιy1 − ιz1‖ ≤ ε/(8‖x‖).

Thus ‖y − ιz1‖ ≤ ε/(4‖x‖). We thus have

‖[ιxΛ, y − ιz1]‖ ≤ 2‖ιxΛ‖‖y − ιz1‖
= 2‖x‖‖y − ιz1‖
≤ 2

ε

4
=

ε

2
.

For an arbitrary Λ0 ∈ Λ with Λ1 ⊂ Λ0 one calculates

∥∥∥
[
ιz1, ιx

Λ0

]∥∥∥ =

∥∥∥∥∥∥




n∑

i=1

(
⊗

k∈Π

zi
k),

1

|Λ0|
∑

j∈Λ0

1⊗ . . .⊗ πj(x)⊗ 1⊗ . . .




∥∥∥∥∥∥

=
1

|Λ0|‖
n∑

i=1

∑

k∈Λ0

[zi
k, x]‖ =

1

|Λ0|‖
n∑

i=1

∑

k∈Λ1

[zi
k, x]‖

=:
1

|Λ0|c,

where the number c := ‖∑n
i=1

∑
k∈Λ1

[zi
k, x]‖ is finite and does not de-

pend on Λ0. Choosing a Λ0 with Λ1 ⊂ Λ0 and |Λ0| ≥ 2c/ε, we get∥∥∥
[
ιz1, ιx

Λ
]∥∥∥ ≤ ε/2 for all Λ ⊃ Λ0.

We therefore have

∥∥∥[ιxΛ, y]
∥∥∥ =

∥∥∥[ιxΛ, y − ιz1] + [ιxΛ, ιz1]
∥∥∥

≤ ‖[ιxΛ, y − ιz1]‖+ ‖[ιxΛ, ιz1]‖
=

ε

2
+

ε

2
= ε
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for all Λ ⊃ Λ0. 2

Since A is simple, Lemma 5 implies that any norm limit of xΛ would be

a multiple of the identity. This can only be the case if x is a multiple

of the identity.13 Therefore the norm limits of the average position and

momentum observables PΛ, QΛ do not exist.

But it can be shown14 that the strong operator limits

s− lim
Λ∈Λ

πω(xΛ) ∈ πω(A)′′,

where πω denotes the GNS-representation of A associated to the state

ω, exist for many states ω on A, in particular for the permutation

invariant states. The existence of this limit is equivalent to the existence

of the limit with ω replaced by a state quasi-equivalent to ω.

Lemma 6 For any normal state ω on A and for any x ∈ B(L2(IR3)),

the strong operator limits s− limΛ∈Λ πω(xΛ) of the average elements xΛ,

if they exist, are in the centre of πω(A)′′.

Proof: Follows from Lemma 5 because for all y ∈ A we have

[πω(y), s-limΛ∈Λπω(xΛ)] = s-limΛ∈Λπω([y, ιxΛ]) = 0.

Now we will define the average position and momentum observables

QΠ, PΠ of the infinite quantum system. Denote by πu the universal

representation of A and by Hu its Hilbert space. For any state ω on A
we identify πω(x) with πu(x)c(πω), where c(πω) is the central support

13See Bóna 1988, sect. 2.
14See van Hemmen 1978.
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of the representation πω. Define PG as the largest central projection C

in A∗∗ for which all the strong limits

PΠ
±,ε := s− lim

Λ
πu((1 + εPΛ

± )−1PΛ
± )C,

QΠ
±,ε := s− lim

Λ
πu((1 + εQΛ

±)−1QΛ
±)C

exist. PGA∗∗ is the direct sum of all GNS-representations associated

to states ω for which the strong operator limits s-limΛ∈Λπω(xΛ) of the

averaged observables xΛ exist. From Lemma 6 we know that PΠ
±,ε, Q

Π
±,ε

are in the centre of PGA∗∗. Then we can define positive unbounded

self-adjoint operators PΠ
± , QΠ

± affiliated with the centre of PGA∗∗ by

setting

ρ(PΠ
± ) := lim

ε→0
ρ(PΠ

±,ε), ρ(QΠ
±) := lim

ε→0
ρ(QΠ

±,ε)

for every ρ ∈ (PGA∗∗)1
∗. Now take PΠ := PΠ

+ −PΠ
− and QΠ := QΠ

+−QΠ
−.

QΠ and PΠ can formally be written as

QΠ = s- lim
Λ∈Λ

πu(Q
Λ)PG, (3.20)

PΠ = s- lim
Λ∈Λ

πu(P
Λ)PG. (3.21)

Again, the reader less worried about technical details can think of

PΠ, QΠ as being defined by (3.20), (3.21). They are the average posi-

tion and momentum observables of the infinite system. By construction

they are affiliated to the centre of PGA∗∗ and therefore commute with

each other.

Define MΠ to be the von Neumann subalgebra of PGA∗∗ generated

by exp (iaPΠ) and exp (ibQΠ):

MΠ := {exp (iaPΠ) exp (ibQΠ) : a, b ∈ IR3}′′ ⊂ PGA∗∗. (3.22)

Loosely speaking (i.e. neglecting the fact that PΠ, QΠ are unbounded

and therefore not contained in MΛ) one can say that MΠ is the von
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Neumann algebra generated by average position and momentum QΠ, PΠ.

MΠ contains exactly the strong limits of the averaged observables

(3.11), and is contained in the centre of PGA∗∗.

So we arrive at

Theorem 7 There exists a covariant PV-measure EG on IR3 × ÎR3

with values in the von Neumann algebra MΠ generated by the average

position and momentum. EG can be extended to a (covariant) isomor-

phism between

L∞(IR3 × ÎR3) and MΠ.

Proof: The only thing which we did not prove yet is the existence of

a covariant PV-measure on IR3 × ÎR3 with values in MΠ.

Due to the linear dependence of aPΠ on a and of bQΠ on b,

(b̂, a) 7→ exp(ibQΠ) exp(iaPΠ)

is a strongly continuous unitary representation of the additive group

ÎR
3× IR3 (the dual of IR3 × ÎR3) in the Hilbert space PGHu. According

to a corollary of Stone’s theorem15 there is a unique projection valued

measure EG on the dual group of ÎR
3 × IR3 with values in the central

projectors of PGA∗∗ such that

〈φ, exp(ibQΠ) exp(iaPΠ)ψ〉 =
∫

IR3×ÎR3
(s, t̂)(b̂, a)〈φ,EG(ds, dt̂)ψ〉

for all φ, ψ ∈ PGHu. (Here we identified IR3 × ÎR3 with the dual of

ÎR
3 × IR3 and wrote (s, t̂)(b̂, a) for the value of the character (s, t̂) on

the group element (b̂, a) ∈ ÎR
3 × IR3.) The support of EG is equal to

the spectra of its selfadjoint generators16 PΠ, QΠ , and so is equal to

the whole of IR3 × ÎR3.

15See e.g. Reed and Simon 1972, Theorem VIII.12.
16See e.g. Bratteli and Robinson (1987), Proposition 3.2.40, (6).
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From the definition of PG it is obvious that it is invariant under α.

Also, using the proper definition of PΠ, QΠ one verifies the following

formal calculation

α(a,b̂)(P
Π) (3.21)

=
α(a,b̂)(s-limΛ∈Λπu(P

Λ)PG)

(3.14,3.10)
=

s-limΛ∈Λπu(P
Λ − b1Λ)PG

(3.21)
=

PΠ − b s-limΛ∈Λπu(1)PG

= PΠ − b1Π,

and similarily for QΠ:

ᾱ(a,b̂)(Q
Π) = QΠ − b1Π.

(Here 1Π denotes the identity in the von Neumann algebra PGA∗∗.)

This can be written as covariance of the measure EG:

ᾱ(a,b̂)(EG(∆)) = EG([∆]− (a, b̂))

for all Borel sets ∆ of IR3 × ÎR3.
2

Remarks: (1) The action α on the von Neumann algebra MΠ is er-

godic. (This can be seen by taking the strong limit of Lemma 4. The

proof of Lemma 4 does not depend on |Λ|.) Let us compare this with

Theorem 5: The existence of a covariant representation in spite of the

ergodicity of the action is due to the fact that MΠ is abelian, whereas

for |Λ| finite, MΛ is a factor.

(2) EG is a joint position-momentum observable derived from the limit

of the average position and momentum observables. It describes the

average position and momentum of the infinite quantum system. Since

EG is a projection valued measure, it describes a sharp joint position-

momentum observable. Furthermore, since EG takes values in the cen-

tre of PGA∗∗, average position and momentum are classical observables.
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Chapter 4

The Classical Pointer in
Quantum Measurements

Chapter Abstract

The use of classical pointer observables in quantum measurements is

discussed. It is shown that inaccurate experiments can be described if

and only if the pointer observable is classical. The main open problem of

the approach is the existence of time evolutions which lead in finite time

to different pointer readings. It is suggested that long range interactions

can give rise to non-automorphic time evolutions achieving this.

Chapter Overview

In this last chapter I shall discuss the rôle classical pointer observables

plays in the description of quantum measurements. Section 4.1 shortly

reviews recent literature concerned with this question. In particular I

shall explain which aspects of the measurement problem are solved by

assuming the pointer observable to be classical, which problems remain,

and which new problems arise.

The idea of inaccurate state-measurements will be further developed

183



184 4. CLASSICAL POINTER IN QUANTUM MEASUREMENTS

in sections 4.2 and 4.3. In section 4.2 I will discuss how the existence

of non-normal states and of von Neumann algebras with atom free

projection lattice is related to measurement inaccuracy. In section 4.3

a new argument will be presented in favour of the classical pointer

observable. I will formulate one notion of inaccuracy and show that

quantum measurements can be inaccurate in this sense if and only if

the pointer observable is classical. Section 4.3 follows Breuer (1992,

1993), and Breuer, Amann, and Landsmann (1993a, 1993b).

Finally, section 4.4 I will deal with the time evolution of the clas-

sical pointer. The main problem is that under an automorphic time

evolution states of the same superselection sector (corresponding to

pointer state “ready”) cannot evolve in finite time into states in which

the classical pointer observable has different values. I briefly discuss ar-

guments for and against the infinite time limit as a way to circumvent

this problem. Another way around the problem is to consider non-

automorphic time evolutions, which arise for example in the presence

of long range interactions. Generalising von Neumann’s (1932, p. 236)

measurement interaction, I give an example of a time evolution which

arrives at disjoint final states in finite time.

4.1 Previous arguments for and against

classical pointer observables

I will set the scene by a brief description of the measurement prob-

lem. Following the pioneering work of Hepp (1972) the use of classical

pointer observables in quantum measurements has been extensively1

1See e.g. Bóna (1973), Frigerio (1974), Whitten-Wolf and Emch (1976), Machida
and Namiki (1980), Araki (1980, 1986), Kudaka et al. (1989), Namiki and Pascazio
(1991), Landsman (1991), Nakazato and Pascazio (1991, 1992). For philosophical
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studied. The main purpose of this section is to describe which prob-

lems are solved by the introduction of a classical pointer observable,

which are not solved, and which arise newly.

4.1.1 The projection postulate

Description of the problem. In the original formulation of the mea-

surement problem, the algebra of observables for the observed system

plus the apparatus is taken to be B(HS) ⊗ B(HM). (HS and HM are

the Hilbert spaces of the observed system and of the apparatus, re-

spectively.) For the time being assume that the measured observable

and the pointer observable are discrete and non-degenerate. Assume

also that the measurement established perfect correlations between the

measured quantity and the pointer observable. Although these assump-

tions are an idealisation, the measurement problem does not disappear

if drop them. I make these assumption in order to present the problem

in its simplest form.

