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Summary. Maximum Loss over admissibility domains with a specified probability
mass shows a peculiar kind of dimensional dependence: for a fixed portfolio and fixed
probability of the admissibility domain, the inclusion of additional irrelevant risk
factors increases Maximum Loss. For elliptical distributions we propose a way how
to avoid this counter-intuitive effect. If we characterise the admissibility domain by
its Mahalanobis radius instead of its probability mass, the inclusion of irrelevant
risk factors, or of risk factors which are highly correlated to other risk factors does
not affect Maximum Loss.
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1 Introduction

The Maximum Loss (MaxLoss) of a portfolio P is defined as the difference
of the current portfolio value and the minimum of portfolio values over all
scenarios in some admissibility domain A. Usually A is the set of scenarios
satisfying some minimal plausibility requirement. The scenario in A at which
the minimum portfolio value is achieved is the worst case scenario.

For the admissibility domain A a popular choice is the ellipsoid deter-
mined by the covariance matrix. The size of the ellipsoid is usually determined
so as to give it some desired probability mass, e.g. α = 0.95. In case risk fac-
tors are normally distributed, or more generally elliptically distributed, the
ellipsoids are the regions where the density function is highest.

The number of risk factors is to some degree arbitrary. For example one
is free to include or exclude risk factors which are irrelevant to the portfolio
value. This should not affect the measured risk. Or one can include or exclude
risk factors which are highly correlated to other risk factors already included
in the description. This should only have a small effect on the measured risk.
The exact number of risk factors should not significantly affect the measured
risk—as long as we have got enough risk factors to represent what is relevant
for the value of the portfolio.
? I am grateful to Gerald Krenn and Klaus Rheinberger for helpful comments on

earlier versions.
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MaxLoss over admissibility domains with a specified probability mass does
not fulfil this requirement. Deleting risk factors reduces MaxLoss, even if the
deleted risk factors are irrelevant to the portfolio value or strongly correlated
to some risk factor already included in the description. This is what we call
the problem of dimensional dependence of MaxLoss. A first indication of the
problem was given in Studer [1, p. 44].

An example. Assume two risk managers consider some bond portfolio
depending on 20 interest rate curves in 10 foreign currencies. Risk Manager
A models each interest rate curve with 7 buckets, whereas Risk Manager B
uses 15 buckets. So Risk Manager A uses 150 risk factors, whereas Manager
B uses 310 risk factors. Both want to calculate MaxLoss on an ellipsoid with
probability α = 95%. Solving equation (4) for the radius k with n = 150,
Manager A will get k = 13.40. Risk Manager B will solve equation (4) for
k with n = 310 and get k = 18.76. Taking as risk factors discount rates,
the value of the bond portfolio will be a linear function of the risk factors.
For linear portfolios the dependence of MaxLoss over ellipsoids of radius k
is a linear function of k. Thus Risk Manager B will calculate MaxLoss to be
18.76/13.40 = 1.4 times higher than Risk Manager A. This is puzzling since
both risk managers considered the same portfolio and the same confidence
level α.

The contribution of this paper is to show that, for elliptical distributions,
MaxLoss is independent of the number of risk factors, if we take ellipsoids
of some specified radius instead of some specified probability. The paper is
organised as follows. Section 2 briefly reviews the use of MaxLoss as a risk
measure for security portfolios. In Section 3 we are reviewing some defini-
tions and facts about elliptical distributions, with which we model risk factor
changes. Then we give an intuitive explanation (Section 4) and a quantifica-
tion (Section 5) of dimensional dependence. Sections 6 and 7 establish the
main results. Section 8 concludes. All proofs are in the Appendix.

