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Abstract

We construct a risk measure for processes which generalises max-
imum expected loss over Kullback-Leibler spheres to a multiperiod
framework. This risk measure is shown to be not only law-invariant
and time consistent, but also invariant under changes of time units:
the multiperiod risk of an i.i.d. process equals the one period risk of
the aggregated loss, for an appropriate choice of parameters. We give
a formula for the fast calculation of this risk measure, not only for i.i.d.
processes.
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1 Introduction

Risk measures for processes have been a popular research topic over the last
ten years.1 In this literature time consistency has been the main property
required for multiperiod risk measures on top of the requirements of one
period risk measures, as formulated by ? and ?. We introduce another risk
measure for processes: multiperiod maximum loss, abbreviated as MML.
This risk measure turns out to be convex, homogeneous, law invariant and
time consistent. The central results give conditions under which MML over
many short periods equals one-period maximum loss of the aggregated loss
process. This reveals a conceptually beautiful analogy to Huygens’ principle
in wave mechanics (Figures 1 and 2). Practically, the result implies that
MML can be calculated almost as fast as one period maximum loss. Ad-
ditionally, MML has the beautiful property of invariance under changes of

1Important work has been done by ?, ?, ?, ?, ?, ?, and ?.
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time units (Definition 2, Corollary 1). Multiperiod Value at Risk lacks this
invariance.

One period maximum loss of a portfolio is defined as the maximum ex-
pected loss over all distributions (mixed scenarios) in a Kullback-Leibler
sphere of a specified radius (see eq.(3) below). This sphere contains all dis-
tributions whose relative entropy with respect to some reference distribution
does not exceed some radius. Maximum Loss occurs in the contexts of stress
testing, risk measurement, and decision making under ambiguity. In the
context of stress testing, distributions can be regarded as smeared versions
of realizations. In analogy with game theory or statistical physics one can
call the realizations pure scenarios and the distributions mixed scenarios.
The distributions in the Kullback-Leibler sphere are interpreted as mixed
scenarios which are sufficiently similar to the reference distribution P to
be considered in a worst case analysis. Calculating maximum loss amounts
to identifying the worst mixed scenario. Finding the worst mixed scenario
is a systematic way to perform stress tests so that no plausible scenario is
neglected and no implausible scenario is considered. Both would seriously
undermine the credibility of stress tests. This paper extends the systematic
stress test procedure of ? to a multiperiod framework, where at intermedi-
ate times cash may flow, new information may emerge, and portfolios may
be changed.

In the context of risk measures, one period maximum loss is a coherent
risk measure in the sense of ?. A representation theorem of ?, Thm. 2.3
states that there is a one to one relation

ρ(−L) = sup
Q∈Γ

EQ(L) (1)

between coherent risk measures ρ and convex, weak∗ closed sets Γ of finitely
additive probabilities. Here L describes the loss as a function of risk factors
r. Since the Kullback-Leibler sphere is convex and weak∗ closed, one period
maximum loss is a coherent risk measure. One period maximum loss is also
law-invariant: Portfolios whose loss distributions agree almost everywhere
have the same maximum loss.

In the context of decision making under ambiguity, risk measures rep-
resent ambiguity averse preferences. In many decision situations the dis-
tinction between Knightian uncertainty (ambiguity; uncertainty about the
risk factor distribution) and risk (uncertainty about which risk factor val-
ues are realised) is prominent. The Ellsberg Paradox and related evidence
have shown such a distinction to be behaviourally meaningful. The standard
framework of subjective expected utility, however, excludes such a distinc-
tion. ? axiomatised the use of non-unique priors for uncertainty averse
decision makers. A decision maker ranks acts (horse lotteries), which are
functions from states of nature into distributions over a set of determin-
istic outcomes. ? describe how ambiguity averse decision makers prefer
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choices with a higher minimal expected utility over some set of distribu-
tions. Working in the setting of ? Gilboa and Schmeidler use lottery acts,
but ? translated this approach to Savage acts, which is exactly our frame-
work. Ambiguity averse agents prefer acts (portfolios with loss function L)
with lower

sup
Q∈Γ

EQ(u ◦ L), (2)

where Γ is some closed convex set of finitely additive probabilities and u is
a continuous strictly decreasing utility function of the losses. The set Γ is
interpreted as a set of priors held by the agent, and ambiguity is reflected
by the multiplicity of the priors. One period maximum loss takes for this
set a Kullback-Leibler sphere and yields one particular kind of ambiguity
averse preferences.