Denote: by on the eigenstates of the measured observable; by I the

initial state of the apparatus; and by pn the eigenstates of the pointer

observable. It is possible2 to find a Hamiltonian such that under the

Schrödinger equation the initial states |on〉⊗|I〉 evolves into |on〉⊗|pn〉.
So if after the measurement the apparatus is in the state |pn〉, one knows

that before the measurement the observed system was in the state |on〉.
But if the initial state of the observed system is

∑
cn|on〉, then, by

discussions of the classical pointer observable in quantum measurements see Bub
(1988, 1989), Landsman (1995), and Robinson (1990, 1994).

2This is for example achieved by the Hamiltonian proposed by von Neumann
(1932, p. 236).
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linearity of the Schrödinger equation, the final state will be

s1 :=
∑

cn|on〉 ⊗ |pn〉.

In the basis {oi⊗pj} the density matrix of the state s1 has non-vanishing

elements off the diagonal.

We have, however, the impression that after an experiment the

pointer observable has an unambiguous value. If pk is apparatus state

after a single experiment, the final state of the joint system is

s3 := |ok ⊗ pk〉

with the probability |ck|2. In the basis {oi ⊗ pj} the density matrix of

the state s3 has only one entry which does not vanish, and this entry

is on the diagonal.

Assuming unambiguous measurement results the density operator

describing the statistics of many experiments should be the mixture

s2 :=
∑ |cn|2|on ⊗ pn〉〈on ⊗ pn|.

In the basis {oi⊗pj} the state s2 has vanishing elements off the diagonal.

In a description of individual experiments, the stochastic transi-

tion from the initial state (
∑

cn|on〉) ⊗ |I〉 to the final state s3 has

to explained. One can think of the transition (
∑

cn|on〉) ⊗ |I〉 → s3

as formally3 consisting of two parts: the Schrödinger time evolution

(
∑

cn|on〉)⊗|I〉 → s1 and a transition s1 → s3. I will call the transition

s1 → s3, the reduction of the wave packet.

In the description of a statistical experiment, one has to explain the

transition from the initial state (
∑

cn|on〉) ⊗ |I〉 to the final state s2,

3This should not be taken to mean that the physical dynamics necessarily trans-
forms the initial state into s1 and subsequently s1 into s3.
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and show that in each single experiments the pointer observable has an

unambiguous value. One can think of the transition (
∑

cn|on〉)⊗|I〉 →
s2 as formally consisting of two parts: the Schrödinger time evolution

(
∑

cn|on〉)⊗|I〉 → s1 and a transition s1 → s2. I will call the transition

s1 → s2 projection postulate. In this terminology, reduction of the

wave packet in single experiments implies the projection postulate for

statistical experiments. The converse need not be true. Note that many

authors use the terms projection postulate and reduction of the wave

packet as synonyms.

Von Neumann introduced the projection postulate as a second kind

of time evolution, independent of the usual Schrödinger time evolution.

The problem now is the following: In a description of individual exper-

iments, is it possible to derive the transition (
∑

cn|on〉)⊗|I〉 → s3 from

the Schrödinger time evolution alone? If one is more modest, and is

satisfied with a description of statistical experiments, one has to answer

the following question: Is it possible

(1) to derive the transition (
∑

cn|on〉) ⊗ |I〉 → s2 from one kind of

time evolution, and

(2) to show that in each single experiments the pointer observable

has an unambiguous value?

In the traditional framework of quantum mechanics as proposed by

von Neumann (1932) even part (1) of the more modest question is not

soluble: The linearity of the Schrödinger time-evolution and the unre-

stricted validity of the superposition principle prevent a transition from

(
∑

cn|on〉)⊗ |I〉 into s2.
4 The Schrödinger time evolution is incompat-

4This was proved by Komar (1962), Wigner (1963), d’Espagnat (1966), Ear-
man and Shimony (1968), Fine (1970), Busch, Lahti, and Mittelstaedt (1992), an
probably many others.
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ible with the final state being s2. Note that even if, for example by

considering the joint system as open system evolving non-unitarily, one

arrives by natural dynamics at a final state s2, it still would have to

be shown that (2) is satisfied, i.e. that in each single experiment the

pointer observable has an unambiguous value. This is the problem of

whether or not the mixed state s2 admits an ignorance interpretation.

Remarks on the above formulation of the measurement problem. The

measurement problem only arises if after the experiment we are still

interested in the state of the system. If we were only interested in the

state of the apparatus and then infer from it the states of the system

before the experiment, then the whole problem would not even arise.

Both s1 and s2 yield the same state
∑ |cn|2|pn〉〈pn| when restricted to

the apparatus by partial tracing. The decisive difference between the

superposed and the mixed final states is the existence of correlations

between apparatus and system in the superposed state. These correla-

tions cannot be observed if one is only interested in the final state of

the apparatus.

Let me remark here also that the notion of a measurement of the

first kind actually changes the traditional idea of measurement. Tra-

ditional measurement are retrospective, whereas a measurement of the

first kind is state-preparing, at least if the measured observable is non-

degenerate. This distinction between state preparing and retrospective

measurements is not important in classical physics, where the distur-

bances introduced by the act of measurement can be controlled and

where one can safely assert that a quantity already had a certain value

before the measurement. In quantum physics the situation is differ-

ent. The introduction of state-preparing measurements instead of ret-
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rospective measurements has serious ontological consequences. It is not

always possible to say that before a state preparing measurement the

measured quantity had an unambiguous value.

The introduction of state-preparing measurements is equivalent to

the repeatability postulate. Nowadays it is known that measurement

of observables which do not commute with all conserved quantities are

never exactly repeatable.5 Furthermore, measurements of observables

with continuous spectrum cannot be exactly repeatable.6 Also, real-

istic measurements are not instantaneous and not exactly repeatable.

Rather, they are nowadays described by instruments7. In this context

the assumption of repeatability is relaxed to allow for ε-repeatable, ε-

preparatory, and ε-ideal measurements.8 But it would be false to blame

the idealising character of first kind measurements for the measurement

problem. The more realistic formulation of the measurement problem

in terms of POV-measures does not solve the problem.9 Historically, it

is the merit of the unrealistic idealisation of measurements as measure-

ments of the first kind, that these novel features of quantum mechanics

have been focused upon immediately.

The projection postulate and the classical pointer observable. If the

pointer observable is classical, all observables have the same expectation

values in the states s1 and s2. The argument for this goes as follows. Let

5See Wigner (1952), Araki and Yanase (1960), and Yanase (1961).
6See Davies and Lewis (1970), Ozawa (1984), Holevo (1985).
7An instrument is defined in the following way. A statistical experiment with an

input state ρ leads to a probability distribution ∆ 7→ pρ(∆) on the real line. For
every ∆ there is a linear map I(∆)—an operation— transforming the ρ into the
(non-normalised) final states such that tr(I(∆)ρ) = pρ(∆). The operation-valued
measure ∆ 7→ I(∆) is called an instrument.

8For ε 6= 0, these notions are not equivalent. See for example Busch (1986),
Busch and Lahti (1990).

9See Busch, Lahti, and Mittelstaedt (1991).
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A be the universal representation of the algebra of observables of the

joint system. So A is a C∗-algebra of operators on some non-separable

Hilbert space H. All states on A are represented by vectors in H.

Denoting by 1⊗ P the pointer observable we have (1⊗ P )|on ⊗ pn〉 =

αn|on ⊗ pn〉, where αn are the eigenvalues of the pointer observable.

Assume that the pointer observable is classical, i.e. that it commutes

with all other observables. From

αi〈oi ⊗ pi|A|ok ⊗ pk〉 = 〈oi ⊗ pi|(1⊗ P )A|ok ⊗ pk〉
= 〈oi ⊗ pi|A(1⊗ P )|ok ⊗ pk〉
= αk〈oi ⊗ pi|A|ok ⊗ pk〉

and αi 6= αk we conclude that

〈oi ⊗ pi|A|ok ⊗ pk〉 = 0 ∀A ∈ A

whenever i 6= k. Therefore

tr(As1) =
∑

ik

cick〈ok ⊗ pk|A|oi ⊗ pi〉

=
∑

i

|ci|2〈oi ⊗ pi|A|oi ⊗ pi〉

= tr(As2).

Thus, if the pointer observable is classical, then all observables have

the same expectation values in the states s1 and s2. Defining states as

linear functionals which associate expectation values to obsevables, s1

and s2 are the same state. Therefore the projection postulate is not

necessary if the pointer observable is classical.

4.1.2 The ignorance interpretation

For a satisfying description of statistical experiments we required that

(1) the final state is s2, and that (2) in every single experiment the
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pointer observable has an unambiguous value.

I will say that some statistical state admits an ignorance interpre-

tation with respect to the pointer observable if the pointer observable

has an unambiguous value in every constituent of all the ensembles de-

scribed by the state. This is an ignorance interpretation with respect

to quantities. Following d’Espagnat the term ignorance interpretation

is often taken to refer something different: a statistical state admits an

ignorance interpretation in the sense of d’Espagnat if every constituent

of the ensembles described by the state is in a pure state. D’Espagnat

showed that the mixed states of subsystems which result from partially

tracing a pure entangled state of the composite system do not admit

an ignorance interpretation in his sense.

In the sequel I will assume that observed system and apparatus

form a closed system. This requires that the environment is regarded

as part of the apparatus. I do this because in the case of open systems

additional complications arise, due to d’Espagnat’s argument: it may

happen that some state does not admit an ignorance interpretation in

d’Espagnat’s sense. In order to exclude these complications I will only

speak about closed systems. Statistical states of closed systems always

admit an ignorance interpretation in d’Espagnat’s sense. Still, we have

to deal with the problem that statistical states of closed systems do

not in general admit an ignorance interpretation with respect to most

observables.

In traditional quantum mechanics the decomposition of mixed states

into pure states is in general not unique. This follows from the following

theorem10: The decomposition of a state into pure states is unique if

and only if the commutant of the GNS-representation associated with

10See Bratteli and Robinson (1979), theorem 4.2.3.



192 4. CLASSICAL POINTER IN QUANTUM MEASUREMENTS

the state is abelian. This theorem implies that in general the decompo-

sition of a state on a non-abelian algebra into pure states is not unique.

Only very special states can be decomposed in a unique way into

pure states: If a state is pure, then its GNS-representation is irreducible,

so its commutant equals the scalar multiples of the identity, which is

abelian. Thus the decomposition of a pure state into pure states is

unique. Furthermore, any state on a maximally abelian algebra has a

unique decomposition into pure states. Thirdly, a mixed state ρ which

is a discrete convex combination of mutually disjoint pure states can

only be decomposed into these pure states.11

Non-uniqueness of the decomposition into pure states is a major

obstacle for an ignorance interpretation of the mixed state: in general

many different ensembles are described by the same density matrix.

The ensemble determines uniquely the density matrix, but the density

matrix does not in general determine a unique ensemble. The different

ensembles are equivalent for the purposes of prediction, but they are

different in the sense that they are different collections of system states.

In particluar, there are ensembles described by the density matrix s2

whose constituents are not eigenstates of the pointer observable. In

many traditional interpretations of quantum mechanics, it is assumed

that an observable has an unambiguous value only in eigenstates. In

such interpretations it is not possible to say that if an ensemble is

described by the density matrix s2, the pointer observable has in every

single experiment an unambiguous value.

The ignorance interpretation and the classical pointer observable. Ac-

cording to Proposition 4 of Chapter 3, every pure state is an eigenstate

11See Landsman 1991.
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of all classical observables. Thus every decomposition into pure states

is a decomposition into states in which all classical observables have

dispersion free values. Since the individual constituents of every en-

semble are in pure states, we arrive at the conclusion that a classical

pointer observable has an unambiguous value in all constituents of all

ensembles. Therefore it is justified to say that the pointer observable in

each single experiment has a well-defined but perhaps unknown value.

Note that this result does not rely on any new interpretative rule

(as for example those introduced by modal interpretations). It only

relies on the traditional rule that an observable has an unambiguous

value if its expectation value is dispersion free.

Let me relate this to the uniqueness of decomposing a mixed state.