2 MaxLoss as a Coherent, Law-invariant Risk Measure

The value of a portfolio is modelled as a random variable P on some proba-
bility space (Ω, F, ν).1 Call PCM the current value of the portfolio. PCM−P is
the random variable representing the losses of the portfolio if the risk factors
are distributed according to ν. As admissibility domain we take all scenarios
in a subset of A of Ω with ν(A) > 0. Now we define the Maximum Loss of
the portfolio P over the admissibility domain A as the essential supremum
over A of PCM − P :
1 If no confusion can arise we denote by P the portfolio as well as the portfolio

value function on the risk factors. The portfolio value function together with the
distribution of risk factors specifies the one-dimensional distribution of profits
and losses.
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MaxLossA(P ) := PCM − ess infA(P )
= PCM − sup{m ∈ R|P ≥ m νA-almost surely}. (1)

Here νA is the measure on Ω defined by νA(B) := ν(A ∩ B)/ν(A) for B ∈
F. Intuitively, the essential infimum over the set A is the infimum over A
disregarding ν-nullsets.

Proposition 1. MaxLossA is a coherent risk measure. This means it is

– cash-invariant: MaxLossA(P + a) = MaxLossA(P )− a for any constant a

– monotone: MaxLossA(P ) ≤ MaxLossA(Q) if P ≥ Q ν-almost surely

– sub-additive: MaxLossA(P + Q) ≤ MaxLossA(P ) + MaxLossA(Q) for all
random variables P,Q

– homogeneous: MaxLossA(λP ) = λMaxLossA(P ) for all positive λ.

This proposition follows directly from the properites of the essential supre-
mum as defined in eq. (1). The acceptance set of the risk measure MaxLossA

is the set of random variables which are ν-almost surely greater than PCM

on the admissibility domain A.

Proposition 2. MaxLossA is a law-invariant risk measure:

MaxLossA(P ) = MaxLossA(Q)

whenever two portfolios P and Q have the same profit-loss distribution under
ν.

The minimal penalty function αmin, as defined in Föllmer and Schied [2, Th.
4.15] is given by

αmin(Q) =
{

0 if supp(Q) ⊆ A
∞ otherwise

where Q is a finitely additive set function F → [0, 1] normalised to Q(Ω) = 1.
This minimal penalty function depends only on the law of dQ

dν under ν when
Q is a probability measure on (Ω, F) absolutely continuous with respect to
ν. Therefore the risk measure MaxLossA is law-invariant, by [2, Th. 4.54].

This paper is concernced with the question how to choose A. Which sce-
narios should be admitted for the calculation of MaxLoss? MaxLoss is a risk
measure which has been proposed as an alternative to Value at Risk (Studer
[1, 3], [4]). Value at Risk (VaR) is coherent only for portfolios which are linear
functions of elliptically distributed risk factors (Artzner et al. [5]). Especially
the violation of the sub-additivity property can cause problems from the
point of view of global risk management and regulation. (A simple example
of a portfolio with European puts and calls, for which the sum of VaRs of the
subportfolios is larger than the VaR of the total portfolio is given in Breuer
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et al. [6]). In contradistinction to VaR, MaxLoss is always sub-additive (see
Proposition 1, and earlier Studer [1, p. 23]).

Another alternative to VaR is Expected Shortfall (ES) proposed in
Artzner et al. [5]. ES is sub-additive and gives information about the size of
extreme losses. MaxLoss, unlike ES, additionally provides information about
which kind of scenario is particularly harmful to the portfolio. Knowledge
of the worst-case scenario can suggest possible risk reducing transactions
(Breuer et al. [6]). For this reason only is it worth do take the trouble and
consider risk measures defined on the space of risk factors rather than on
the one-dimensional distribution of profits and losses. The problem of di-
mensional dependence disappears for risk measures based on the profit-loss
distribution only.

In a way, MaxLoss is prototypical of coherent risk measures. Every coher-
ent risk measure can be represented as Maximum Expected Loss over some
set of generalised scenarios (Delbaen [7]). Generalised scenarios are probabil-
ity distributions rather than points in Ω. These arise naturally if scenarios
specify the value of some but not all risk factors. The corresponding condi-
tional distribution is a generalised scenario.