Although the representation (1) has been derived from axioms on risk
measures, whereas the representation (2) follows from axioms on proferences,
they coincide modulo some technical details. The choice of a portfolio can
be considered as an act of which the utility is the portfolio payoff. Vice
versa, the utility of an act can be interpreted as ‘payoff’. An ambiguity
averse investor prefers portfolios with lower values of some coherent risk
measure. Conversely, an investor preferring portfolios with lower values of
some coherent risk measure is ambiguity averse.

Extensions to a multi-period framework have been developed in both
contexts, risk measures and ambiguity-averse preferences. Notable work
on multiperiod risk measures constructed from families of one period risk
measures has been done by ?, ?, ?, and ?. A recurring theme is the close
relation of the requirement of dynamic consistency with recursiveness. The
? theory has been extended to a multiperiod setting in discrete time by ?
and in continuous time by ?. In this context, time consistency is related to
recursiveness through the priors set having the property of rectangularity.
A priors set for processes is rectangular if it is fully determined by the one-
step ahead conditional distributions. Our work makes this explicit for a
particular choice of priors set, namely the Kullback-Leibler sphere.

? have shown that the only convex, law invariant, time consistent, rel-
evant risk measure for processes is the entropic risk measure. MML is a
convex, law invariant, time consistent risk measure; but it is not relevant
in the sense of ?. Since MML is an otherwise sensible risk measure, the
assumption of relevance is perhaps less innocent than it seems.

In Section 2 we define multiperiod maximum loss in a time consistent
manner. Section 3 introduces the idea of time unit invariance. Section 4
formulates the main assumptions. In Section 5 we present a fast way to
calculate MML and show that MML is time unit invariant. Section 6 works
out the example of MML for linear portfolios and shows that multiperiod
Value at Risk is not time unit invariant. All proofs are in the Appendix.
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2 From One Period to Multiperiod Maximum Loss

2.1 One Period Maximum Loss

Assume the loss of a portfolio by the end of some time horizon is described by
a random variable L on a sample space Ω. An element r ∈ Ω is interpreted as
simultaneous realisation of the risk factors. We assume that a reference risk
factor distribution P is given. Often it results from some model assumptions
and an estimation procedure.

Because of model misspecifications or estimation errors the true risk
factor distribution Q might be different from P . We quantify the plausibility
of an alternative distribution Q by some distance from P . In the literature,
various distances of probability distributions are used. From the range of
possible distances we chose the relative entropy:

D(Q||P ) :=

{ ∫
log dQ

dP (r)dQ(r) = EP

[
dQ
dP log dQ

dP

]
if Q � P .

+∞ if Q 6� P .

Relative entropy appears to be the most versatile measure of distance of
distributions with many applications in statistics, information theory, sta-
tistical physics, see e.g. ?, ?, ?, ??. It has already been used in econometrics,
see ? or ?, or robust portfolio selection, see ?. Using it also in the context of
risk measurement looks certainly reasonable, though we do not claim that
among the various distances of distributions this one is necessarily the best
for this purpose.

The risk measure MaxLoss quantifies how bad the expected loss of the
portfolio could be if the relative entropy of the true distribution Q from P
does not exceed some chosen positive threshold k:

MaxLossk(L) := sup
Q:D(Q||P )≤k

EQ(L) (3)

= sup {EP [LZ] : Z ≥ 0, EP [Z] = 1,

EP [Z log (Z)] ≤ k} .

The parameter k quantifies ambiguity aversion. A decision maker using large
k is willing to take into account distributions which are very distant from the
reference distribution P . The sup in the first line is over the set of alternative
distributions {Q : D(Q||P ) ≤ k}, which is also called the Kullback-Leibler
sphere. The sup in the second line of (3) is over the density functions Z of
all distributions in the Kullback-Leibler sphere.