In a fully classical system, every state has a unique decomposition into

pure states. Thus the ignorance interpretation does not make any prob-

lems in classical mechanics. If the system has classical and quantum

properties, the situation is more intricate. In this case the decompo-

sition into pure states is not in general unique. Even in the presence

of classical observables a general density matrix does not determine a

unique ensemble. States, pure or mixed, in which all classical observ-

ables have a dispersion free value are called factor states. The central

decomposition theorem12 says that the decomposition of every state

into factor states is unique. Therefore any density matrix, although

it does not specify a unique ensemble, specifies uniquely the classical

properties of all ensembles described by it.

Summary and open problems. To sum up the results of section 4.1:

If the pointer observable is classical, then (1) the projection postulate

12See e.g. Dixmier (1964a), théorème 8.4.2.
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is not necessary, and (2) the pointer observable has a dispersion free

value in every single experiment. Therefore both requirements for a

satisfactory description of experiments are satisfied. But there is no

reason to be euphoric. There are still many problems.

Firstly, these strong results only reflect how strong the assumption

is that the pointer observable is classical. The real problem is whether

and if yes when this assumption is justified. How can we have classical

observables in a quantum world? In this chapter I will not deal with this

problem. The emergence of classical observables in infinite13 quantum

systems was discussed in Chapter 3.

Let me also mention that the results of chapter 1 suggest another

line of argument for the existence of classical observables. In chapter 1

I argued that for an internal observer it is impossible to distinguish all

states of a system in which she or he is contained: for each observer,

states of the big system are indistinguishable if they have the same

restriction to the observer. Which properties of the universe cannot

be observed thus depends on the observer and on what he chooses to

measure, but no observer can, not even in principle, measure all the

properties of the universe. Even in a finite universe which is correctly

described by traditional quantum mechanics, every observer can, as a

matter of principle, discriminate only a restricted set of properties of the

universe. Thus for each observer the algebra of operators which she or

he can in principle observe, is smaller than the algebra of all properties

of the universe. This, perhaps, can be turned into an argument for the

existence of observer-dependent superselection rules.

But remember that the argument of chapter 1 relied on several

13For a debate on whether or not it is justified to assume that the apparatus
has infinitely many degrees of freedom, see Bub (1988, 1989) and Robinson (1990,
1994).
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assumptions. Firstly, the assumption of proper inclusion was made.

If the observed system is at least partially outside the observer, then

the conclusion does not apply. (But in this case, again the observer

does not observe some part of the universe.) Secondly, the argument

only applies if the observer insists on measuring present (and not past)

properties of the universe. The algebra of accessible observables is thus

time dependent and observer dependent, but it cannot be the algebra of

all observables of the universe. I will not develop this line of argument

further.

The second problem is related to the time evolution: How can the

pure initial state (
∑

cn|on〉)⊗ |I〉 be transformed in finite time into the

mixed state s2? How can the components |on〉 ⊗ |I〉, which are in the

same superselection sector evolve in finite time into different sectors? I

will address this problem in section 4.4.

The problems mentioned so far just refer to a description of sta-

tistical experiments. In a description of individual experiments many

new problems arise, in particular with respect to the stochastic time

evolution. I will say nothing about these problems.

4.2 Inaccurate measurements of non-normal

states?

According to von Neumann (1932, chapter III.3) an observable can

be measured exactly if it possesses a purely discrete spectrum. Von

Neumann admits that measurements of observables with at least par-

tially continuous spectrum have to be inaccurate.

In this section I will investigate von Neumann’s claim that mea-

surements of quantities with uncountable spectrum are necessarily in-
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accurate. Then I will discuss von Neumann’s idea that only normal

states are experimentally accessible, and discuss its relevance in the

more general framework of algebraic quantum mechanics. This more

general framework allows for a description of classical systems, and the

analogue of von Neumann’s claim for classical systems can be discussed.

Finally I will examine assumptions implicit in the claim that only nor-

mal states are experimentally accessible. The basic notions used in this

section are collected in the following

Definition 22 Let M be a von Neumann algebra. A positive nor-

malised linear functional on M is called a state. The set of all states is

convex, its extremal points are called pure states. Every von Neumann

algebra M is the dual of a Banach space M∗. A state ρ is called normal

if one of the following three equivalent14 conditions is fulfilled.

1. ρ is in M∗.

2. ρ is completely additive15, i.e. ρ(
∑

k∈I Pk) =
∑

k∈I ρ(Pk) for any

family of mutually orthogonal projections Pk ∈M.

3. ρ is σ-weakly continuous.

Denote the set of states by S∗ and the set of normal states by S∗. In

general S∗ ⊆ S∗.

In a lattice theoretic framework, countable additivity was introduced

in Definition 3 in Chapter 2.

14See Kadison and Ringrose (1986, theorem 7.1.12).
15If M operates on a separable Hilbert space, complete additivity reduces to

countable additivity. Instead of countably additive I will sometimes write σ-
additive.
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4.2.1 Non-normal states in traditional quantum me-
chanics

In traditional quantum mechanics the set of observables is identified

with the set of all self-adjoint operators on a separable Hilbert space.

The normal states on B(H) are exactly those ρ for which there is a

positive trace-class operator T on H with trace-norm one such that

ρ(A) = tr(TA), A ∈ B(H).

So the normal states are in one-to-one correspondence with the density

matrices. It is important that S∗ 6= S∗ if and only if the Hilbert space

H is infinite dimensional.16

The notion of state as a positive linear functional on the observables

is a mathematical one. It is not clear whether all states in this mathe-

matical sense should be regarded as states of a physical system. Since,

on an infinite dimensional Hilbert space, S∗ ⊂ S∗, one faces the choice

of whether or not to require states of a physical system to be normal.

Correspondingly one chooses S∗ or S∗ as set of physical states. Both

choices are supported by good arguments.

One argument in favour of S∗ goes as follows. Neighbourhoods in

the weak∗-topology are defined with respect to finite sets of observables

by

UA1,...,An;ε(ρ) := {ρ′ ∈ B(H)∗ : |ρ(Ai)− ρ′(Ai)| < ε, i = 1, 2, . . . , n}.

Such a neighbourhood contains all states ρ′ whose expectation values

for the observables A1, . . . , An differ by less than ε from those of ρ.

The weak∗-topology on the state space is claimed to be the experi-

mentally relevant topology because it is determined by the observables

16See e.g. Emch 1984, p. 374.
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A1, . . . , An which are actually measured. In contradistinction to this,

the neighbourhoods in the norm-topology on B(H)∗ are determined by

all observables, measured or not. In the weak∗-topology, S∗ is closed,

but S∗ is not. In fact S∗ is the weak∗-closure of S∗. If we want to

require that a Cauchy sequence of physical states should converge to a

physical state, then we should take S∗ as space of physical states.

I think that this argument is vulnerable. There are two reasons for

this. Firstly, a realist might prefer to judge similarity of states with

reference to all properties of the physical system, not just with respect

to those which happen to be measured. From this point of view, the

norm topology on B(H)∗ is more appropriate. If one requires closure

of the set of physical states with respect to the norm topology, then

S∗ does not fare worse than S∗. They are both closed with respect to

the norm topology. Secondly, it seems that even an operationalist need

not support the argument. Surely, the operationalist would choose the

weak∗-topolgy to judge the similarity of states. But for him there is no

reason to require that the set of physical states should be closed. Every

state in S∗ can be approximated with arbitrary precision by states in

S∗, and this may be enough for the operationalist. After all, a full-

fledged operationalist would like to rely only on realistic experiments,

which are, as a rule, inaccurate.

Perhaps a stronger argument for the choice of S∗ rather than S∗ is

that non-normal states are widely used when we deal with observables

with continuous spectrum. Let A be a self-adjoint operator with purely

continuous spectrum on a separable Hilbert space H. It can be shown17

that for every a in the spectrum of A there is a pure state ρa such that

ρa(A) = a and ρa((A−a1)2) = 0. Therefore ρa(A
2) = ρa(A)2. Thus the

17See Segal (1947b) or Emch (1984, p. 374).
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observable A has a dispersion free expectation value a in the pure state

ρa. But ρa is not of the form |ψ〉〈ψ| for any vector ψ ∈ H.18 Therefore

observables with uncountable spectrum do not have eigenvectors in

the strict sense, if they are represented by self-adjoint operators on a

separable Hilbert space.

The notion of an eigenvector is very important in most traditional

interpretations of quantum mechanics: There is not much disagreement

about the interpretative rule that if a state is an eigenvector of a cer-

tain self-adjoint operator, then the corresponding observable has a well

defined value in this state.19 In this formulation the rule cannot be

applied to observables with continuous spectrum, because these do not

have eigenvectors.

It is obvious how to generalise the above interpretational rule so

that it can be applied to observables with continuous spectrum. One

observes that if a vector ψa is an eigenstate for the eigenvalue a of

an observable A with discrete spectrum, then the expectation value of

A in ψa is dispersionfree, 〈ψa|A2|ψa〉 = a2 = 〈ψa|A|ψa〉2. This is the

property which can be generalised to continuous observables: One says

that if an observable has a dispersion free expectation value in a certain

state, it has this value. (Such states are called generalised, or improper,

eigenvectors.)

States in which observables with continuous spectrum have a dis-

persionfree expectation value are not normal. Such observables have a

18An intuitive argument for this is very simple. Assume that all the states ρa,
a ∈ σ(A), are of the form |ψa〉〈ψa|, where ψa is a normalised eigenvector of A.
Then 〈ψa|ψb〉 = 0 for a 6= b. But in a separable Hilbert space there cannot be
uncountably many orthogonal unit vectors.

19Even modal interpretations, as for example those of Kochen (1985), Dieks
(1989), Healey (1989), van Fraassen (1991), and Bub (1992, 1993), accept this
rule. They deny however the converse.
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dispersionfree value only in non-normal states. According to the above

rule, such observables have a certain value only if they are in non-normal

states.

So we arrive at a stronger argument against the choice S∗ as the

set of physical states: If one excludes non-normal states from the set

of physical states, one is led to the strange situation that observables

with continuous spectrum do not have a well defined value in any state.

In spite of these arguments, von Neumann (1932) identified the

states of a quantum mechanical system with the density matrices and

thus excluded non-normal states. What are the reasons to choose S∗
rather than S∗ as set of physical states in quantum mechanics? A

first point is that non-normal states do not necessarlily satisfy the

Jauch-Piron condition. A state ρ on B(H) (or more generally on a

von Neumann algebra) is said to satisfy the Jauch-Piron condition if

ρ(P ) = ρ(Q) = 1 implies ρ(P ∧Q) = 1 for all projections P, Q ∈ B(H).

For states which do not fulfil the Jauch-Piron condition there are pro-

jections P, Q both with expectation value one, which are not both true.

Amann (1987b) proved that all pure states fulfilling the Jauch-Piron

condition are normal; furthermore all normal states satisfy the Jauch-

Piron condition.

Another argument for the choice of S∗ is that non-normal states are

not completely additive. (On separable Hilbert spaces this is equiv-

alent to the breakdown of countable additivity.) The requirement of

countable additivity comes from probability theory. Assume that the

statistics of experiments are described by a classical probability space

(Ω, Σ, µ). Here Ω denotes the sample space and consists of the possible

results in single experiments. The space of events Σ is taken to be a
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Boolean σ-algebra. In classical probability theory Σ is a σ-complete20

Boolean lattice. µ is a σ-additive probability measure on the event

space Σ. It assigns to every event ∆ in Σ the probability µ(∆) ∈ [0, 1]

of this event. Since µ is σ-additive, it fulfils µ(
⋃∞

k=1 ∆k) =
∑∞

k=1 µ(∆k)

for every finite or countably infinite set of mutually discjoint ∆k.