MaxLoss can also be regarded as a sophisticated way to perform stress
tests (as required in Basel Committee [8]). In contradistinction to traditional
stress tests, MaxLoss takes into account all and only the scenarios above some
minimal plausibility level. Therefore it neither nourishes a false illusion of
safety nor does it trigger management action in response to highly implausible
scenarios—as traditional stress tests might do in some cases (Breuer and
Krenn [4]).

3 Elliptical Distributions

In this section we are reviewing some definitions and facts about elliptical
distributions, with which we model risk factor changes. The value of a port-
folio depends on risk factors r1, . . . , rn which can be combined into one single
column vector r := (r1, . . . , rn)T . Here T denotes transposition. A scenario
r represents a market situation as far as it is of relevance to the portfolio.
We require r to be sufficiently rich to determine the portfolio value uniquely.
(We do not consider generalised scenarios here.) The function determining
the value of the portfolio when the values of the risk factors are given is de-
noted by P . At the moment we can leave it open whether the components of
r describe levels of the risk factors, or the relative, logarithmic or otherwise
scaled changes of risk factor levels. The relevant risk factors could refer to
interest rates, stock indices, exchange rates, credit spreads, and the like. rCM

shall denote the vector representing the current values of the risk factors, i.e.
the current market situation. So P (rCM) = PCM.

Throughout this paper we shall assume that r follows an elliptical distri-
bution with unimodal and strictly decreasing density (see e.g. Fang et al. [9, p.
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46]). This means that r has a stochastic representation r
d= µ+AT y, where y

is a spherical n-dimensional distribution with unimodal and strictly decreas-
ing density, µ is the mean of the distribution of r, and A is a non-singular
n×n-matrix. Then Σ = AT A is a positive definite, symmetric matrix. r has
a density which is of the form

f(r) = (det Σ)−1/2g
(
(r − µ)T Σ−1(r − µ)

)
,

where g is a strictly decreasing function from the non-negative numbers to
the non-negative numbers.

For elliptical distributions the density is a function of the Mahalanobis
distance of r from µ, which we abbreviate as

Maha(r) :=
√

(r − µ)T ·Σ−1 · (r − µ). (2)

The level surfaces of the density function are ellipsoids with constant Maha-
lanobis distance from the expected market state. The covariance matrix of r
is given by

Cov(r) =
E(R2)

n
Σ, (3)

where R is the generating variate of the spherical distribution y (see Fang
et al. [9, Thm. 2.17, p. 43]). The generating variate R is the distribution of
‖y‖. The relationship between g and R is given in Fang [9, Thm. 2.9, p. 35].

Now we can specify the size of an ellipsoid by its probability mass or by
its Mahalanobis radius. The ellipsoid of some given Mahalanobis radius k is
defined as

Ellk := {r : Maha(r) ≤ k} .

k is proportional to the lengths of the main axes of the ellipsoid. For an
intuitive interpretation of k, note that Ellk contains only (but not all) moves
in which all risk factor move k standard deviations or less. The ellipsoid of
some given probability mass α is defined as

Ellα := {r : Maha(r) ≤ kα} ,

where kα is the solution of

α =
∫

Maha(r)≤kα

f(r) d(r) =
πn/2

Γ (n/2)

kα
2∫

0

tn/2−1g(t)dt. (4)

This equation describes the relation between the probability mass α and the
radius kα of the ellipsoid in n dimensions. In our notation, superscripts to
Ell denote probabilities, whereas subscripts denote distances.
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4 The Intuition of Dimensional Dependence

If we are deleting one or more risk factors from our description, the number of
dimensions of the space of scenarios is accordingly reduced. The deleted risk
factors are disregarded. In the reduced description, the joint distribution of
risk factor changes is the marginal distribution of the remaining risk factors.
If we want an admissibility domain of a certain probability α, the reduced
admissibility domain cannot be the projection of the original admissibility
domain to the remaining dimensions, because the probability of the projected
admissibility domain is higher than α (see Fig. 1).