? solved the one period problem (3) explicitly. We report the form of
the solution since it is essential for the multi-period problem. A key tool is
the function

Λ(θ, L) := log
(∫

eθL(r)dP (r)
)

, (4)
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where θ is a positive real number. If the loss function L is obvious from
the context we simplify notation and write Λ(θ). Λ is a convex, lower semi-
continuous function of θ with Λ(0) = 0. The derivative of ∂Λ(θ, L)/∂θ with
respect to θ will be abbreviated as Λ′(θ, L). It is strictly increasing and
continuous in {θ : ΛP (θ, L) < ∞}. In this paper we will exclude some
pathological cases2 by making the following assumptions:

(i) If ess sup(L) is finite, assume k is smaller than kmax := − log(P ({r :
L(r) = ess sup(L)})).

(ii) Assume θmax := sup{θ : Λ(θ) < +∞} > 0,

(iii) If θmax,Λ(θmax), and Λ′(θmax) are all finite, assume k is smaller than
kmax := θmaxΛ′(θmax)− Λ(θmax).

Note that θmax and kmax depend on L. When these three assumptions are
satisfied the equation

θΛ′(θ, L)− Λ(θ, L) = k (5)

has a unique positive solution θ. The maximum loss achieved in the worst
case scenario is

MaxLossk(L) = Λ′(θ, L). (6)

2.2 Conditional One Period Maximum Loss

Conditional risk measures are designed for situations in which non-trivial
information is available. If additional information is available, it is natural
to apply the risk measure to the conditional distribution which takes into ac-
count the additional information. Conditionalising would not be necessary
for one-period situations because one can equally well use the one-period
framework replacing the unconditional risk factor distribution by the condi-
tional distribution given the available information. But conditionalising is
crucial in multi-period situations in which new information may unfold in
the several steps.

In order to define multiperiod maximum loss we first introduce condi-
tional one-period maximum loss. Assume that initially non-trivial informa-
tion is available, described by an event algebra F ′ contained in the algebra
F describing information at the final time. We define one-period conditional
maximum loss as

MLk(L|F ′) := sup
{
EP [LZ|F ′] : Z ≥ 0, EP [Z|F ′] = 1,

EP [Z log(Z)|F ′] ≤ k
}

, (7)

in analogy with (3). We abbreviate unconditional maximum loss as MaxLoss
and conditional maximum loss as ML. Note that sup in (7) denotes the

2These pathological cases are solved explicitly in ?.
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supremum not of numbers but of functions, with respect to almost sure
ordering.

The Z in (7) are required to be positive and have EP [Z|F ′] = EP [·|F ′](Z) =
1. Therefore they can be interpreted as densities with respect to the regular
conditional probabilities P [·|F ′], which are defined by P [A|F ′] := E[1A|F ′]
for A ∈ F . Call Q the distribution defined by such a density Z. The Q sat-
isfy D(Q||P [·|F ′]) = EP [·|F ′](Z log Z) = E(Z log Z|F ′) ≤ k. Therefore the Q
are in the Kullback-Leibler sphere centered at the conditional distribution
P [·|F ′].

The objective function EP [LZ|F ′] equals the expectation of L with re-
spect to such a distribution Q. Conditional MLk(L|F ′) is a random variable
that is constant at the elements of the σ-algebra F ′ and equals uncondi-
tional MaxLoss with reference distribution P [A|F ′]. In case the σ-algebra
F ′ = {0,Ω} is trivial the conditional MLk(L|F ′) coincides with the uncon-
ditional MaxLossk (L).

By its definition (7) via the supremum, conditional one-period ML is
convex, homogeneous, and law-invariant in the same way as unconditional
MaxLoss. Conditional MaxLoss can be calculated in the same way as un-
conditional MaxLoss: In equation (4) defining the Λ-function, P is replaced
by P [·|F ′]. θ is calculated from (5) with this modified Λ-function. This is
possible if the conditions (i)-(iii) excluding the pathological cases are satis-
fied (with ess sup(L), kmax, and Λ taken with respect to P [·|F ′] instead of
P ). Finally, MLk(L|F ′) is calculated as Λ′(θ, L) with the modified Λ and
the modified θ.

