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Abstract

Purpose – Maximum Loss was one of the risk measures proposed as alternatives to Value at Risk
following criticism that Value at Risk is not coherent. Although the power of Maximum Loss is
recognised for non-linear portfolios, there are arguments that for linear portfolios Maximum Loss
does not convey more information than Value at Risk. This paper argues for the usefulness of
Maximum Loss for both linear and non-linear portfolios.
Design/methodology/approach – This is a synthesis of existing theorems. Results are established
by means of counterexamples. The worst case based risk-return management strategy is presented as
a case study.
Findings – For linear portfolios under elliptic distributions Maximum Loss is proportional to Value
at Risk, and to Expected Shortfall, with the proportionality constant not depending on the portfolio
composition. The paper gives a new example of Value at Risk violating subadditivity, using a
portfolio of simple European options. For non-linear portfolios, Maximum Loss need not even
approximately be explained by the sum of Maximum Loss contributions of the individual risk
factors. Finally, is proposed a strategy of risk-return management with Maximum Loss.
Research limitations/implications – The paper is restricted to elliptically distributed risk factors.
Although Maximum Loss can be defined for more general continuous and even discrete distributions
of risk factor changes, the paper does not address this matter.
Practical implications – The paper proposes an intuitive, computationally easy way how to
improve average returns of linear portfolios while reducing worst case losses.
Originality/value – One is a synthesis of existing theorems. The counterexample establishing result
is the first example of a portfolio of plain vanilla options violating Value at Risk subadditivity, an
effect hitherto only known for portfolios of exotic options. Furthermore, the strategy of risk-return
management with Maximum Loss is original.

Keywords Risk analysis, Optimization techniques, Value analysis

Paper type Conceptual paper

The risk of a portfolio is the amount of capital to be held in addition to the portfolio to
make the risk of the portfolio bearable. Historically, one of the first risk measure was
the variance of the profit–loss distribution. Another prominent risk measure is value at
risk (VaR), which is a quantile of the profit–loss distribution. More recent examples of
risk measures are expected shortfall (ES) (Rockafellar and Uryasev, 2000; Pflug, 2000;
Acerbi, 2001; Tasche, 2002), which for continuous distributions is the same as the tail
conditional expectation, and the Maximum Loss (MaxLoss) within a specified set of
scenarios (Studer, 1997, 1999).

For the special case of a linear portfolio and risk factors being normally distributed,
the profit–loss distribution is also normal. In Section 1, we show that VaR, ES and
MaxLoss are proportional to each other, with proportionality constants not depending
on the portfolio composition – at least for linear portfolios and elliptically distributed
risk factors. So what is the point in using more fashionable risk measures than VaR?

The current issue and full text archive of this journal is available at
www.emeraldinsight.com/0307-4358.htm
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This is the main question of this paper. The results of this paper contribute in different
ways to this question. Example 1 gives a portfolio of plain vanilla options violating
subadditivity of VaR. This underlines the practical relevance of subadditivity. The case
study of Section 4 shows that risk-return management with MaxLoss even for linear
portfolios is not equivalent to risk-return management with VaR.

The paper is structured as follows. We set out by showing the proportionality of
VaR, ES and MaxLoss for linear portfolios under elliptic distribution, and by
discussing advantages and drawbacks of VaR (section 1). In section 2, we deal with
scenario analysis and MaxLoss. Then we turn to the identification of key risk factors
via worst case analysis (section 3). Section 4 shows how MaxLoss can be used in risk-
return management of linear portfolios.

1. VaR and other risk measures
A risk measure is a function mapping each portfolio to a real number. The intuition is
that risk should be the amount of safety capital to be held in addition to the portfolio in
order to make the risk of the portfolio bearable. This intuition adheres to an
asymmetric concept of risk focusing only on adverse moves. Some examples of popular
risk measures are:

Definition 1. The VaR of a portfolio P at the level �, usually close to 1, is defined as

VaR�ðPÞ ¼ �F�1
P ð�Þ

the inverse of the cumulative distribution function of the profit–loss distribution of P.
(Note that F�1

P (�) is the �-quantile of the profit–loss distribution of P.) The ES of a
portfolio P for continuous distributions is identical to the tail conditional expectation,

ES�ðPÞ ¼ �E½PjP � F�1
P ð�Þ�

TheMaxLoss at level � is

MaxLoss�ðPÞ ¼ max
r2Ellð�Þ

PðrCMÞ � PðrÞ

where rCM is the current market state, and Ell(�) is the ellipsoid containing all
scenarios with (r� rCM)

T ���1 � (r� rCM)� c(g, �, n)2 with c(g, �, n) chosen to ensure
the ellipsoid has probability �. The point r where the maximum of P(rCM)�P(r) is
attained is called the worst case scenario.