(a) The two-dimensional admissibility
domain A and its projection.

(b) The probability of A is smaller than
the probability of its projection.

Fig. 1. Probabilities of the original admissibility domain and its projection. The
probability of A is the integral of the two-dimensional density function over the red
elliptical region A. The probability of Proj(A) is the integral of the two-dimensional
density function over the blue stripe. The probability of A is smaller than the
probability of Proj(A).

To get a reduced admissibility domain of the desired probability α, we
have to shrink the projection of the original admissibility domain (see Fig. 2).
This implies that in the reduced description the individual risk factors are
allowed to vary by a smaller amount than in the original description. Accord-
ingly the Maximum Loss in the reduced description will be lower than in the
orginal description, if the portfolio does not depend on the deleted risk fac-
tor. (If the portfolio does depend on the deleted risk factor, MaxLoss in the
reduced description may be higher or lower than in the original description.)
And the worst case scenario will be different in the reduced description: the
values of the remaining risk factors in the worst case scenario of the reduced
description will be closer to their current values than in the worst case sce-
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nario of the original description (see Fig. 2(b)). This problem occurs with
any kind of multivariate worst case analysis.

(a) The one-dimensional domain A′ and
the two-dimensional admissibility do-
mains A have the same probability.

(b) The two-dimensional admissibility
domain A admits larger moves of the risk
factor r1 than the one-dimensional ad-
missibility domain A′.

Fig. 2. Dimensional dependence of Worst Case Scenario and MaxLoss. Fig.2(a):
The two-dimensional admissibility domain A and the one-dimensional admissibility
domain A′ have the same probability: the integrals of the two-dimensional density
function over the red region and over the blue stripe are equal. Fig.2(b): The two-
dimensional domain A admits larger moves of the risk factor r1 than the one-
dimensional domain A′. MaxLoss over A will be larger than MaxLoss over A′ if the
portfolio does not depend on r2.

5 Quantification of the Effect

Equation (4) displays dimensional dependence of the relation between Maha-
lanobis radius and probability mass of the ellipsoid. For a given probability
mass α, the Mahalanobis radius kα of the ellipsoid Ellα containing proba-
bility mass α depends on the number of dimensions. Figure 1 illustrates the
effect for the normal distribution. We see that for a given probability mass
α, the radius kα of the ellipsoid Ellα of probability mass α increases with the
number of dimensions.

This effect, the dimensional dependence of kα, carries over to dimen-
sional dependence of MaxLoss over admissibility domains Ellα with a speci-
fied probability mass α. The larger the radius kα, the higher MaxLoss over
the admissibility domain. For linear portfolios the dependence is linear. This
phenomenon makes MaxLoss over admissibility domains Ellα unsuitable for
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Table 1. Values of kα, the Mahalabonis radius of the ellipsoid Ellα containing
a given probability mass α, in dependence of the number of dimensions, as given
by eq. (4). Random variables are assumed to follow an n-dimensional normal. For
given α, kα increases with n.

kα n=1 n=5 n=10 n=20

α = 0.95 1.9630 2.9344 3.7442 4.9493
α = 0.99 2.0457 2.9587 3.7597 4.9595
α = 0.999 2.0643 2.9641 3.7631 4.9617

comparing the risks of portfolios. This was illustrated by the example of the
Risk Managers A and B in the Introduction.

6 Irrelevant Risk Factors

In this Section we show that MaxLoss over admissibility domains Ellk with
fixed radius k is not affected by including or discarding irrelevant risk factors,
on which the portfolio does not depend.

Assume the changes of risk factors follow an elliptical distribution with
covariance matrix Σ. Denote by Σ′ the (n-1)-dimensional matrix obtained
by deleting from Σ the n-th column and row, and by r′ ∈ Rn−1 the point
obtained from r ∈ Rn by deleting the n-th component. The corresponding
(n-1)-dimensional ellipsoid is Ell′k := {r′ : Maha(r′) ≤ k} .