2.3 Multi-Period Maximum Loss

Time consistent multiperiod versions of one period risk measures can be
constructed in a recursive procedure (see ?????). The basic idea is that
the risk capital required at some intermediate point in time is treated as a
negative cash flow at that time.

Working in a filtered probability space (Ω,F , (Ft), P ) we consider adapted
loss processes (Lt). Ft represents the information available at time t. A point
ω ∈ Ω represents a path of risk factors values.

Definition 1 (Multiperiod Maximum Loss). For a sequence of Kullback-
Leibler radii (k1, . . . , kT ) the multiperiod maximum loss of a portfolio se-
quence (L1, . . . , LT ) is defined through backward recursion by

MMLkT
(LT |FT−1) := MLkT

(LT |FT−1)

and

MMLkt,...,kT
(Lt, . . . , LT |Ft−1, . . . ,FT−1) =

MLkt(Lt + MMLkt+1,...,kT
(Lt+1, . . . , LT |Ft, . . . ,FT−1)|Ft−1).
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Figure 1: The rosetta: Multiperiod Maximum Loss is constructed in analogy to
Huygens’ Principle. Each point on the t = 0 sphere (slashed line) gives rise to a
t = 1 conditional sphere (full lines). MML is the nested maximum loss over condi-
tional single-period Kullback-Leibler spheres of distributions. The Kullback-Leibler
spheres correspond to the spheres of the wavefront, but they live in an infinite di-
mensional space of distributions rather than in physical space. The illustration is
for two time steps. Only eight of the infinitely many conditional spheres appear in
the illustration.

MMLkt,...,kT
(Lt, . . . , LT |Ft−1, . . . ,FT−1) is the multiperiod maximum loss

calculated at time t−1 for the sequence of radii kt, . . . , kT caused by accumu-
lated losses from t to T . It inherits the properties of convexity, homogeneity,
and law-invariance from conditional one-period ML. Its construction is in-
spired by Huygens’ Principle.

By a result of ?, MML, because of its recursive construction, can be
written as worst expected loss over a set Γ of path distributions which is
determined by the one step ahead conditionals {Q : D(Q||P [·|F ′]) ≤ kt}.
This Γ is rectangular in the sense of ?.3 Our results specifiy conditions under
which Γ is a Kullback-Leibler sphere.

3 Time Unit Invariance

With the same recursive procedure one can construct other risk measures
for processes out of any sequence of one period risk measures. Because of
the recursive structure such recursive risk measures for processes are well
suited for applying dynamic optimisation methods.

We restrict ourself to one period risk measures depending on a single
parameter α. In case of ML this is the Kullback-Leibler radius k. In other

3Γ is different from the prior set Prob defined by ? in their equation (5.4). As they
observe Prob is not rectangular.
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cases the parameter can be some confidence level, as for Value at Risk or
Expected Shortfall.

For a sequence of conditional one period risk measures Rαt (·|Ft), with
parameters α1, . . . , αT the multiperiod risk of a portfolio sequence (L1, . . . , LT )
is defined by backward recursion as MRαT (LT |FT−1) := RαT (LT |FT−1) and

MRαt,...,αT (Lt, . . . , LT |Ft−1, . . . ,FT−1) =
Rαt(Lt + MRαt+1,...,αT (Lt+1, . . . , LT |Ft, . . . ,FT−1)|Ft−1). (8)

Such risk measures are under very wide conditions time consistent in
the following sense: If the risk of the portfolio sequence (Lt+1, . . . , LT ) is
lower than the risk of (L′

t+1, . . . , L
′
T ) and at t the loss Lt is lower than

L′
t almost surely, then the risk for the portfolio sequence (Lt, . . . , LT ) is

lower than the risk of (L′
t, . . . , L

′
T ). ?, Proposition 3.3.5 established that,

under the technical assumption of a Weak Projection Property, a recursive
construction as in Definition 1 is equivalent to time consistency.4 Therefore
by construction MML is time consistent.