In Hilbert space quantum mechanics the set P(H) of projectors

on subspaces of H is an orthocomplemented lattice. This is taken to

be the event space Σ. A statistical state ρ now can be regarded21 as

a probability measure assigning to every event P in the lattice the

probability ρ(P ) that the state ρ of the system is in the subspace

PH ⊂ H. If we want ρ to induce a probability measure, then this mea-

sure should be, by analogy to classical probability theory, σ-additive:

ρ(
∞⋃

k=1
Pk) =

∞∑
k=1

ρ(Pk) for any finite or countably infinite family of mu-

tually orthogonal events. This condition is fulfilled if and only if ρ is

normal.

If one describes results of experiments by classical probability the-

ory, one requires states to be normal. A non-normal state does not

induce a σ-additive measure on P(H). Therefore, as long as one is

exclusively concerned with the description of statistical experiments, it

is justified to choose S∗ as the set of physical states.

Now we are in a position to understand von Neumnn’s (1932) claim

that observables with continuous spectrum cannot be measured exactly.

Von Neumann makes the assumptions that

(1) The Hilbert spaces in question are separable and that

(2) The state space of a physical system can be identified with the

20A lattice is said to be σ-complete if every countable set of elements has an
infimum and a supremum.

21See Definition 3 in Chapter 2.
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density matrices.

Assumption (2) amounts to the choice of S∗ as set of physical states.

Under these two assumptions, his claim that observables with continu-

ous spectrum cannot be measured exactly emerges as a necessary con-

sequence of the fact that states in which continuous quantities have

a dispersion free value can not be represented as density matrices on

separable Hilbert spaces. Thus there are no physical states in which a

quantity with continuous spectrum has dispersion free values.

Even with a weaker assumption than (2) it is possible to give an ar-

gument why observables with continuous spectrum cannot be measured

exactly. Instead of assumption (2) one can make the weaker assumption

(2’) There exist normal states which reproduce the experimental prob-

ability distributions.

One can argue for (2’) by saying that non-normal states do not induce

a probability measure on the observables, and that the outcome of a

statistical experiment is always represented by a probability measure.

Once (2’) is accepted, then the argument against the exact measurabil-

ity of observables with continuous spectrum goes through smoothly: (1)

implies that states in which such observables have dispersion free val-

ues are not normal, and (2’) says that these states cannot be a possible

outcome of a statistical experiment.

Assumption (2’) obviously is weaker than assumption (2): it allows

for non-normal states as possible states of physical systems, although

they cannot be specified by experiments. (But they can be arbitrarily

well approximated by states which can be specified experimentally.)

Replacing (2) with (2’) makes it possible that there are physical states

in which an observable with continuous spectrum has dispersion free

values. For this reason assumption (2’) is perhaps preferable.
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Still, assumption (2’) is not weak. There are two scenarios in which

it could be violated. Firstly, it may be the case that not every ex-

periment is statistical. (But probably statistics is essential in order to

make sense of the requirement that experiments should be in some sense

repeatable.) Secondly, even if we restrict ourselves to statistical experi-

ments, assumption (2’) reflects the assumption that experimental prob-

ablity distributions should be σ-additive. At the end of section 4.2.2,

I will briefly discuss the consequences of giving up σ-additivity in un-

countable statistical models. Also, it should be mentioned, and I will

come back to this later, that the whole argument breaks down if we

drop assumption (1) and do not restrict ourselves to separable Hilbert

spaces.

4.2.2 Measurability of non-normal states in alge-
braic quantum mechanics

When we pass form B(H) to arbitrary von Neumann algebras M, large

parts of the above discussion still apply. There will, however, be two

further complications. Firstly, if the algebra of observables is not B(H)

but some other von Neumann algebra, one has to face the possibility

that no pure state is normal. This is the case if the von Neumann

algebra is a factor of type II or III. Secondly , the projection lattice

of a general von Neumann algebra may not be atomic (so there may

be propositions P such that there is no atom Q with 0 < Q < P ).

In particular this is the case if the von Neumann algebra is a factor

of types II or III, because the projection lattice of such von Neumann

algebras does not contain any atoms.

Pattern of the argument. Central to the argument is now the following
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Proposition 7 Let M be a von Neumann algebra, and ρ a state on

M. Let A be an observable such that the projection lattice of {A}′′
is atom free. If ρ(A) is dispersion free, ρ(A)2 = ρ(A2), then ρ is not

normal.

Proof: Denote by A the commutative von Neumann algebra {A}′′.
Since ρ(A) is dispersion free, ρ(B) is dispersionfree for any B ∈ A. So

ρ is dispersion free on A. Segal (1947a) showed that a state which is

dispersion free on a von Neumann algebra is pure. Thus ρ is pure on

A. Plymen (1968) showed that atom free von Neumann algebras do

not have any pure normal states. Therefore, since ρ is pure on A, it

cannot be normal on A. A state which is normal on M is also normal

on any von Neumann subalgebra of M. As ρ is not normal on A ⊂M
it cannot be normal on M. 2

The basic pattern of arguments is as follows. Assume (2’) above. To-

gether with Proposition 7 it implies that observables A for which the

projection lattice of {A}′′ is atom free cannot be measured exactly. (In

the case of M = B(H) this is precisely the argument against exact

measurability of observables with continuous spectrum.)

Examples. There are two prominent examples which follow the pattern

of this argument. The first concerns observables with purely continuous

spectrum. The spectral resolution of such an observable is an abelian

von Neumann algebra with atom free projection lattice. Then the above

argument just reduces to the argument of section 4.2.1 that observables

with continuous spectrum cannot be measured exactly.

The second example is provided by classical mechanics. As al-

gebra of observables take L∞(Γ), the functions on phase space es-

sentially bounded with respect to the Liouville measure µ. There
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is no point ω ∈ Γ with µ({ω}) 6= 0. L∞(Γ) is represented on the

Hilbert space L2(Γ, µ) of square integrable functions on the phase space

by (fψ)(x) := f(x)ψ(x). Since L∞(Γ)∗ ∼= L1(Γ), the normal states

on L∞(Γ) correspond to the real-valued integrable functions ρ on Γ

with
∫
Γ ρ(x)dµ(x) = 1. They are the probability measures on phase

space. The projection lattice of L∞(Γ) is given by the Borel sub-

sets of Γ. To every Borel set ∆ associate the projector P∆ defined

by (P∆ψ)(x) := χ∆(x)ψ(x), where χ∆ is the characteristic function of

the set ∆. The expectation value of a projector P∆ in a state ρ is given

by
∫
Γ χ∆(x)ρ(x)dµ(x). P∆ is the zero operator if µ(∆) = 0.

In this example it is clear that (i) the projection lattice is atom-free

and (ii) the pure states on L∞(Γ) are not normal. The argument for (i)

goes as follows: Take a projection E(∆) 6= 0 in the projection lattice of

L∞(Γ). E(∆) 6= 0 is equivalent with µ(∆) 6= 0. (So ∆ cannot consist

of just one point.) Therefore it is possible to find a Borel set ∆′ with

0 < µ(∆′) < µ(∆) and ∆′ ⊂ ∆. We have 0 < E(∆′) < E(∆). To see

(ii) one argues as follows: Plymen (1968, Lemmata 3.2, 3.3) showed that

there is a one-to-one correspondence between the normal states on a von

Neumann algebra in which all observables have a dispersion free value

and the minimal projectors in the centre. Since L∞(Γ) is commutative,

it equals its centre. By (i) it does not have any atoms, and therefore

there are no normal states on L∞(Γ) in which all observables take

dispersion free values. Every pure state on L∞(Γ) takes a dispersion

free value on all observables, and therefore cannot be normal. Thus

there are no pure normal states on L∞(Γ).

Assumption (2’) together with (ii) above implies that in classical

mechanics normal states cannot specify exactly phase space points.

But for two reasons I think that, in this example, the conclusion is put
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in by hand.

Firstly, it is not necessary to use an atom free lattice in classical

mechanics. It is possible to use for classical mechanics an event space

with atoms. Usually the event space Ω in a statistical description is

a σ-complete Boolean algebra. According to a representation theorem

of Loomis (1947) and Sikorski (1960, p. 117), any σ-complete Boolean

algebra is isomorphic to a σ-complete Boolean algebra Σ/∆ of points

sets Σ modulo a σ-ideal in that algebra. Given a phase space Γ, in

order to arrive at an event space, one has to choose a σ-algebra Σ of

subsets of Γ and an ideal ∆ of negligible subsets such that Σ/∆ is the

event space. It would be possible to choose as Σ all subsets of Γ and as

∆ the trivial null ideal. (This amounts to choosing a discrete topology

on Γ, and thus giving up separability of Σ/∆.) Then the event space

would consist of all Borel subsets of Γ, and this Boolean lattice has

atoms .

Secondly, the result that in classical mechanics normal states can-

not specify exactly phase space points is simply a consequence of taking

L∞(Γ) with respect to the Liouville measure µ. Birkhoff and von Neu-

mann (1936) argue that it is experimentally unrealistic to identify each

subset of the phase space with a proposition. (Furthermore this leads

to non-separable event spaces.) Instead they propose to regard sets of

Lebesgue measure zero as experimentally irrelevant and choose ∆ to be

the ideal of Lebesgue (or Liouville) null sets. E({ω}) = 0 is just a con-

sequence of the choice of the Liouville measure, which in turn reflects

the assumption that the points in phase space are not experimentally

accessible. If E({ω}) = 0 were violated, it would not be possible to

show that the projection lattice of L∞(Γ) is atomfree and that there

are no pure normal states on L∞(Γ).
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How conclusive is the argument? Let me now briefly discuss the as-

sumptions entering into the argument.

One main assumption was (2’): Experiments only specify normal

states. As justification of this assumption it is often taken that the

probability distributions resulting from experiments should be σ-additive.

Why should σ-additivity be a necessary condition for a probablity mea-

sure on P(M) to be specifiable by a statistical experiment? It might

seem that for practical purposes finite additivity could be sufficient.22

If this is the case then the non-normal states could not be excluded

from describing the results of statistical experiments: every state ρ on

a von Neumann algebra is finitely additive on its projection lattice. If

we only require that statistical states are described by finitely additive

measures, then any state, normal or not, is a statistical state and can

describe the results of statistical experiments.

But proability theory of continuous models is difficult without σ-

additivity: the Lebesgue monotone convergence theorem breaks down,

and expectation values cannot be properly defined. Furthermore, even

if, for sufficiently regular probablity distributions, the expectation value

can be defined, the strong law of large numbers does not hold. One

cannot be almost certain that the empirical average of a long series

of independent trials converges to the expectation value. This makes

the interpretation of probabilities and expectation values much more

difficult. Therefore, in a continuous model, I would rather stick to the

requirement of σ-additivity.

Another way to circumvent the problem of non-normal states is

to restrict oneself to discrete, or even finite models. Primas (1990a)

asserts that all experiments can be executed in a digital manner and

22This point of view was taken be de Finetti (1972).
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have to be described by a finite Boolean algebra. If the sample space

of an analogue output signal is uncountable, one is forced to use some

classification method together with some statistical decision procedure.

By introducing a finite partition {Bi} of the sample space Ω (i.e. Bi ∩
Bk = ∅ for i 6= k,

n⋃
i=1

Bi = Ω), the observational data are classified into

disjoint groups. Obviously on a finite Boolean algebra finite additivity

and σ-additivity coincide. Thus all states can be regarded as statistical

states.

Let me finally note that the whole problem of non-normality would

not arise if we admitted non-separable Hilbert spaces. For then one can

replace the von Neumann algebra M by its universal representation to

which it is isomorphic. The universal representation equals the bidual

M∗∗. Since M∗ = (M∗∗)∗, every state on M corresponds to a normal

state on the universal representation. The price one has to pay for

this nice feature is that, as a rule, the universal representation is on a

non-separable Hilbert space.

4.3 Inaccurate experiments can only be

described by a classical pointer

In section 4.1 I discussed some known arguments for and against the

classical pointer observable. In this chapter I will give another reason

why the pointer observable should be classical: inaccurate measure-

ments can only be described by a classical pointer.