Lemma 1. Assume Σ is a positive definite n× n-matrix. Then we have

Maha(r)2 −Maha(r′)2 =

(
n∑

i=1

C(Σ)−1
in (ri − µi)

)2

, (5)

where C(Σ)−1
in is the element in row i and column n of the inverse matrix

of the Cholesky decomposition of Σ.

Theorem 1. Assume P is a function on Rn which does not depend on coor-
dinate rn. Define the function P ′ on Rn−1 by P ′(s) := P (r) where r is an
arbitrary point with r′ = s. Then we have

ess inf
r′∈Ell′k

P ′(r′) = ess inf
r∈Ellk

P (r) (6)

Theorem 1 implies that

MaxLossEllk(P ) = MaxLossEll′k
(P ′).

MaxLoss over Ellk is not affected by including or excluding irrelevant risk
factors, on which the portfolio value does not depend.
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7 Strongly Dependent Risk Factors

Now we consider a situation where the portfolio function does depend on the
additional risk factors, but the additional risk factors are strongly correlated
to some other risk factors already included in the description. This is the
case in the example given in the introduction, where two risk managers use
a different number of buckets to approximate the term structure of interest
rates. We would expect that adding or removing highly correlated risk factors
should affect MaxLoss only slightly.

Denote an n-dimensional elliptical density function by fn. When we delete
one risk factor, say risk factor number n, the remaining n-1 risk factors are
described by the marginal distribution fn−1(r′), resulting from integration
over rn. The conditional distribution of rn given some fixed r′ is

h(rn|r′) =
fn(r′, rn)
fn−1(r′)

.

Call Call r∗n the expectation value of the conditional distribution h(rn|r′).

Lemma 2. The expectation value of the conditional distribution h(rn|r′) is
given by

r∗n = −
∑n−1

i=1 C(Σ)−1
in (ri − µi)

C(Σ)−1
nn

.

Lemma 2 together with eq. (5) implies that the scenarios r = (r′, r∗n)T and
r′ have the same Mahalanobis distance , Maha(r′, r∗n) = Maha(r′).

The variance of the conditional distribution h(rn|r′) depends on the cor-
relations between risk factor n and the other risk factors. The stronger the
correlations, the sharper h(rn|r′) will be peaked at r∗n.

Lemma 3. The n-dimensional ellipsoid Ellk, which is defined as Ellk :=
{r : Maha(r) ≤ k}, can be written as

Ellk =

{
(r′, rn) : Maha(r′) ≤ k, |rn − r∗n| ≤

√
(k2 −Maha(r′)2)

detΣ

det Σ′

}
.

(7)

Theorem 2. Assume the portfolio value function P is a continuous function
on Rn. Denote by P ′ the function

P ′(r′) := P (r′, r∗n),

where r∗n is the conditional expectation of risk factor rn given r′. Assume that
risk factor rn is strongly positively or negatively correlated with some other
risk factor ri. Denote by ρ(i, n) the correlation coefficient between rn and ri.
Then

lim
ρ(i,n)→±1

min
r∈Ellk

P (r) = min
r′∈Ell′k

P ′(r′). (8)
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The effect on MaxLoss of adding or removing a risk factor goes to zero if the
correlation of this risk factor to some existing risk factor goes to ±1, provided
MaxLoss is taken over ellipsoids Ellk with fixed radius k:

lim
ρ(i,n)→±1

MaxLossEllk(P ) = MaxLossEll′k
(P ′).

Adding or removing highly correlated risk factors almost does not affect
MaxLoss. This is in line with the intuition of law-invariance. Whether we
add or remove a highly correlated risk factor affects the profit-loss distribu-
tion only slightly. Therefore it should affect the measured risk only slightly.
This is established by Theorem 2.