The choice of Ell(�) will be justified in section 2. For linear portfolios and elliptically
distributed risk factors, the three risk measures are essentially equivalent:

Proposition 1. Assume r is elliptically distributed with density

ðdet�Þ�1=2gððr � rCMÞT��1ðr � rCMÞÞ

where �, the covariance matrix, is strictly positive definite and g is a strictly
decreasing function from the non-negative numbers to the non-negative numbers
satisfying

ð1
0

t n�1gðt2Þdt ¼ �ðn=2Þ=ð2�n=2Þ
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in order to ensure normalisation. Furthermore, assume that the portfolio value is a
linear function of the risk factors, P(r1, r2, . . . , rn) = aT � r=

Pn
i¼1 airi, where ai are the

asset weights. Then VaR, and ES, and MaxLoss at some level � are

VaRð�Þ ¼ qðg; �; nÞ
ffiffiffiffiffiffiffiffiffi
aT�

p
a ð1Þ

ESð�Þ ¼ Kðg; �; nÞ
ffiffiffiffiffiffiffiffiffiffiffi
aT�a

p
ð2Þ

MaxLossð�Þ ¼ cðg; �; nÞ
ffiffiffiffiffiffiffiffiffiffiffi
aT�a

p
ð3Þ

where q(g, �, n),K(g, �, n), c(g, �, n) do not depend on the portfolio composition a.

For the special case of the normal distribution we have q(g, �, n) = z�, the cumulative
distribution function of the standard normal distribution, K(g, �, n) = �(�)� with � the
density of the standard normal distribution, and c(g, �, n) the �-quantile of the �2-
distribution with n degrees of freedom. Equations (1) and (2) were proven in Sadefo-
Kamdem (2004, Theorems 2.1 and 4.1). Studer (1997, Theorem 3.15) showed that the
MaxLoss of a linear portfolio over the ellipsoid (r� rCM)

T ���1 � (r� rCM)� c2 is
c
p
(aT�a) . c(g, �, n) is chosen in such a way that the ellipsoid has probability �. (In fact,

c is a solution of � = �n/2/�(n/2)
R
c2

0 t
n/2�1 g(t) dt.) Proposition 1 implies that VaR, ES and

MaxLoss are proportional to each other, with proportionality constants not depending
on the portfolio composition a – at least for linear portfolios and elliptically distributed
risk factors.

Recently there have been some discussions about the usefulness of VaR (Krause,
2003). Apart from the disagreement about how to choose the holding period and the
confidence level, there is increasing skepticism towards the assumptions on which
many VaR implementations are based. There are first and foremost two assumptions
the validity of which is debatable. For one, the market characteristics are assumed not
to change in the future. There are folkore statements to the effect that VaR is the risk
measure for ‘‘normal situations’’. Only if future market movements resemble those of
the past models can produce reliable results. Yet, there have always been breaks in
market movements. Of course, any statistical risk measure intended as a prediction has
to cope with that kind of problem.

Furthermore, numerous VaR models assume that changes in risk factors follow a
multivariate normal distribution. However, as a rule, changes in financial time series
are not normally distributed. This holds for the unconditional as well as for
the conditional distribution (see e.g. Campbell et al., 1997 or Shaw, 1997). Many fincial
time series have fat tails. This implies that extreme changes in the risk factors are
considerably more likely than accounted for under the assumption of a normal
distribution. The slump in stock prices triggered by the equity crash of 1987, for
instance, amounted to something between 10 and 20 standard deviations. Considering
that under normality a seven standard deviations change should on average occur at
one day in three billion years, the assumption of normality seems inadequate.