Apart from the fact that realistic experiments are always inaccurate,

there are some arguments why experiments, as a matter of principle,

cannot be accurate. Whether measurements of observables with con-

tinuous spectrum can be accurate was discussed in the previous section.
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As far as observables with discrete spectrum are concerned, von Neu-

mann (1932) claimed that observables with discrete spectrum can be

measured exactly. This claim about the exact measurablility of dis-

crete observables is relativised by results of Wigner (1952) and Araki

and Yanase (1960), who proved that even a discrete observable cannot

be measured exactly if it does not commute with all conserved quan-

titities. The well known theorem of Wigner (1952), Araki and Yanase

(1960) says that it is impossible to measure exactly the value of an

observable with discrete spectrum, if this observable does not commute

with all conserved quantities. An approximate measurement of such

an observable can be made with the help of an apparatus which is

large enough in the sense that the mean square value of the conserved

quantity is large.23 The bigger this value, the more precise the mea-

surement can be at least in principle. Ozawa (1984), and in a different

context Holevo (1985), showed that on a separable Hilbert space there

is no exactly repeatable measurement of an observable with continuous

spectrum.

One might think of other reasons why experiments are inaccurate.

Remember the result of Chapter 1: for an observer it is not possible

to distinguish all states of a system in which she or he is properly con-

tained. But this argument cannot in general be taken to imply the

impossibility of accurate experiments. Firstly, the argument merely

shows that it is impossible, under certain circumstances, to measure

states exactly. But it leaves open the possibility of measuring quanti-

ties exactly. (The only case when an exact measurement of a quantity

is also an exact state measurement is an ideal first kind measurement

of a quantum observable with non-degenerate spectrum. Such a mea-

23See Yanase 1961.
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surement determines some states exactly, but not all.) Secondly, the

argument only applies if the observed system properly contains the

measurement apparatus. It does not apply if at least some part of the

apparatus is not part of the observed system. Thirdly, the argument

does not apply if the apparatus does not determine the present state

of the observed system, but rather some earlier state.

In section 4.3.1 I will precisely formulate what I mean by an inaccu-

rate measurement. Then, in the central sections 4.3.2 and 4.3.3, I will

show that measurements which are inaccurate in this sense can only be

described by a classical pointer observable.

4.3.1 The requirement of finite measurement ac-
curacy

In this section I give two examples of inaccurate experiments and then

abstract from them a notion of inaccuracy which will be used in this

section.

First example: consider the case where a digital pointer is used to

measure a quantity A with continuous spectrum. So the spectrum of

A is partitioned into finitely many intervals. Let K be the index set

for the intervals, and let each interval be labeled by a number k in it.

The pointer reading k is the same for all states with a dispersion free

expectation value in a given interval k. After a measurement, when the

pointer reads k, we register as final state of the observed system the

one with dispersion free value k, even if the actual final state is one in

which A has some other value in the interval.

Second example: we measure the spin of a particle in a given direc-

tion z. A Stern-Gerlach experiment is inaccurate in the following way.

If the receptor of the counter has finite area, then the counter registers
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particles even if the direction of the magnetic field deviates by a small

angle from z and the particle therefore takes a slightly different trajec-

tory. Therefore these particles give rise to the same pointer reading as

particles with spin exactly in z direction.

These examples suggest the following intuitive notion of inaccuracy:

If an experiment is inaccurate, then to a given pointer reading we as-

sociate not only one state but a neighbourhood in the state space.

Let us try to formulate this notion of inaccuracy in a more general

framework. Assume that the observables of the measured system and

of the apparatus generate von Neumann algebras AS , AM respectively.

Let ρk be some state of the joint system after an experiment leading

to the result k ∈ K. Let K be the set of all possible results. (In

the example of a Stern-Gerlach experiment on a spin 1/2 particle, K

would be a set with two elements, or four if firing of no counter or of

both counters is regarded a possible result.) Assume that the states

ρk are normal and factorial.24 Furthermore, assume that there is one

observable P ∈ AS⊗AM specified which associates the measurement

results ρk(P ) to the typical final states ρk; this is the pointer observable.

It is convenient but not necessary to take ρk(P ) = k.

Definition 23 Let AS⊗AM be a von Neumann algebra describing the

observables of the joint system. An experiment is said to be of finite

accuracy if there exists a δ > 0 and a non-empty family {ρk}k∈K of

normal factor states of the joint system, such that the pointer observable

P has the same expectation value in all pure states ρ of the joint system

24A state is called factorial or factor state, if all classical observables have a
dispersion free value in this state. If all macroscopic observables are classical, one
can say that factor states are “macroscopically pure”. All pure states are factor
states. In traditional quantum mechanics, i.e. if there are no classical observables,
all states, pure or mixed, are factor states.
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satisfying ‖ρ− ρk‖ < δ for some k.

If the joint system is described by a C∗-algebra it is very artificial to

assume the states ρk to be normal. Instead they are taken to be pure.

Definition 24 Let AS ⊗AM be a C∗-algebra describing the observ-

ables of the joint system. An experiment is said to be of finite accu-

racy if there exists a δ > 0 and a non-empty family {ρk}k∈K of pure

states of the joint system, such that the pointer observable P has the

same expectation value in all pure states ρ of the joint system satisfying

‖ρ− ρk‖ < δ for some k.

For brevity I will refer to the conditions in Definition 23 and 24 as

FMA, for finite measurement accuracy. I will conclude this subsection

with some remarks on these definitions.

Only for pure states in the neighbourhood is it required that they

have the same expectation value as ρk. This is necessary for the fol-

lowing reason: If we admitted arbitrary mixed states, then one could

easily violate FMA by taking a mixed state cρk +(1−c)ρ for some state

ρ with ρk(P ) 6= ρ(P ) and c close enough to one.

Secondly, the states ρk are assumed to be factor states (Defini-

tion 23) or pure states (Definition 24) because otherwise it might not

be possible to find factor states or pure states in small neighbourhoods

of ρk.

Thirdly, the assumption in Definition 23 that ρk be normal is not

a restriction: in both the norm and weak∗-topology, the normal states

are dense in the state space of a von Neumann algebra. So for every

neighbourhood one can choose a normal state in it.

Fourthly, it is worthwhile to note that the distance of states is taken

here in the norm topology. It is defined by ‖ρ−ρ′‖ = supA∈AS⊗AM |ρ(A)−
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ρ′(A)|/‖A‖. For states in such a δ-norm neighbourhood, all observables

have expectation values which differ by less than δ. Such states are

indeed very similar. If the inaccuracy of our measurements is δ then

states in such a norm-neighbourhoods cannot be distinguished by ex-

perimental means.

If the distance of states were taken in the weak∗-topology, then

FMA could never be satisfied. Neighbourhoods in the weak∗-topology

are defined with respect to sets of observabes A1, A2, . . . , An by |ρ(Ai)−
ρ′(Ai)| < δ for i = 1, . . . , n. If states are close by standards of the ob-

servables A1, . . . , An, they may be very far apart by the standards of

other observables. In fact, since the norm-topology is strictly finer than

the weak∗-topology, in every weak∗-neighbourhood UA1,...,An;δ(ρ) there

is a state ρ′ and an observable B such that |ρ(B) − ρ′(B)| > δ. So a

measurement of B with inaccuracy δ can still distinguish between ρ and

ρ′. It would be too strong a requirement that measurements with inac-

curacy δ cannot distinguish between states in a weak∗-neighbourhood

UA1,...,An;δ.

Fifthly, I do not claim that experiments which violate FMA are

perfectly accurate. Take for example the case where there are several

possible pointer observables, and we register a definite result if one

of them has a definite value. This kind of inaccuracy is sometimes

invoked in connection with the description of imperfect measurements

in the modal interpretation of quantum mechanics. Another example of

inaccuracy which does not meet the requirement FMA is a degenerate,

quantum mechanical pointer observable. Because of its degeneracy, it

cannot specify states uniquely: all states in an eigenspace correspond

to one pointer reading. But of course there are pure states arbitrarily

close to such a eigenspace which are still not in it. In such a state the
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expectation value of the pointer is different and thus FMA is violated.

Finally, one could give a different, weaker definition of inaccuracy by

requiring that states in a certain neighbourhood lead to very similar

but perhaps not equal expectation values. (The theorems to follow do

not hold for this weaker notion of inaccuracy.)

Last but not least note that in FMA it is not required that the

pointer observable has a dispersionfree value. This will follow as a

corollary.

4.3.2 W ∗-version of the proof

In this subsection we will assume that there is a W ∗-algebra AS⊗AM

given and an observable P in AS⊗AM which is the pointer observable.

The following theorem shows that the condition FMA in Definition 23

can be fulfilled if and only if AS⊗AM has non-trivial centre and a clas-

sical observable P ∈ Z(AS⊗AM) yields the same pointer reading as P

for the typical final states. So the typical final states cannot distinguish

the pointer observable from the classical observable P . Furthermore it

shows that then the typical final states are disjoint. Thus the pointer

observable takes dispersion free values in the typical final states and

in all pure states in their neighbourhood. The proofs of the following

Lemma and Theorem follow Breuer (1993a).

Lemma 7 Let AS ,AM be W ∗-algebras and {ρk}k∈K be a set of normal

factor states on AS⊗AM. Let P ∈ AS⊗AM. Assuming that for all

Z ∈ Z(AS⊗AM) there is a ρk with ρk(Z) 6= 0, the condition FMA in

Definition 23 can be fulfilled if and only if P ∈ Z(AS⊗AM).

Proof: Denote by πρk
(AS⊗AM) the GNS-representation with respect

to the state ρk of AS⊗AM on the Hilbert space Hρk
, where there is a
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cyclic vector Ωρk
such that ρk(A) =< Ωρk

|πρk
(A)|Ωρk

> for all A ∈
AS⊗AM.

Step 1: We show that
⋂

k∈K ker πρk
= {0}.

Take A ∈ ⋂
k∈K ker πρk

. First of all we observe that A cannot be in

Z(AS⊗AM): If A were in Z(AS⊗AM), then there would be a ρk with

ρk(A) 6= 0 and therefore A /∈ ker πρk
.

Since the states ρk are normal,
⋂

k∈K ker πρk
is a weakly closed

two-sided ideal of AS⊗AM. It follows that there is a projection Q ∈
Z(AS⊗AM) such that

⋂
k∈K ker πρk

= Q(AS⊗AM)Q (see Bratelli and

Robinson (1981), Proposition 2.4.22). So
⋂

k∈K ker πρk
6= {0} would

imply that
⋂

k∈K ker πρk
∩ Z(AS⊗AM) 6= {0}. But since there is no

central element in
⋂

k∈K ker πρk
,

⋂
k∈K ker πρk

= {0}.
Step 2: P /∈ Z(AS⊗AM) implies (∀δ)(∃k ∈ K)(∃ρ pure state) :

‖ρ− ρk‖ < δ, ρ(P ) 6= ρk(P ).

P /∈ Z(AS⊗AM) implies that there exists a B ∈ AS⊗AM such

that [P,B] 6= 0. From the first step it follows that there is a k with

πρk
([P,B]) 6= 0. So πρk

(P ) /∈ Z(πρk
(AS⊗AM)). Since πρk

(AS⊗AM) is

a factor, πρk
(P ) cannot be constant. Take any vector state ψ ∈ Hρk

with < ψ|πρk
(P )|ψ >6= < Ωρk

|πρk
(P )|Ωρk

>= ρk(P ). Define ψα :=

αΩρk
+ (1 − α)ψ for 0 < α < 1. Take ρα(A) :=< ψα|πρk

(A)|ψα > for

all A ∈ AS⊗AM. Now it can be checked that all ρα are pure states

satisfying ρα(P ) 6= ρk(P ). If we choose α close enough to one, then

‖ρα − ρk‖ < δ.