8 An Open Question of Interpretation

Dimensional dependence results from the fact that the probability of the
admissibility domain Ellk decreases as the number of dimensions increases,
as displayed e.g. in Fig. 1 and eq. (4). To compensate for this, if we want
admissibility domains of a certain probability, the radius of the admissibility
domain Ellα has to be increased as the number of dimension increases. This
leads to an increase in MaxLoss as the number of dimensions increases if the
portfolio does not depend on the additional risk factors. The main message of
this paper is that MaxLoss does not depend on the number of dimensions—
provided we take admissibility domains Ellk of some fixed radius, and not
domains Ellα of some fixed probability mass. However, this approach leaves
us with an open question.

The probability of admissiblity domains Ellk with fixed radius decreases
as the number of dimensions increases. How should we interpret the fact that
the probability of our admissibility domain decreases if we include additional
risk factors which are perhaps irrelevant for the portfolio or highly correlated
to risk factors already included? A similar interpretational question arises
in the context of simultaneous statistical inference and of multidimensional
confidence intervals for simultaneously testing multiple hypothesis [10, 11].
This philosophical question is outside the realm of this paper.
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Appendix

Examples of elliptical distributions

The multivariate normal distribution with mean µ and covariance matrix Σ
is an elliptical distribution with density

f(r) = (detΣ)−1/2g(t) = (detΣ)−1/2 (2π)−n/2 exp(− t

2
),

where t = (r − µ)T ·Σ−1 · (r − µ). For the multivariate normal distribution
E(R2) = n and Cov(r) = Σ.

The multivariate t-distribution with common denominator and ν degrees
of freedom is an elliptical distribution with density

f(r) = (detΣ)−1/2g(t) = (det Σ)−1/2 Γ ((ν + n)/2)
(πν)n/2 Γ (ν/2)

(1 +
t

ν
)−

ν+n
2 .

E(R2) = nν/(ν − 2) and Cov(r) = ν
ν−2 Σ.

For the special case of the multivariate normal distribution the ellipsoid
Ellα of some probability mass, as defined via eq. (4), reads

αnormal(k, n) =
2−n/2

Γ (n
2 )

k2∫
0

t
n
2−1 exp(− t

2
)dt = Fχ2

n
(k2) (9)

where Fχ2
n
(k2) is the value of the χ2-distribution function with n degrees of

freedom at k2. For the multivariate t-distribution with ν degrees of freedom
Ellα is determined by the solution of eq. (4),

αtν
(k, n) =

Γ (ν+n
2 )

νn/2 Γ (ν
2 )Γ (n

2 )

kα
2∫

0

tn/2−1 (1 +
t

ν
)−

ν+n
2 dt. (10)

Proof of Lemma 1

Proof. Without loss of generality we assume µ = 0. If µ 6= 0 one replaces r
by r−µ in the following proof. For an arbitrary symmetric positive definite
matrix M denote by C(M) its Cholesky decomposition. C(M) is the upper
triangular matrix satisfying

M = C(M)T C(M). (11)

Here are some properties of the Cholesky decomposition.

C(M)−1C(M)−1 T = M−1 (12)
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In other words, the transpose of the inverse of the Cholesky decomposition
of M is the Cholesky decomposition of M−1.

Furthermore we have C(M)′ T C(M)′ = M ′. So we may write

C(M ′) = C(M)′. (13)

Deleting the n-th row and column of M and then making the Cholesky de-
composition amounts to the same as making the Cholesky decomposition of
M and then deleting the n-th row and column.

For an arbitrary triangular matrix C we have

(C−1)′ = (C ′)−1. (14)

Now let us calculate the squares of the Mahalanobis distances.

r′ T ·Σ′−1 · r′ (13)
= r′ T ·

(
C(Σ)′ T C(Σ)′

)−1 · r′

(12)
= r′ T · C(Σ)′ −1C(Σ)′ −1 T · r′

(14)
= r′ T · C(Σ)−1 ′C(Σ)−1 ′ T · r′. (15)

Similarly we have

rT ·Σ−1 · r (12)
= rT · C(Σ)−1C(Σ)−1 T · r

=
(
rT · C(Σ)−1

) (
rT · C(Σ)−1

)T
(16)

The inverse of the triangular matrix C(Σ) is again triangular, so we can write

C(Σ)−1 =


C(Σ)−1

1n

C(Σ)−1 ′ ...
...