Apart from possible shortcomings in VaR implementations one might ask what
VaR can really tell us about risk and what are the limitations of VaR as a risk measure.
By its sheer definition as a quantile of the profit–loss distribution, a VaR-figure does
not shed light on the dimension of extreme losses exceeding that figure. This is the first
reason why a complementary measure such as ES, MaxLoss or stress testing might be
necessary: they should capture potential extreme losses.
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Another important problem with VaR is that it is not a coherent risk measure.
Artzner et al. (1997) formulated some requirements on risk measures based on the
intuition that the risk of a portfolio is the amount of capital to be held in addition to
the portfolio to make the risk of the portfolio bearable. Risk measures should be
translation invariant (if we add a riskless asset to a portfolio, the risk of the new portfolio
should be the risk of the old portfolio minus the value of the riskless asset), it should be
sub-additive (the risk of the sum of two portfolios should be less than or equal to the sum
of the risks of the portfolios), homogeneous (the risk of the portfolio �P should be �
times the risk of P ) and monotone (if in all market states the value of portfolio P1 is
greater than the value of another portfolio P2, the risk of P1 should be smaller than the
risk of P2). Risk measures satisfying these four requirements are dubbed coherent.

VaR in general fails to be sub-additive. It is so only under rather restricted
conditions. For guaranteeing sub-additivity of VaR, the value of the portfolio has to be
a linear function of risk factors whose changes are elliptically distributed. Although it
is known theoretically (Artzner et al., 1997) that VaR is not subadditive, examples of
portfolios with sub-addivity violations of VaR involved rather exotic instruments or
distributions. Now here is an example which uses only simple European options.

Example 1. Assume that a bank sets itself a VaR-limit of EUR 70 mill.
Management gives Trading Desk A a VaR-limit of EUR 50 mill and Trading Desk B a
limit of EUR 20 mill. Some might consider this limit system to be conservative, since
diversification effects are expected to bring down the joint VaR of the two trading
desks well below the sum of the separate VaR of the two trading desks. But assume
now that both trading desks hold an option position in the same underlying. The
current value of the underlying is 10.000, Trading Desk A holds short a million
European puts with a strike of 9.200 and Trading Desk B holds short a million
European calls with a strike of 11.300. Assume both options mature in three months,
logarithmic returns are normally distributed with a volatility of 5 per cent, and the risk
free interest rate is also 5 per cent. If neither desk has any other position in its portfolio,
the VaR at the 95 per cent-level will be EUR 42.10 million for Trading Desk A and EUR
18.92 million for Trading Desk B. So both desks are comfortably below their VaR-
limits. And yet, the joint VaR of both portfolios is EUR 78.33 million – well above the
VaR-limit the bank set itself.

What is the economic intuition behind this example? Figure 1 shows the probability
distribution of the underlying, which is log-normally distributed with a volatility of 5 per
cent, together with the portfolio values for Trading Desk A (left) and B (right). The VaR
of each portfolio is given by the loss which is surpassed only in the 5 per cent worst
cases. The 5 per cent worst cases are at the left end of the distribution for the short puts
and at the right end of the distribution for the short calls. In Figure 2 we see the portfolio
value for the joint portfolio of both Trading Desks A and B. The 5 per cent worst cases
are 3.15 per cent at the left end of the distribution and 1.85 per cent at the right end.
Because the plot of the joint portfolio value bends downwards sharply on both the left
and the right end, the VaR of the joint portfolio is considerably higher than the sum of the
VaRs of the subportfolios. This effect can only occur for non-linear portfolios. (Because of
the non-linearity of the portfolios, VaR numbers in this example were not calculated with
equation (1) but with aMonte Carlo simulationwith 10,000 runs.)

This example shows that it is not safe to base a limit system on VaR numbers.
Furthermore, the use of VaR opens doors to regulatory arbitrage by splitting large
firms into smaller components and holding regulatory capital for the separate
components.
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2. Stress tests and MaxLoss
As a possible alternative to VaR, MaxLoss was proposed by Studer (1997). MaxLoss
can be looked at from two viewpoints: it can be seen as a risk measure, and as a
systematic way to perform stress tests[1].

Stress testing consists of selecting scenarios r according to specific criteria and
calculating the values of the current portfolio under these scenarios. These values are
given by P(r). Each r can be interpreted as one possible state of the market at the end of
the holding period. By comparing P(r) with the current value of the portfolio P(rCM) one
can assess the losses that would be incurred if the market moved from rCM to r without
allowing a chance for re-balancing the portfolio. Since counter-actions can be taken
during the holding period, these figures give an upper bound for the loss potential due
to market moves from rCM to r. In this set-up the portfolio is restricted to instruments
which do not depend on the whole evolution of some risk factors during the holding
period like e.g. path dependent options. Therefore, path dependent instruments would
require a more general set-up.