Another requirement for dynamic risk measures constructed recursively
from a sequence of one period risk measures is time unit invariance:

Definition 2 (Time Unit Invariance). Let MRαt,...,αT be a multiperiod risk
measure constructed from a sequence of conditional one period risk measures
Rαt (·|Ft). Then we call MRαt,...,αT invariant under changes of time units
if there exists a parameter value ᾱ such that for any i.i.d. sequence of loss
distributions Lt

MRαt,...,αT (L, . . . , L|F0, . . . ,FT−1) = Rᾱ

(
T∑

t=1

L(rt)|F0

)
,

holds.

If this property is fulfilled it does only matter into how many time steps
we split a long time horizon. The choice of time units is irrelevant. The
one period risk of aggregated cash flows is equal to multiperiod risk. Of
course this can only be expected if no positions are sold or bought and if
risk factors are i.i.d..

In Corollary 1 we see that multiperiod maximum loss is invariant un-
der changes of time units. But Value at Risk is not time unit invariant
(Example 6.2).

4This equivalence is perhaps the reason why many authors (?, ?) use the term time
consistent for recursive. Time consistency implies acceptance and rejection consistency in
the sense of ?, which is called weak time consistency by ?. Other relevant papers with
respect to time consistencyare ?, ?, ?, ?, ?.
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4 Two Assumptions

Time unit invariance requires that, for a portfolio with constant composition
and i.i.d. risk factors, multiperiod risk equals the risk of the accumulated
cash flow over one long period. This points to the main question of this
paper: Under which conditions is multiperiod MML equal to one period ML
of the accumulated cash flow? The following two assumptions are central
for an affirmative answer.

Assumption 1. Losses Lt at time t are independent of information Ft−1

at time t− 1.

Assumption 2. Losses at time t are observable: σ(Lt) ⊂ Ft.

By Assumption 1 the one period conditional MLk(Lt|Ft−1) does not de-
pend on Ft−1. The same is true for MMLk1,...,kT

(L1, . . . , LT |F0, . . . ,FT−1).
So we can simplify notation by dropping the reference to Ft and write

MLkt(Lt) := MLkt(Lt|Ft−1)

and

MMLk1,...,kT
(L1, . . . , LT ) := MMLk1,...,kT

(L1, . . . , LT |F0, . . . ,FT−1).

Assumptions 1 and 2 together imply that each loss distribution Lt is inde-
pendent of earlier losses Lt−1, Lt−2, etc.

Our assumptions exclude multiperiod credit risk models which use rat-
ings or a latent firm value as risk factors. Credit risk models using latent
firm values as risk factors violate Assumption 2. Models using ratings as
risk factors violate Assumption 1. Transition matrices describe the fact that
the probabilities of up- and downgradings vary with the initial rating class.
This violates independence. For credit risk models of this kind the calcula-
tion of multiperiod MML requires the recursive formula of Definition 1 and
does not allow for the one period shortcut.

5 Main Results

We now turn to the question when one period risk of aggregated cash flows
is equal to multiperiod risk. If this is the case we get a fast way to calculate
multiperiod maximum loss.

Let us first look at the situation where a radius K for one long period
[0, T ] is given. Can MaxLoss over this long period arise from MaxLoss over
T single periods? The following theorem gives conditions under which the
answer is affirmative.
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Theorem 1 (Disaggregation). Assume the risk factor distributions at dif-
ferent times are independent. If assumptions (i) to (iii) hold for Λ(θ,

∑
Lt)

and if 0 < K < kmax, the equation

θ · Λ′
(
θ,
∑

Lt

)
− Λ

(
θ,
∑

Lt

)
= K. (9)

has a unique solution θ. Choose

kt := θ · Λ′(θ, Lt)− Λ(θ, Lt) (10)

for t = 1, . . . , T . With this choice we have

MMLk1,...,kT
(L1, . . . , LT ) = MLK

(∑
Lt

)
, (11)

and

K =
T∑

t=1

kt. (12)

Now let us assume that the the radii k1, . . . , kT are given. Can we calcu-
late MML of the cash flow (L1, . . . , Lt) as MaxLoss of the aggregated cash
flow

∑
t Lt over the single long period [0, T ]?