0 · · · 0 C(Σ)−1
nn

 .

Writing rT = (r′T , rn) equation (16) reads

rT · Σ−1 · r =

 
r′T C(Σ)−1 ′,

nX
i=1

C(Σ)−1
in ri

! 
r′T C(Σ)−1 ′,

nX
i=1

C(Σ)−1
in ri

!T

= r′ T · C(Σ)−1 ′C(Σ)−1 ′ T · r′ +

 
nX

i=1

C(Σ)−1
in ri

!2

(17)

Subtracting (15) from (17) yields the Lemma. ut
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Proof of Theorem 1

Proof. In the n-dimensional description we are working on the probability
space (Rn, B(Rn), ν), where ν is the measure on Rn corresponding to the
given elliptical distribution. In the (n − 1)-dimensional description the risk
factors are distributed according to the mariginal distribution obtained from
integrating over the n-th coordinate. To this (n−1)-dimensional distribution
there corresponds the measure ν′(B′) := ν({r ∈ Rn|r′ ∈ B′} on B(Rn−1).

For the proof, consider separately the two cases ess infr∈EllkP (r) > −∞
and ess infr∈EllkP (r) = −∞. In the case ess infr∈EllkP (r) = −∞, for every
real number α we can find a Borel set B ⊂ Ellk with positive probability,
ν(B) > 0, such that P (r) ≤ α for all r ∈ B. Take B′ := {r′|r ∈ B}. Since by
Lemma 1 we have Maha(r′) ≤ Maha(r) ≤ k for all r ∈ B we conclude that
B′ ⊂ Ell′k. Furthermore, since B is Borel, so is B′. Also ν′(B′) = ν({r|r′ ∈
B′} ≥ ν(B) > 0. Finally, for all s ∈ B′ there is a r ∈ Ellk with r′ = s and
P ′(s) = P (r) ≤ α. Therefore ess infs∈Ell′k

P ′(s) = −∞ = ess infr∈EllkP (r).
Let us now turn to the case ess infr∈EllkP (r) > −∞. This means that for

all ε > 0 there is a Borel set B ⊂ Ellk with positive probability, ν(B) > 0,
such that P (r) ≤ ess infEllk(P ) + ε for all r ∈ B. In a first step we will show
that ess infEll′k

(P ′) ≤ ess infEllk(P ). Take B′ := {r′|r ∈ B}. By Lemma 1 we
have Maha(r′) ≤ Maha(r) ≤ k for all r ∈ B so that B′ is contained in Ell′k.
Furthermore, since B is Borel, so is B′. Also ν′(B′) ≥ ν(B) > 0. Finally, for all
s ∈ B′ there is a r ∈ Ellk with r′ = s and P ′(s) = P (r) ≤ ess infEllk(P ) + ε.
Therefore ess infEll′k

P ′ ≤ ess infEllkP .
In a second step we show ess infEll′k

P ′ ≥ ess infEllkP , which together with
the first step implies equality (6). Since we are in the case ess infEllkP > −∞
by the definition of P ′ we have ess infEll′k

P ′ > −∞. This means that for all
ε > 0 there is a Borel set B′ ⊂ Ell′k with positive probability, ν′(B′) > 0,
such that P ′(s) ≤ ess infEll′k

(P ′)+ ε for all s ∈ B′. Without loss of generality
we may assume that B′ does not intersect the boundary of Ell′k. (Otherwise
the set B′\∂Ell′k will be a set with the above properties.) So Maha(s) < k
for all s in B′. Take

r∗n := −
∑n−1

i=1 C(Σ)−1
in (ri − µi)

C(Σ)−1
nn

.