MaxLoss is a risk measure that can be interpreted as a worst case loss. For many
portfolios, there is no worst scenario since the portfolio function is not bounded from
below. But the plausibility of scenarios which are very far away from the present
market state rCM is very low. Therefore, we restrict attention to scenarios with
plausibility above a certain threshold of minimal plausibility. Any such set of scenarios
is called a ‘‘admissibility domain’’ (see Studer, 1999).

Among the advantages of MaxLoss over VaR, we only mention two. In contrast to
VaR, MaxLoss is essentially a coherent risk measure. Especially the sub-additivity
property always holds for MaxLoss. Therefore, MaxLoss can be the basis of a limit
system. Secondly, MaxLoss conveys information not only about the size of the MaxLoss,

Figure 1.
(Top) Probability density
of values of the
underlying S, log-
normally distributed with
a volatility of 5 per cent
and (bottom) portfolio
values for Trading Desk
A (left) and B (right)
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but also about the scenarios which cause the worst loss. This informationwill turn out to
be highly useful when it comes to finding measures to reduce risk if desired.

The single perhaps most important question in scenario analysis and stress testing
is which scenarios to consider. In MaxLoss calculations this question amounts to which
admissibility domain A should be chosen. There are two main requirements on stress
scenarios:

(1) Stress scenarios should lead to serious losses.

(2) Stress scenarios should have at least some minimal plausibility.

But how should we measure plausibility? Certainly the plausibility of a scenario should
be a probabilistic concept: The higher the probability of a move from the present
market state rCM to a scenarion r, the higher the plausibility of r. This implies that
scenarios which are more distant from the present market state will be less plausible.

Figure 2.
(Top) Probability density

of values of the
underlying S, log-

normally distributed with
a volatility of 5 per cent
and (bottom) portfolio

value for the joint
portfolio of both Trading

Desks A and B
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And scenarios which involve a move against the prevailing correlations will be less
plausible than scenarios involving a move along with the correlations.

There are several ways how this intuition can be turned into a concept of
plausibility. One could take plausibility to be the probability of all scenarios with a
lower value of the density function. Or one could take plausibility of a scenario to be the
distance of the scenario from the current market state rCM. In this case it is natural to
take as metric the Mahalanobis distance, since it accounts for correlations, unlike

the Euclidean metric. It is given by dðr � rCMÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr � rCMÞT � ��1 � ðr � rCMÞ

q
.

The level surfaces of constant Mahalanobis distance from rCM are ellipsoids in Rn. In
the case of an elliptical distribution of risk factor changes, these coincide with the level
surfaces of the density function. In such a case it is the standard choice to take the
volumes of those ellipsoids as admissibility domains for scenario analysis.

The computational task now is to find within the admissibility domain the scenario
rwhich minimises P(r). This is not a trivial computational problem.

For a comparison of the performance of various algorithms we refer to Pistov�ccák
and Breuer (2004).

3. Determining key risk factors of a worst case scenario
In this section we will propose a way how to measure the risk contribution of a risk
factor. Traditionally risk contributions are defined for subportfolios, or more
specifically for single positions (assets) in the portfolio. Risk contributions of
subportfolios or assets are the basis for the allocation of risk capital. This is a topic
widely addressed in the literature (see Tasche, 1999; Denault, 2001; Martin et al., 2001;
Fischer, 2003; Kalkbrener, 2005).

In contrast we focus on the risk contribution of risk factors. In general there are many
assets depending on one risk factor. The number of risk factors usually is smaller than the
number of assets. Here we do not ask which subportfolios but which risk factors contribute
most to the worst case loss.What are the ‘‘key’’ risk factors of aworst-case scenario?

For VaR, one of several ways to measure the risk contribution of a subportfolio or a
position is incremental VaR (Martin et al., 2001). This is defined to be the change in
VaR when the exposure in the subportfolio is reduced by a certain amount or
percentage. Analogously one can define the incremental MaxLoss of a subportfolio. It is
the change in MaxLoss when the exposure in the subportfolio is reduced by a certain
amount or percentage.

The search for the key risk factors is a search for a small subset of risk factors which
can explain the loss under the worst-case scenario as much as possible. Let us take as the
k key risk factors those k risk factors which jointly have the highest MaxLoss contribution.

Definition 2. For some set of k risk factors the partial scenario is the one in which
those k risk factors take their worst case values and the other risk factors have their
current values. TheMaxLoss contribution of a set of k risk factors is the ratio of the loss
in the partial scenario over the full worst case loss.