Step 3: P ∈ Z(AS⊗AM) implies (∃δ)(∀k ∈ K)(∀ρ pure) : ‖ρ− ρk‖ <

δ ⇒ ρ(P ) = ρk(P ).

Take δ < infi6=k‖ρi − ρk‖/2 < 2 and let ρ be a pure state with

‖ρ− ρk‖ < δ < 2 for some k. From Glimm and Kadison (1960) it

follows that the representations πρ and πρk
are quasi-equivalent. All
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classical observables have the same value in the states ρ and ρk, so

ρ(P ) = ρk(P ). 2

Theorem 8 Let AS ,AM be W ∗-algebras and {ρk}k∈K be a set of nor-

mal factor states on AS⊗AM. Let P ∈ AS⊗AM. The condition FMA

in Definition 23 can be fulfilled if and only if there is an observable P

in Z(AS⊗AM) with ρk(P ) = ρk(P ), ∀k ∈ K. In this case the states

{ρk}k∈K are mutually disjoint because for i 6= k and P ∈ Z(AS⊗AM),

ρk(P ) 6= ρi(P ).

Proof: The family {ρk}k∈K defines a two-sided ideal I ⊂ AS⊗AM by

I := {A|ρk(B
∗AC) = 0, ∀B, C ∈ AS⊗AM, ∀k ∈ K}.

Note that I =
⋂

k∈K ker πρk
. There exists central projection Q ∈

AS⊗AM such that I = (AS⊗AM)Q = Q(AS⊗AM)Q. AS⊗AM can

be written as AS⊗AM = (AS⊗AM)(1−Q)⊕(AS⊗AM)Q =: A1⊕A2.

Since for every Z ′ ∈ Z(A1) there is a ρk with ρk(Z
′) 6= 0, we have

⋂
k∈K ker πρk

(A1 ⊕ 0) = {0}. Every observable A ∈ AS⊗AM can be

written as A = A′ ⊕ A′′ with A′ ∈ A1, A
′′ ∈ A2; every state ρ on

AS⊗AM as ρ = ρ′ + ρ′′.

As
⋂

k∈K ker πρk
(A1 ⊕ 0) = {0}, everything now follows from the

proof of the Lemma: If there is a P ∈ Z(AS⊗AM) with (∀k ∈ K) :

ρk(P ) = ρk(P ), then all factor states ρ with ‖ρ− ρk‖ < δ satisfy ρ(P
′⊕

0) = ρ′(P
′
) = ρ′k(P

′
) = ρk(P

′ ⊕ 0). So FMA is satisfied for the pointer

observable P
′⊕0 =: P . If there is no P ∈ Z(AS⊗AM) with (∀k ∈ K) :

ρk(P ) = ρk(P ), then P ′ /∈ Z(A1). From the second step of the proof

of the Lemma it follows that (∀δ)(∃k ∈ K)(∃ρ′ factor state onA1) :

‖ρ′ − ρ′k‖ < δ but ρ′k(P
′) 6= ρ′(P ′). Taking ρ := ρ′ + ρ′′k it follows that

‖ρ− ρk‖ < δ but ρ(P ) 6= ρk(P ). 2
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Corollary 3 If the conition FMA of Definition 23 is fulfilled, then

the pointer observable P has a dispersion-free value in the typical final

states ρk.

The drawback of Theorem 8 is that as long as the typical final states

ρk are assumed to be normal and the W ∗-algebra AS⊗AM can be rep-

resented faithfully on a separable Hilbert space, there cannot be a con-

tinuous observable on which they take different dispersionfree values.

Therefore, this pure W∗-framework is not suitable for the description of

a continuous pointer observable, except perhaps in Piron’s (1976) ap-

proach which always uses a discrete topology but can represent observ-

ables with uncountable spectrum only on non-separable Hilbert spaces.

4.3.3 C∗-version of the Proof

Theorem 8 uses a pure W∗-framework. The assumption that the typical

final states are normal is sensible in a statistical description because

otherwise these states would not be σ-additive and therefore would not

induce probability measures.

A C∗-algebraic version of Theorem 8 meets two difficulties: Firstly,

the assumption that the typical final states ρk are normal cannot be

justified. In fact normality is not a very natural concept for states on

C∗-algebras. The C∗-framework is not suitable for a statistical descrip-

tion but rather for an individual one. In an individual description it

is justified to assume the typical final states to be pure. Secondly, the

basic C∗-algebra of quasilocal observables usually has trivial centre so

that we do not have any classical observables. In this section I try to

weld together these two problems and give a C∗-algebraic version of

Theorem 8. In doing so I will follow Breuer, Landsman, and Amann

(1993a).
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As an abstract, representation independent C∗-analogue of Theo-

rem 8 one could show the following.

Let {ρk}k∈K be a family of pure states on a C∗-algebra AS ⊗AM. This

family defines a two-sided ideal I by

I := {A ∈ AS ⊗AM : ρk(B
∗AC) = 0, ∀k ∈ K, ∀B, C ∈ AS ⊗AM}.

Then the condition FMA in Definition 24 can be satisfied if and only

if there exists an observable P ∈ Z(AS ⊗AM/I) such that ρk(P ) =

ρk(P ) for all k ∈ K.

I will not prove this proposition because it is not very useful. The

algebra of quasilocal observables, obtained as a C∗-inductive limit, usu-

ally has trivial centre and is simple. Since it has trivial centre we cannot

find a classical pointer observable in it. Since it is simple the ideal I
defined by the {ρk}k∈K is the null-ideal, so Z(AS ⊗AM/I) is again

trivial. Therefore in most quantum theories the above proposition is

empty.

This brings our attention to a fundamental problem rooted in the

use of a classical pointer observable: How does a classical observable

arise in a quantum system? Usually the algebra of quasilocal observ-

ables is simple. Classical observables are often only in the weak closure

of a particular representation appropriate to describe the particular

situation under consideration. In the same way, the pointer observ-

able will usually not be an element of the basic C∗-algebra AS ⊗AM.

Rather it will be in the weak closure of a representation appropriate to

describe measurement situations. The main goal is to find such a rep-

resentation. So it is natural to change strategy and abandon the search

for an abstract, representation independent version of Theorem 8. It is
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more appropriate to look for a representation of the basic C∗-algebra

AS ⊗AM such that the pointer observable is contained at least in the

weak closure and that we recover the W ∗-algebraic situation of Theo-

rem 8.

To see the situation more clearly, let us summarise first the typi-

cal features of realistic measurement situations. The basic C∗-algebra

AS ⊗AM generated by the local observables of the joint system is

given. Furthermore, we have a family {ρk}k∈K of typical final states.

In an individual description we will require them to be pure. There is

a pointer value functional p on the states (so p is an element of the bid-

ual (AS ⊗AM)∗∗) which has different values on the typical final states.

Furthermore, we know that realistic measurements are inaccurate in the

way described in section 4.3.1: there is a δ > 0 such that for all pure

states ρ on AS ⊗AM we have ‖ρ− ρk‖ < δ for some k ⇒< p, ρk >=<

p, ρ > .

The goal now is to find a representation of the basic C∗-algebra

AS ⊗AM which can incorporate these features. The existence of a

representation describing this situation is guaranteed by the following

Theorem 9 Let AS ⊗AM be the simple C ∗-algebra of observables of

the joint system, ⊗ denoting the minimal ∗-tensor product. Assume

that there is a set {ρk}k∈K of pure typical final states on AS ⊗AM

and a pointer functional p ∈ (AS ⊗AM)∗∗ on the states such that the

requirement FMA of Definition 24 is fulfilled:

((∃δ > 0)(∀ρ pure states)) : ‖ρ− ρk‖ < δ for some k ⇒< p, ρk >=< p, ρ > .

Then there is a representation π0 of AS ⊗AM such that the states

ρk can be extended to normal states ρk on π0(AS ⊗AM)′′, and that

there is an observable P ∈ π(AS ⊗AM)′′ with ρk(P ) =< p, ρk > for
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all k. Furthermore, P is in the centre of π0(AS ⊗AM)′′ and therefore

classical. The states ρk (as well as the ρk) are mutually disjoint, because

ρk(P ) =< ρk, p > 6= ρi(P ) =< ρi, p > for i 6= k.

Proof: Embed AS ⊗AM canonically into its enveloping von Neu-

mann algebra B, which is the weak closure of its universal representa-

tion. As a Banach space B is isomorphic to the bidual (AS ⊗AM)∗∗. To

this imbedding there corresponds an isometric isomorphism of (AS ⊗AM)∗

onto the predual of B, associating to each state ρ on AS ⊗AM a nor-

mal state ρ̃ on B. Since the states ρk on AS ⊗AM are pure, the W∗-

algebraic version of FMA is satisfied for the pointer functional p and

the typical final states ρ̃k. From Theorem 8 it follows that there is a

central projection Q ∈ Z(B) such that Z(QB) contains an observable

P on which the restrictions of the ρ̃k take the same values as the pointer

functional P does on the ρk. Now take as π0 the subrepresentation of

the universal representation specified by π0(AS ⊗AM)′′ = QB. Since

AS ⊗AM is simple it is isomorphic to π0(AS ⊗AM). π0 satisfies the

conditions we mentioned in the proposition: the states ρk extend to

states ρk which are defined by ρk(QA) = ρ̃k(A), A ∈ B, the pointer

observable P is in π0(AS ⊗AM)′′ and fulfils ρ̃k(P ) =< p, ρk >, and

FMA is satisfied.
2

Let me make some remarks on this result. Firstly, even if AS ⊗AM has

a trivial centre, (AS ⊗AM)∗∗ does not if AS ⊗AM has disjoint repre-

sentations. This is for example the case if AS ⊗AM is the C∗-algebra

arising as C∗-inductive limit of finite systems. Secondly, knowing from

experimental experience that measurements are inaccurate, Theorem 9

guarantees the existence of a representation which can describe this sit-
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uation. It turns out that in such a representation the pointer observable

is classical.

Theorem 9 is not satisfactory because from a physical point of view

it would have been justified to require the representation π to be sep-

arable. Theorem 9 does not prove the existence of a separable repre-

sentation fulfilling all the other requirements. If the pointer functional

has a continuous range of possible values, then the representation π0

constructed in the proof of Theorem 9 is surely not separable. Another

drawback of Theorem 9 is that the states ρk are normal. This is not

what is needed in the case of a continuous pointer observable, because

normal states cannot take a dispersionfree value on an observable with

continuous spectrum. The consequence of Theorem 9 primarily used in

the sequel is that the typical final states ρk are disjoint.

4.3.4 The continuous classical pointer

Neither Theorem 8 nor Theorem 9 can offer a satisfactory description

of a continuous pointer. Theorem 8 had to assume the normality of the

typical final states, which is a condition that cannot be satisfied for a

continuous pointer observable on a separable Hilbert space. Theorem 9

led to non-separable representations. Furthermore, the extended states

ρk constructed there were normal. This is fine in the case of a discrete

pointer, but not for a continuous pointer. (The points in the continu-

ous phase space M of a classical system do not correspond to normal

states on L∞(M).) So a representation can only be appropriate for the

description of an experiment with continuous pointer if the states ρk

can be extended to states which are not normal on the centre of the

representation.

Now we will try to construct, under some additional assumptions,
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a measurement representation which is appropriate for the description

of classical pointer observables with continuous spectrum. The starting

point is the abstract C∗-algebra AS ⊗AM and the set {ρk}k∈K of pure

typical final states. From Theorem 9 we know that the ρk are mutually

disjoint if the described experiment is inaccurate. Assume also that the

Hilbert spaces Hρk
of the GNS-representations πρk

are all isomorphic

to a separable Hilbert space Hρ.

In the discrete case the direct sum representation

π :=
⊕

k∈K

πρk

can be taken as a measurement representation. It has the functions on

the discrete set K as the centre. π(AS ⊗AM)′′ is isomorphic to the

tensor-product of this centre with a factor πρk
.