Lemma 1 together with eq. (5) implies that the scenarios (s, r∗n)T and r
have the same Mahalanobis distance, Maha(s, r∗n) = Maha(s) < k. Since
Maha(s, x) is a continuous function in x this implies that there is an interval
[as, bs], with as < r∗n < bs, such that Maha(s, x) ≤ k for all x in [as, bs].
Define the set

B :=
{

(s, x)|s ∈ B′, x ∈ [as, bs]
}
⊂ Rn.

B is contained in Ellk. Furthermore, ν(B) > 0 since ν′(B′) > 0 and as < bs

for all s ∈ B′. Since B′ is Borel, so is B. Finally, for all (s, x) in B we
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have P (s, x) = P ′(s) ≤ ess infEll′k
(P ′) + ε. This implies ess infEll′k

P ′(r′) ≥
ess infEllkP (r). ut

Proof of Lemma 2

Proof. As a function of rn, the conditional density h(rn|r′) = fn(r′, rn)/fn−1(r′)
is a constant times the n-dimensional density fn(r′, rn). fn(r) = (det Σ)−1/2

g(Maha(r)) was assumed to be a strictly decreasing function of Maha(r). By
eq. (5) Maha(r) as a function of rn is minimal, namely equal to Maha(r′), at

r∗n = −
(
∑n−1

i=1 C(Σ)−1
in ri)

C(Σ)−1
nn

.

So the conditional density h(rn|r′) is maximal at r∗n, where Maha(r) is min-
imal.

We also have

fn(r′, rn) = cg(Maha(r)2) = cg

Maha(r′)2 +

(
n∑

i=1

C(Σ)−1
in ri

)2


= cg

Maha(r′)2 +

(
n−1∑
i=1

C(Σ)−1
in ri + C(Σ)−1

nn rn

)2


= cg
(
Maha(r′)2 +

(
−C(Σ)−1

nn r∗n + C(Σ)−1
nn rn

)2)
= cg

(
Maha(r′)2 + C(Σ)−1

nn
2 (rn − r∗n)2

)
This implies that fn(r′, rn), and consequently h(rn|r′) is symmetric around
its maximum r∗n. Thus the expectation value of h(rn|r′) is r∗n. ut

Proof of Lemma 3

Proof. By eq. (5), Maha(r) ≤ k holds exactly if
(∑n

i=1 C(Σ)−1
in ri

)2 ≤
k2 −Maha(r′)2 and Maha(r′)2 ≤ k2. Solving the quadratic inequality(

n−1∑
i=1

C(Σ)−1
in ri + C(Σ)−1

nn rn

)2

≤ k2 −Maha(r′)2

in rn we get

rn ≤ −
∑n−1

i=1 C(Σ)−1
in ri

C(Σ)−1
nn

+

√
k2 −Maha(r′)2

C(Σ)−1
nn

(18)

rn ≥ −
∑n−1

i=1 C(Σ)−1
in ri

C(Σ)−1
nn

−
√

k2 −Maha(r′)2

C(Σ)−1
nn

. (19)
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The first term on the right hand side of both equations is r∗n. Since the product
of the diagonal elements of the triangular matrix C(Σ)−1 is the square root of
the determinant of Σ−1, C(Σ)−1

nn equals (det Σ′/ det Σ)1/2. Making these
replacements in eqs. (18) and (19) we get the Lemma. ut

Proof of Theorem 2

Proof. As the correlation between risk factor n and risk factor i goes to 1 or
-1, the correlations between risk factor n and the other risk factors j go to
±ρ(i, j). Thus the determinant of the correlation matrix of the n risk factors
will approach zero, and so will the determinant of the covariance matrix.
Thus the square root in eq. (7) goes to zero. Using Lemma 3 and continuity
of P we therefore get

lim
ρ(i,n)→±1

min
r∈Ellk

P (r) = lim
l→0

min
r′:Maha(r′)≤k

min
δ:|δ|≤l

P (r′, r∗n + δ)

= min
r′:Maha(r′)≤k

P (r′, r∗n)

= min
r′∈Ell′k

P ′(r′).