It can happen that the loss in the partial scenario is higher than the worst case loss.
In this case the MaxLoss contribution is higher than 100 per cent. If this happens the
partial scenario is outside the admissibility domain. The task is to find a fairly small
set of risk factors which has a high MaxLoss contribution[2]. In Definition 2 we defined
the MaxLoss contribution of a set of k risk factors.

This is not equal to the sum of MaxLoss contributions of the k individual risk
factors, as Example 2 will show.
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When identifying the small sets of risk factors with high MaxLoss contributions it
is often a good guess to take the risk factors with the highest individual MaxLoss
contributions. But this is not always a good guess. Consider the following example in
which the MaxLoss cannot be explained by adding the effects of separate moves of
individual risk factors.

Example 2. Take a short call option on Japanese equity struck in USD. This option
belongs to the class of ‘‘currency-translated options’’, and as its name indicates, it is the
option on foreign equity (here the Nikkei 225 index), but the strike is denominated in
domestic currency (here USD). At expiry, the foreign equity is translated into the
domestic currency. As the strike price of the Nikkei we took XUSD= 116.15 USD. This
compares to a current value of the Nikkei 225 in USD of 13,215 � 0.008151= 107.71. So
at the time of calculation the option is slightly out of the money.

The portfolio has two main risk factors, namely the Nikkei 225 index (JPY.SE) and
the USD/JPYexchange rate (JPY.XS). Other risk factors, like USD 1-month government
zero rate, or the volatility of the Nikkei are neglected. At maturity the payoff to an
investor holding the long position in the ordinary call option on Nikkei 225 index
would be cJPY¼max(S�XJPY, 0) where S is the value of the Nikkei and X is the strike.
Both the strike X and the payoff c are denominated in the same currency as the
underlying, namely JPY. For an investor in the currency-translated option the payoff is
cUSD¼max(JPY.XS � S�XUSD , 0). We see that the strike and payoff are denominated in
USD, although the underlying Nikkei is denoted in JPY.

Figure 3 shows the portfolio value as a function of the two main risk factors. Their
values are taken from the RiskMetrics market data on March 23, 2001. Table I shows
the values of the risk factors in the current market state, in the worst case scenario, and
in the two partial scenarios rJPY.XS and rJPY.SE. In the current market state the value of
the portfolio is very close to 0. In the partial scenario rJPY.XS, only the risk factor JPY.XS
has its worst case value 0.008206 instead of its current value 0.008151, whereas the risk
factor JPY.SE is at its current value of 13,215. In this scenario the portfolio value does
not change much and still is close to 0. The same is true if the risk factor JPY.SE has its
worst case value of 14,076 instead of its current 13,215, as long as the risk factor
JPY.XS remains at its current value. But a joint move of JPY.SE and JPY.XS to their
worst case value 14,076 resp. 0.008206 leads to a severe loss of 1898. The worst case
loss cannot be explained by the move of a single risk factor or by adding the effects of
the moves of the individual risk factors.

This example might seem somewhat exotic. But a comparable situation involving
market and credit risk factors happened during the Russian crisis. Some European
banks held long FX forwards of the Russian Ruble RUR against the USD. The
European banks held the corresponding short positions with American banks. For the
European banks the risk factors involved are the USD/RUR rate and indicators of
default of the Russian counterparties. The market risk of these positions cancelled.
There would be no loss in a scenario in which the USD/RUR rate changed but the
default indicators indicate no default. Also in time of pegged exchange rates these
positions did not involve any credit risk. If one of the counterparties defaulted it was
possible to get the positions on the market at unchanged prices. There would be no loss
in a scenario in which the default indicator changed to indicating default but the USD/
RUR rate stayed at their levels. The worst case, however, happened and a devaluation
of the RUR was accompanied by a default of the Russian counterparties. In this
situation, in which both risk factors changed simultaneously, very harmful losses
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occured. This is another example of a portfolio where the loss of the worst case
scenario cannot be accounted for by changes in single risk factors.

These examples can easily be translated into an argument that the risk factors with
the highest individual MaxLoss contribution need not be the key risk factors. A
portfolio might consist of the above currency translated option, together with some
other instruments not depending on JPY.SE and JPY.XS. Assume that the MaxLoss is
mainly due to the loss of the currency translated option when JPY.SE and JPY.XS move
jointly. Then JPY.SE and JPY.XS will probably not be the risk factors with the highest
individual MaxLoss contribution. But, since we defined the k key risk factor as the k
risk factors which jointly have the largest MaxLoss contribution, JPY.SE and JPY.XS
will be among the key risk factors whenever we take k� 2.