In the case of a continuous pointer we will expect something similar,

except that the commutative part of the representation will correspond

to functions on a continuous configuration space K. In this case the

states ρk will not be extendable to normal states on the representation.

The singular character of the extensions is, however, of a harmless

kind. Only their restrictions to the commutative part are singular, on

the factor they are normal. (It would be much worse to have a singular

state on a type II or III factor, since these states do not fulfil the

Jauch-Piron condition.25)

For a continuous pointer the index set K of typical final states

contains continuously many elements; assume it to be the real line IR.

Taking µ to be a probability measure on the real line, for example

dµ(k) = π−1/2 exp(−k2)dk, define ω :=
∫
IR dµ(k)ρk. Then

πω =
∫ ⊕

IR
dµ(k)πρk

25See Amann (1987b).
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is the direct integral of the mutually disjoint factor representations πρk
.

The main problem now is that, in contradistinction to the discrete

case, the diagonal operators (that is, those of the form
∫⊕
IR dµ(k)f(k)1k)

are not necessarily in the weak closure of the direct integral represen-

tation πω. The direct integral of disjoint representations πω may have

trivial centre.26 But under some additional assumptions (which are suf-

ficient, not necessary) the centre of the direct integral representation

πω can be shown to be non-trivial.

Firstly, this is the case if πω(AS ⊗AM)′′ is of type I or II1: If the

direct integral over irreducible (or type II1) and mutually disjoint rep-

resentations of a C∗-algebra is again of type I (II1), then the centre of

the direct integral representation is non-trivial.27 (Conversely, the com-

ponents in a direct integral decomposition of a von Neumann algebra

of type A which contains the diagonal operators, are again of type A

(A =I, II1; in fact this converse holds for A = II∞, III) as well.)

For the representation πω constructed above one can give a simple

argument to show that

Z(πω(AS ⊗AM)′′) ∼= L∞(IR) if πω(AS ⊗AM)′′ is of type I. If πω(AS ⊗AM)′′

is of type I then it is quasi-equivalent to a multiplicity-free representation.28

As the πρk
in the integral πω are mutually disjoint and irreducible, πω

is itself multipicity-free. Therefore29 the commutant πω(AS ⊗AM)′ is

abelian and the composition of πω into irreducible representations is

unique.30 Since πω(AS ⊗AM)′ is abelian, each factor in the central

decomposition of πω is irreducible. Making this decomposition in our

special case of an integral representation over the real line, one sees that

26See e.g. Dixmier (1964b) and Mackey (1978, chaps 7,8).
27See Guichardet (1964).
28See Dixmier (1964a), 5.4.6.
29See Dixmier (1964a), 5.4.4.
30See Bratteli and Robinson (1979), Theorem 4.2.3.
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πω(AS ⊗AM)′ ∼= L∞(IR). Since the commutant is abelian it equals the

centre. Thus Z(πω(AS ⊗AM)′′) ∼= L∞(IR).

If the direct integral representation πω(AS ⊗AM)′′ is not of type I,

then it may be badly behaved. In case πω(AS ⊗AM)′′ is of types II

or III the above argument that the centre is not trivial breaks down.

The commutant of such representations cannot be abelian since the

commutant is always of the same type as the representation and abelian

von Neumann algebras are of type I.

Under the assumption that πω(AS ⊗AM)′′ is of type I, this rep-

resentation is indeed appropriate for the description of measurements

with continuous pointer. The extensions of the states ρk are singular

on the centre L∞(IR). Since L2(IR, µ) and all Hρk
= Hρ are separable,

so is Hω =
∫⊕
IR dµ(k)Hρk

. Furthermore, if the representations πρk
are

separable, then the direct integral representation πω is separable. But

the assumption that the direct integral representation is of type I is

very strong. In many applications to thermodynamics or field theories

one deals with factors of type III.

Secondly, by integration over disjoint factors one can obtain a non-

trivial centre if the system is asymptotically abelian. More precisely,

Amann (1987a) showed that if the system is asymptotically abelian in

the norm topology (i.e.,

lim|q|→∞‖[α|q|(A), B]‖ = 0, where α : IR3 → Aut(AS ⊗AM) is the

representation of the group IR3 of space translations), and if there is a

translation invariant state φ, and if the action of the symmetry group

G commutes with the space translations, then the centre of the direct

integral representation obtained from averaging the factor πφ over G/H

is isomorphic to the abelian von Neumann algebra L∞(G/H). (Here H

is the subgroup of G leaving φ invariant.) We have πω(AS ⊗AM)′′ ∼=
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L∞(G/H)⊗ πφ(AS ⊗AM)′′.

4.4 The time-evolution of the classical pointer

4.4.1 Infinite time limit for automorphic measure-
ments with classical pointer

Hamiltonian and automorphic time evolutions. In traditional Hilbert

space quantum mechanics, the time-evolution is generated by the self-

adjoint Hamiltonian operator. In the Heisenberg-picture the time evo-

lution of an observable A is given by

UtAU∗
t =: αt(A),

where Ut = exp(itH).

The maps αt : B(H) → B(H) are ∗-automorphisms of the von Neu-

mann algebra B(H) because they have the following properties:

(i) αt(λA + µB) = λαt(A) + µαt(B),

(ii) αt(AB) = αt(A)αt(B),

(iii) αt(A
∗) = (αt(A)∗

(iv) αt+s = αt ◦ αs, and

(v) t 7→ αt(A) is, for all A ∈ B(H), continuous in the σ-weak topology

on B(H).

Restricted to the C∗-aglebra K(H) of compact operators on H, the

maps αt : K(H) → K(H) form a even a C∗-automorphism group be-

cause they fulfil requirements (i)-(iv) above and additionally

(v’) t 7→ αt(A) is, for all A ∈ K(H), continuous in the norm topology

on K(H).

On B(H) norm continuity holds only if the Hamiltonian is bounded.

Generalising the concept of Hamiltonian time-evolution, automor-

phic time-evolution may be defined to be pointwise norm continuous one
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parameter ∗-automorphism-group of a C∗-algebra. This definition pro-

vides for a real generalisation of Hamiltonian time-evolution: Firstly, it

may happen that a given one parameter group of automorphisms does

not allow a strongly continuous unitary implementation. Secondly, even

if the automorphisms are unitarily implementable in some representa-

tions, the Hamiltonian may depend on the representation.

The classical pointer and automorphic time evolution. In spite of the

fact that automorphic time evolutions of a C∗-algebra are more general

than Hamiltonian ones, automorphic time-evolutions have difficulties

in describing the evolution of a classical pointer observable. This was

pointed out by Hepp (1972, Lemma 2). He showed that if two states

ρ1, ρ2 on a C∗-algebra are in the same superselection sector, and if αt

is an automorphism, then ρ1 ◦ αt and ρ2 ◦ αt will again be in the same

sector. Applied to measurements, this has the following consequence:

The initial states of the joint system are all in the superselection sector

corresponding to pointer “ready”; if the time evolution is described by

a one parameter automophism group of the C∗-algebra, then for ev-

ery finite time the time evolved states will still be in the same sector.

Therefore every classical observable, in particular the pointer observ-

able, will have the same value in the time evolved states. The value of

a classical pointer observable does not change in finite time.

There are two ways to circumvent Hepp’s no-go theorem: Firstly

one can take a time evolution which is not an automorphism of the

C∗-algebra. I will deal with this approach in section 4.4.2. Secondly,

and this way of escape was emphasised by Hepp, one can take the limit

t → ∞: Even if ρ1, ρ2 are in the same sector and the time evolution

is described by a norm-continuous automorphism group αt, ρ1 ◦αt and
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ρ2 ◦ αt can converge for t →∞ to disjoint states.

But for two reasons there are problems with this second way of

escape. Firstly, if one insists that the experimentally relevant pointer

observable really is classical, then it can change its value just in the

infinite time limit. Real measurements, however, only take finite time.

Secondly, convergence to the disjoint final states ρ∞1 , ρ∞2 only takes

place in the weak∗- topology on the state space. This means that for

any fixed set of observables A1, . . . , An we have

lim
t→∞(ρ1(αt(Ai))− ρ∞1 (Ai)) = 0,

and similarily for ρ2. But for any given time and any given ε it is

possible to find an observable B(t) for which the interference terms

between ρ1 ◦ αt and ρ2 ◦ αt are bigger than ε. (The operator B(t) can

simply be chosen in such a way that the Heisenberg time evolution is

undone.) In the norm topology no limit at all is approached and the

measurement will never even approximately be completed. It was for

this reason that Bell (1975) doubted the physical significance of Hepp’s

result.

Peres (1980, 1986) responded to Bell’s criticism by pointing out that

the choice of B(t) requires an inversion of the equations of motion. For

large systems this is practically impossible. Landsman (1995) argued

that it is not really necessary to calculate the inverse time evolution

because the initial state, which is the result of the inverse time evolu-

tion, is already known. Instead, Landsman argues, the observed time

evolution is irreversible due to the fact that we monitor only some se-

lected degrees of freedom. This irreversibility makes it impossible to

apply Bell’s argument.

Other models which use the infinite time limit. Let me now discuss the
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first argument against taking the infinite time limit: If one insists that

the experimentally relevant pointer observable really is classical, then

an automorphic time evolution can change its value just in the infinite

time limit. Real measurements, however, only take finite time.

This is of course an argument which can be raised against all mea-

surement models using the infinite time limit. For example, Whitten-

Wolfe and Emch (1976), Hannabus (1984), Lockhart and Misra (1986),

Frigerio (1974) presented models in which the correlations between ap-

paratus and system vanish in the infinite time limit. Joos and Zeh

(1985), as well as Zurek (1982) include the environment into their con-

siderations and arrive in the infinite time limit at a state whose partial

trace over the environment is the wanted final state s2. At any finite

time, partial tracing leads to a state with non-vanishing off-diagonal

terms in the pointer basis. The rôle of the environment is to accelerate

the convergence of the off-diagonal terms to zero. Furthermore, if the

environment is infinite, Poincaré recurrence can be excluded.

But unlike Hepp’s model, these above models have trivial superse-

lection structure, although they often take as environment an infinite

system. The arguments against the infinite time limit are less harmful

to these models because the pointer observable takes different values

already at finite time. It is just the interference terms which take an

infinite time to vanish. But such models fare worse than Hepp’s model

on a different account: they have difficulties in justifying the ignorance

interpretation.

Irreversible time evolutions. A non-linear irreversible time evolution of

the apparatus and object system is often obtained as reduced dynam-

ics: the feedback effects of the environment on the system are decribed
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by a non-linear equation. In an important paper Hannabus (1984)

showed the following. Take any contractive semi-group describing the

irreversible time-evolution of apparatus and object system. (The tran-

sition (
∑

cn|on〉)⊗ |I〉 → s2 can be achieved by such a time evolution.)

Then it is possible to find an environment and an interaction such that

the dynamical semigroup is approximated arbitrarily well by reducing

the unitary dynamics of the bigger system.

The measurement models making reference to an unobserved envi-

ronment can, even if they fully succeed, explain only the emergence of

observer-dependent facts in a quantum world. They are however not

able to satisfy the less modest realist demanding the explanation of

observer-independent facts.

4.4.2 Non-automorphic time evolution

Up to now non-automorphic time evolutions were discussed for reduced

dynamics. In this final section I would like to discuss the possibility of

non-automorphic time evolutions for closed systems. I will argue that

for systems with long-range interactions non-automorphic time evolu-

tions are very natural. Finally I will give an example of a time evolution

which has some of the features displayed by long range dynamics and

leads in finite time to disjoint final states.

Hepp’s Big Bang time evolution. Hepp (1972) proposed the following

“big bang model” for measurements. Other time evolutions achieving

the same have been proposed by Bub (1988, 1989) and Wan (1980).