Figure 3.
The value of currency-
translated option as a
function of Nikkei
(JPY.SE) and USD/JPY
exchange rate (JPY.XS)

Table I.
Probability density of
values of the underlying
S, log-normally
distributed with a
volatility of 5%

rCM rWC rJPY.XS rJPY.SE MaxLoss contr.

JPY.SE 13,215 14,076 13,215 14,076 0.3%
JPY.XS 0.008151 0.008206 0.008206 0.008151 0%
Loss 0 1898 0 6.15

Notes: Portfolio values for Trading Desk A (left) and B (right). The value at risk of each
portfolio is given by the loss which is surpassed only in the 5 per cent worst cases
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The risk factors with the highest MaxLoss contribution can be considered key risk
factors of the portfolio. Sometimes these will be the risk factors with the highest
contribution to portfolio return. But they need not be. These are the interesting cases
for risk-return management.

4. Intuitive risk-return management with worst case analysis
Risk-return management deals with portfolio optimisation. The goal is select a
portfolio with higher expected returns and/or with lower risk. Does it matter for
portfolio optimisation how we measure risk? As a consequence of Proposition 1, for
linear portfolios and in the presence of elliptic distributions, it does not matter whether
risk is measured by variance, VaR, ES- or MaxLoss: the mean-variance, mean-VaR,
mean-ES, and mean-MaxLoss optimisation problems are equivalent.

But it should be remembered that the practical relevance of these results is restricted.
First, mean-variance optimisation itself seems to be of limited practical relevance due to
its lack of robustness (Michaud, 1998; Victoria-Feser, 2000). Secondly, these results only
apply to linear portfolios. For non-linear portfolios mean-VaR, mean-ES and mean-
MaxLoss optimisation are not equivalent. For a non-linear option portfolio Breuer et al.
(2002) show the efficiency of risk-return management based onMaxLoss.

In the financial industries there is widespread scepticism towards the blind use of
numerical optimisation algorithms in portfolio selection. Perhaps this scepticism is due to
the lack of robustness of optimised portfolios produced by mean-variance optimisation.
In this section we are going to propose a way how in risk-return management MaxLoss
can give intuitive guidelines, not a numerical optimisation strategy:

(1) Determine MaxLoss and theWorst Case Scenario of the given portfolio.

(2) Calculate for each risk factor the average historical returns and the ratio
‘‘individual MaxLoss contribution/portfolio weight’’

(3) Reduce the weight of risk factors with low average returns and high ratios
‘‘individual MaxLoss contribution/portfolio weight’’. Increase the weight of risk
factors with high average returns and low ratios ‘‘individual MaxLoss
contribution/portfolio weight’’.

The basic idea of this recipe is to rebalance the portfolio so as to ‘‘minimise MaxLoss’’
without compromising on expected returns. Let us look at an example to see how
this works. We consider a sample Portfolio A modelled on the portfolio of a real
investment fund. Portfolio A is widely diversified. This diversification should make the
portfolio resistent to adverse moves in specific markets, and should produce high returns
and relatively low risk. The portfolio consists of positions in the following indices:

JAGALLE: J.P. Morgan European Monetary Union Bond Index

SBWGUII: Salomon Brothers World Government Bond Index

SBMTIII: Salomon Brothers Mortgage Bond Index

MLHMAU: Merryl Lynch High Yield Master Bond Index

JPMTOT: J.P. Morgan Emerging Market Index

MSWRLD: MSCIWorld Equity Index

NAREEQU: National Association of Real Estate

Investment Trust Equity Index

MSEMKF: MSCI Emerging Market Equity Index
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The value of Portfolio A is gauged to be EUR 100 m as of August 31, 2001. The
weights of the asset classes are given in Table II (column 4). As a function of these
indices the portfolio value is linear. For this portfolio we have a one-to-one relation
between subportfolios (asset classes) and risk factors.

We put ourselves in the position of the portfolio manager on August 31, 2001, which
is the end of the last month before 9/11. The manager wants to increase expected
returns and/or reduce MaxLoss on the basis of what she knows on August 31, 2001,
using monthly data starting December 31, 1990, and ending August 31, 2001. MaxLoss
was computed for an elliptic admissibility domain with a probability of 0.95 and
covariance matrix determined from historical data with weights decaying
exponentially. The resulting worst case scenario is listed in Table II (column 2).

Table II shows for each asset class unconditional historical returns up to August
2001, and weight in Portfolio A. Table III shows for each asset class various risk
measures (with ranks). These are

. historical volatility calculated with weights decaying exponentially over the full
observational period;

. incremental VaR: the change in VaR brought about by reducing exposure in the
relevant asset class by 1% of the total portfolio value, i.e. by 1m EUR. The
sharper the reduction in VaR brought about by reducing the exposure, the higher
the contribution of this asset class to VaR;

. incremental MaxLoss: the change in MaxLoss brought about by reducing
exposure in the relevant asset class by 1 per cent of the total portfolio value, i.e.
by 1 m EUR. (In the table MaxLoss is abbreviated as ML.);

. the MaxLoss contribution of each individual asset class, as defined in Definition
2 for k¼ 1;

. the ratio of MaxLoss contribution and weight of each asset class.

We observe several facts, some expected, some unexpected. (1) Volatility of asset class
returns is not a satisfactory risk measure because it does not take into account
correlations. (2) Incremental VaR produces a different ranking than incremental
MaxLoss, in spite of the fact that as a function of portfolio weights VaR and MaxLoss
are proportional. (3) MSWRLD has the highest MaxLoss contribution because of its
overwhelming weight in Portfolio A. (4) The ranking of incremental MaxLoss is similar
to the ranking of the ratio of MaxLoss contribution and weights.

Since we are interested in reducing risk measured as MaxLoss the most appropriate
risk measure for asset classes is incremental MaxLoss. The computational effort to

Table II.
Returns (with ranks) and
weights of asset classes
in portfolio A

Asset class rWC (%)
Average monthly

return (%) rk
Portfolio A
weights (%)

MSWRLD �22.18 0.58 7 40.83
JPMPTOT �15.60 1.25 1 6.50
MLHMAU �6.98 0.84 3 12.50
MSEMKF �27.31 0.70 5 4.17
SBWGUII �3.89 0.56 8 9.50
NAREEQU �6.11 1.09 2 5.00
JAGALLE �0.71 0.73 4 11.50
SBMTIII �0.86 0.66 6 10.00
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calculate incremental MaxLoss of an asset class is high because it involves a new
solution of the optimisation problem determining MaxLoss and the Worst Case
Scenario. The quantity ‘‘MaxLoss contribution/weight’’ is much easier to calculate
because it involves only one portfolio evaluation and one division. For portfolios with
many risk factors this advantage is even more pronounced. Calculating incremental
MaxLoss for 10 risk factors involves ten 10-dimensional optimisation problems.
Calculating incremental MaxLoss for 100 risk factors involves hundred 100-
dimensional optimisation problems. Since the ratio ‘‘MaxLoss contribution/weight’’
produces a ranking similar to incremental MaxLoss but is much faster to calculate we
use this ratio in the following considerations.

Using the returns in the third column of Table II and risk numbers in the last column
of the bottom table of Table III, we tried to create a new Portfolio B by reducing the
weight of asset classes with high risk and low returns. This is an intuivite procedure of
portfolio improvement, not an algorithmic portfolio optimisation. The asset weights in
the new portfolio result from judgement based on the risk and return of the asset classes
as displayed in the third column of Table II and in the last column of Table II. The new
weights are not not determined by numerical optimisation algorithms.

For example, MSEMKF has the highest risk and an average return, therefore we
reduced the portfolio weight from 4.17 per cent to 1 per cent. MSWRLD has the second
highest risk and only ranks seventh in return, so we reduced its weight from 40.83 per
cent to 20 per cent. NAREEQU has the second highest return, but in riskiness it ranks
6th. Therefore we increased its weight from 5 per cent to 16 per cent. SBMTIII has the
lowest risk but is only rank 6 in returns, so we increased the weight from 11.5 per cent
to 15 per cent. Finally we increased MLHMAU from 12.5 per cent to 18.5 per cent
because the risk is average and the return is relatively high.

Our goal for the new portfolio was to reduce risk and perhaps increase return. Did
we succeed? MaxLoss of Portfolio A as of August 31, 2001 was 12.4 per cent; MaxLoss
of the Portfolio B is only 8.8 per cent. This is a MaxLoss reduction by almost a third.
VaR of the Portfolio A was 3.9 per cent; VaR of the Portfolio B is 2.7 per cent – again a
risk reduction by almost a third.