Consider an infinite spin chain. Assume that the first spin (at site

n = 0) serves as the observed system, and all the other spins (at sites

n = 1, 2, 3, . . .) as measurement apparatus. So HS = C2 and HM =
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⊗∞
n=1 C2

n. Let the unitary operator U(t) : HM → HM be defined by

linear extension of

U(t)
∞⊗

n=1

ψn :=
∞⊗

n=1

(exp(iσ1t)ψn).

Assume that the measured quantity is the spin σ3 in 3-direction, and

denote by P+ and P− the projectors onto the eigenstates ψ+, ψ− of σ3.

Then Hepp defines a unitary operator W (t) : HS ⊗ HM → HS ⊗ HM

by

W (t) := P+ ⊗ 1 + P− ⊗ U(t).

Take as initial states ψ+
0 ⊗ φ+ (resp. ψ−0 ⊗ φ+), where φ+ =

⊗∞
n=1 ψ+

n .

Then

W (t)ψ+
0 ⊗ φ+ = ψ+

0 ⊗ φ+

and

W (t)ψ−0 ⊗ φ+ = ψ−0 ⊗
∞⊗

n=1

(exp(iσ1t)ψn)

are disjoint for arbitrarily small t > 0. Thus W (t) transforms the

states ψ+
0 ⊗ φ+ and ψ−0 ⊗ φ+, which are in the same superselection

sector, in arbitrarily short time into states which are not in the same

superselection sector.

The time evolution W (t) used by Hepp is the infinite system ana-

logue of the first measurement time evolution defined by von Neu-

mann (1932, p. 235). Von Neumann chose the pointer basis {pn},
n = 0,±1,±2 . . ., for HM and a basis of eigenvectors for the observed

quantity {om}, m = 0,±1,±2 . . ., for HM . He then defined a unitary

map HS ⊗HM → HS ⊗HM by linear extension of

om ⊗ pn 7→ om ⊗ pm+n. (4.1)
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This unitary map achieves exactly the coupling

∑
cmom ⊗ p0 →

∑
cmom ⊗ pm.

If there are just two possible values of the measured quantity (m =

1, 2)then one can replace (4.1) with

om ⊗ pn 7→ om ⊗ p(n+m+1)mod2.

This extends precisely to Hepp’s W (t) for t = π.

Hepp’s Big Bang time evolution does not lead to an automorphism of

A∗∗. W (t) maps equivalent states in finite time into disjoint states, and

therefore cannot, by Hepp’s (1972) Lemma 2, be an automorphism of

the C∗-algebra A of quasilocal operators on HS⊗HM . But W (t) is not

even an automorphism of the W ∗-algebra A∗∗ (which is isomorphic to

the weak closure of the universal representation of A). To see this one

argues as follows.

Choose a product state φ1 ∈ HS ⊗ HM and a t > 0 such that

(P− ⊗ U(t))φ1 =: φ2 and (P− ⊗ U(t)∗)φ1 =: φ0 are disjoint from φ1

and from each other. Since φ1 is a product state it is pure. The

same is true for φ0 and φ2. The operators P± ⊗ 1, P± ⊗ U(t), and

P± ⊗ U(t)∗ map φ1 and φ2 into pure states. Pure states can only be

in the same superselection sector (then we write ∼) or disjoint (then

we write 6∼). We then have the following relations (P± ⊗ 1)φi ∼ φi,

(P± ⊗ U(t))φ1 ∼ φ2, (P± ⊗ U(t)∗)φ2 ∼ φ1. If φ ∼ φ′ then there exists

an A ∈ A such that 〈φ|A|φ′〉 6= 0. If, however, φ 6∼ φ′ then 〈φ|A|φ′〉 = 0

for all A ∈ A. Putting all this together we obtain

〈φ1|W (t)AW (t)∗|φ2〉 = 〈φ1|(P+ ⊗ 1 + P− ⊗ U(t))A(P+ ⊗ 1 + P− ⊗ U(t))∗|φ2〉
= 〈φ1|(P+ ⊗ 1)A(P+ ⊗ 1)∗|φ2〉
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+〈φ1|(P− ⊗ U(t))A(P− ⊗ U(t)∗)|φ2〉
+〈φ1|(P− ⊗ U(t))A(P+ ⊗ 1)∗|φ2〉
+〈φ1|(P+ ⊗ 1)A(P− ⊗ U(t)∗)|φ2〉.

Since all four summands on the right hand side, except the last, vanish,

there is an A ∈ A such that

〈φ1|W (t)AW (t)∗|φ2〉 6= 0.

But for all operators B ∈ A∗∗ we have 〈φ1|B|φ2〉 = 0. Therefore

W (t)AW (t)∗ cannot be in A∗∗. Thus the unitary time evolution W (t)

does not lead to an automorphism of A∗∗.

Time evolution in the presence of long range interactions. Non-automorphic

time evolutions arise in some lattice models with long-range interactions.31

These models do not admit a time evolution described by a one-parameter

group of automorphisms of the quasilocal algebra. Landsman (1991)

suggested that the kind of dynamics arising in the presence of long

range interactions might be used to describe measurement evolutions.

The typical picture of the dynamics in the presence of long range

interactions, as described in Morchio and Strocchi (1987), looks as fol-

lows. One starts with a series of Hamiltonians HΛ. The parameter Λ

refers usually to a finite volume cut-off or to an infrared cut-off. Finally

one has to take the limit Λ →∞. Then one defines a Λ-dependent time

evolution by automorphisms αΛ
t of A

αΛ
t (x) := exp(itHΛ)x exp(−itHΛ), x ∈ A.

31Examples are the mean field models of Hepp and Lieb (1972), Morchio and
Strocchi (1985), Bóna (1988), Unnerstall (1990).
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If the interactions is of sufficient long range32 the limit limΛ→∞ αΛ
t (x),

x ∈ A does not exist in norm. Rather, there is a class F of physically

relevant states such that

lim
Λ→∞

ρ(αΛ
t (x)) =: ρt(x)

exists for all x ∈ A only if ρ ∈ F . Passing to the Schrödinger picture

this defines a time evolution which is not an automorphism group of A.

Since it is not possible to write ρt = ρ ◦ αt for some automorphism αt,

Hepp’s (1972) Lemma 2 does not apply. Thus it is not excluded that

two states ρ, ω on A which are in the same superselection sector evolve

in finite time t into disjoint states ρt, ωt.

But the evolutions studied by Morchio and Strocchi (1987) are not

general enough for our purposes. The reason for this is that their inter-

actions lead to an automorphic time evolution of some von Neumann

algebra M, A ⊂ M ⊂ A∗∗. But then Hepp’s (1972) Lemma 2 can be

applied to states on M.

A proposal for a non-automorphic time evolution. Finally I would like

to give an example of a measurement model which displays some of

the structure typical for long range interactions, and which leads to

disjoint pointer states in finite time. This time evolution is a limit of

automorphic evolutions, but is itself not an automorphism of a A,A∗∗,

or M. The basic idea is that a long range interaction (in the sense

of Morchio and Strocchi (1987) or Bóna (1988)) of the apparatus is

coupled to the measured observable.

Consider the infinite Weyl system described in chapter 3. Take as

observed system the 0-th particle and as apparatus the other particles

32Sufficiently long range means in the example of spin systems with two-body
interaction that the potential must decay slower than r−3. See Haag, Hugenholz,
and Winnink (1967), or Robinson (1968).
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1, 2, . . .. Let H := L2(IR3) and let Hn, n = 0, 1, 2, . . ., be copies of H.

So HS = B(H0) and HM =
⊗∞

n=1 B(Hn). As measured observable take

the position of particle 0, and as pointer observable take the position

1 ⊗ QΠ of the centre of mass of the particles 1, 2, . . .. In chapter 3 it

was shown that 1⊗QΠ is classical. Assume that masses are big enough

for the kinetic energy terms to be negligible.

As finite volume Hamiltonian define

HN := q
N∑

n=1

∂

∂rn

.

(So N plays the rôle of the cut-off parameter Λ above.) A solution Ψ

of the Schrödinger equation

∂

∂t
Ψt(q, r1, r2, . . .) = −HNΨt(q, r1, r2, . . .)

must be of the form

Ψt(q, r1, r2, . . .) = f(q, r1 + tq, . . . , rN + tq, rN+1, . . .)

where f(q, r1, r2, . . .) = Ψ0(q, r1, r2, . . .). If we choose as initial state

the product state

Ψ0(q, r1, r2, . . .) := φ0(q)ψ1(r1)ψ2(r2) . . .

then the state at time t will be the product state

φ(q)ψ1(r1 + tq) . . . ψN(rN + tq)ψN+1(rN+1) . . . = exp(itHN)Ψ0.

The map

x 7→ exp(itHN)x exp(−itHN) =: αN
t (x), x ∈ A

defines an automorphism of A which can be extended to an automor-

phism of A∗∗.
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Let us now take the limit N → ∞ of the finite volume dynamics.

For all states Ψ0 for which the limit limN→∞〈Ψ0|αN
t (x)|Ψ0〉 exists for

all x ∈ A one has

lim
N→∞

exp(itHN)Ψ0(q, r1, r2, . . .) = Ψ0(q, r1+tq, r2+tq, . . .) =: Ψt(q, r1, r2, . . .).

The pointer observable 1⊗QΠ has different dispersion free expectation

values in the states Ψ0 and Ψt for any t > 0. These states are disjoint

after an arbitrary short time.

This model is very crude for several reasons. Firstly, it is not clear

whether the above intuitive picture persists if the kinetic energy terms

are included in the Hamiltonian. Secondly, it would have to be investi-

gated for which states Ψ and for which x the limit limN→∞〈Ψ|αN
t (x)|Ψ〉

exists. Thirdly, the model is essentially non-relativistic.33 Finally, it

does not seem probable that any realistic measurement interaction is

of the simple form described in the model. (This is perhaps the least

disturbing feature since the Hamiltonian HN is exactly the N -particle

version of von Neumann’s (1932, p. 236) measurement Hamiltonian.)

Observe that the proposed interaction cannot be an automorphism

group ofA, nor ofA∗∗, nor of any von Neumann algebraA ⊂M ⊂ A∗∗.

In this respect the proposed interaction differs from the long range

interactions studied by Morchio and Strocchi (1987), or the mean field

interactions of Bóna (1988). The decisive point of the interaction given

here is that it couples a microscopic observable and a macroscopic one.

33It would perhaps be possible to have long range interactions in a relativistic
field theory if one chooses a non-relativistic gauge. Because of gauge invariance the
theory can still be relativistic.
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Amann A. (1978), Über eine Verallgemeinerung des quantenmechanis-
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Dixmier J. (1964a), Les C∗-algèbres et leurs représentastions, Cahiers

Scientifiques, 29, Paris: Gauthier-Villars



242 REFERENCES

Dixmier J. (1964b), C. R. Acad. Sc. Paris 258, 4184

Duflo M., Moore C. C. (1976), J. Funct. Anal. 21, 209-243

Earman J. (1986), A Primer on Determinism, Dordrecht: D. Reidel

Earman J., Shimony A. (1968), Nuovo Cimento B 54, 332

Einstein A., Podolsky B., Rosen N. (1935), Phys. Rev. 47, 777

Emch G. G. (1990), pp. 356-364 in V. V. Dodonov, V. I. Man’ko

(eds.): Group Theoretical Methods in Physics (Moscow 1990), Berlin:

Springer, 1991

Espagnat B. de (1966), Nuovo Cimento Suppl. 4, 828

Everett H. III (1957), “ ‘Relative State’ Formulation of Quantum Me-

chanics”, Reviews in Modern Physics bf 29, 454-462

Fine A. (1972), Phys.Rev. D 2, 2783

Finetti, de B.(1972), Theory of Probability, New York: Wiley

Finkelstein D. (1988), “Finite Physics”, in R.Herken (ed.): The Uni-

versal Turing Machine. A half-Century Survey, Oxford: University

Press

Frigiero A. (1974), Ann.Inst.H.Poincaré A 3, 259
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