Now let us look at performance. The average monthly return between 1990 and
August 2001 increased from 0.75 per cent to 0.9 per cent. This does not come as a
surprise since we took into consideration these past return data when composing the
new portfolio. Figure 4 shows the in-sample (December 1990–August 2001) and the
out-of-sample (September 2001–February 2002) evolution of Portfolios A and B. Both

Table III.
Various risk measures

(with ranks) of
asset classes

Asset class vola (%) rk inc VaR rk inc ML rk ML ctb (%) rk ML ctb/weight rk

MSWRLD 4.88 3 �43,405 2 �173,502 2 70.88 1 1.74 2
JPMPTOT 5.30 2 233,691 6 �121,954 3 8.71 2 1.34 3
MLHMAU 1.96 5 216,937 5 �19,964 5 5.32 4 0.43 5
MSEMKF 7.46 1 �139,286 1 �216,876 1 8.37 3 2.01 1
SBWGUII 1.88 6 234,986 7 15,849 7 3.38 5 0.36 6
NAREEQU 3.70 4 168,660 4 2,457 6 2.26 6 0.45 4
JAGALLE 1.06 7 340,861 8 �24,773 4 0.80 8 0.08 8
SBMTIII 1.00 8 60,108 3 51,891 8 1.13 7 0.10 7

Notes: Volatility (vola), incremental VaR (inc VaR), incremental MaxLoss (inc ML), and MaxLoss
contribution divided by asset weight (ML ctb/weight)
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portfolios were gauged to a value of 100 m EUR in August 2001. The superior in-
sample-performance can be seen from the fact that for Portfolio B an initial investment
of only 30 m EURwas needed, whereas we had to invest 37 m EUR in the Portfolio A in
order to achieve a value of 100 m by the end of August 2001. The superior out-of-
sample-performance can be seen in the last few months of Figure 4, with a blow-up in
Figure 5. These show the development of portfolio values after August 2001, including
9/11. The market data after August 2001 have not been used when we determined the
new portfolio weights. We see that the new portfolio performs considerably better in
this out-of-sample comparison. So if we had rebalanced our portfolio at the end of
August 2001 on the basis of MaxLoss calculations performed at that time, we would
have reduced risk and increased return for the time after August with the 9/11 stress.

5. Outlook
Where does all this leave us? We know that VaR is not a coherent risk measure.
Example 1 shows that the violation of coherence can be a serious problem not just for
portfolios with exotic instruments, but also for portfolios with plain vanilla European

Figure 4.
Value evolution of
portfolio A (original) and
portfolio B (new) over the
whole observation period

Figure 5.
Value evolution of
portfolio A (original) and
portfolio B (new) during
the out-of-sample period
from August 2001 to
February 2002, including
the stress of 9/11
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options. For linear portfolios and under elliptical distributions, VaR, ES, and MaxLoss
are equivalent. Still, there can be differences in the practical usefulness of these risk
measures. We proposed an intuitive nonalgorithmic procedure for risk-return
management of linear portfolios. This procedure was based on risk calculations using
MaxLoss rather than VaR.

Future work could investigate the feasibililty of algorithmic portfolio optimisation
for non-linear portfolios. Due to the break-down of proportionality of VaR, ES, and
MaxLoss, efficient portfolios will differ depending on which risk measure we use for
the risk-return analysis. It remains to be seen whether the composition of efficient
portfolios is more robust whenwe measure risk by ES or MaxLoss.

Notes

1. Stress tests and risk measures are related not just in the case of MaxLoss. Artzner et al.
(1997) show that all coherent risk measures can be represented as

�ðPÞ ¼ sup
w2W

Ewð�PÞ

for some set W of probability measures on Rn. Ew is the expectation under the
probability measure w. The probability measures w can be considered as generalised
scenarios. If w is a point measure with support equal to the point r= (r1, r2, . . . , rn), then
Ew(�P) is �P(r1, r2, . . ., rn). If we take W to be a set of point measures, then �(P) is the
lowest portfolio value in the scenarios which support the measures in W. The risk
measure induced by such a W is essentially equivalent to the MaxLoss over the set of
scenarios supporting the measures in W.

2. Given the maximal number k of risk factors to be reported, one should identify the subset
of k risk factors with the highest MaxLoss contribution. This selection problem is a discrete
optimisation problem, for which various types of algorithms are available, for example
Simulated Annealing (Kirkpatrick et al., 1983) or Memetic Algorithms (Moscato, 1999).
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