Theorem 2 (Aggregation). By Assumptions 1 and 2 loss distributions at
different times are independent. If 0 < kt < kt,max are given for each t,
which excludes the pathological cases, there exists a unique θ such that

T∑
t=1

Λ′(θ, Lt) =
T∑

t=1

Λ′(θt, Lt), (13)

where the θt are the unique solution of

θt · Λ′(θt, Lt)− Λ(θt, Lt) = kt. (14)

Define K by

K := θ · Λ′

(
θ,

T∑
t=1

Lt

)
− Λ

(
θ,

T∑
t=1

Lt

)
. (15)

With this choice of K we have

MMLk1,...,kT
(L1, . . . , LT ) = MLK

(
T∑

t=1

Lt

)
. (16)

This theorem is highly relevant in practical applications. Multiperiod
maximum loss would be tedious to compute by its recursive construction.
But it can equivalently be calculated as the left hand side of (16), which
is just a one period maximum loss at the larger radius K. This is done in
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three steps. First calculate Λ and Λ′ for the aggregated loss
∑

Lt. This
step involves the evaluation of an integral in as many dimensions as there
are risk factors. Second, determine the θt from the kt by solving (14). Third,
determine θ by solving (13). Finally, MMLk1,...,kT

(L1, . . . , LT ) is given by
Λ′(θ,

∑T
t=1 Lt).

In general K is not equal to
∑

kt. But the two are equal in the case in
case losses at different times are not only independent but i.i.d..

Corollary 1 (Aggregation for constant portfolio and iid risk factors). MML
is time unit invariant: Assume the risk factors distributions at different
times t = 0, . . . , T are i.i.d.. Consider a constant, not necessarily linear,
portfolio, i.e. a portfolio for which the loss distributions Lt := L(rt) at
different times t are identical. Let some k < kmax be given so that the
pathological cases are excluded. Then

MMLk,...,k (L1, . . . , LT ) = MLkT

(
T∑

t=1

Lt

)
. (17)

holds. The parameter sequence (k, k, . . . , k) determines kT as the parameter
of the long one period risk measure, independently of the portfolio or of the
risk factor distributions at different times.

The result is illustrated in Fig. 2.

Figure 2: Multiperiod Maximum Loss (over the rosetta of full line circles) equals
single period Maximum Loss of the aggregated process (over the fat slashed circle).

6 Examples

6.1 Linear portfolio, normal iid risk factors

Consider a non-constant linear portfolio over two periods, depending on one
normal risk factor whose distributions at different times are independent.
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At each time t the risk factor takes a value rt ∼ N(0, σ2
t ). The loss of the

portfolio at time t is Lt(rt) = −ltrt. One period unconditional maximum
loss at radius kt can be calculated directly (?[Proposition 1]): Λ(θ, Lt) =
θ2σ2

t l
2
t /2, θ =

√
2kt/(σt|lt|) and the maximum loss is Λ′(θ, Lt) =

√
2ktσt|lt|.

Two period maximum loss then is

MMLk1,k2(L1, L2) =
√

2k1σ1|l1|+
√

2k2σ2|l2|.

On the other hand maximum loss of the portfolio L1 + L2 over the long
period [0, 2] equals

MLK(L1 + L2) =
√

2K
√

σ2
1l

2
1 + σ2

2l
2
2.

The equality MLK(L1 + L2) = MMLk1,k2(L1, L2) does not hold for K =
k1 + k2 but for

K =
(
√

k1σ1|l1|+
√

k2σ2|l2|)2

2(σ2
1l

2
1 + σ2

2l
2
2)

.

If, however, the portfolio is constant over the two time periods, l1 = l2, the
risk factor distributions at different times are identical, σ1 = σ2, and the
radii are equal, k1 = k2 =: k, then K = 2k, in agreement with Corollary 1.

The same holds for T periods and if the portfolio loss at time t is given
by a linear function of n risk factors, Lt(rt) = lt· (µt − rt), which are inde-
pendent and normally distributed with mean µt and covariance matrix Σt,
rt ∼ Pt = N(µt,Σt). In this case one period MaxLoss for radius k equals
√

2k
√

lTt Σtlt, see ?[Proposition 2]. With this one calculates

MMLk1,...,kT
(L1, . . . , LT ) =

T∑
t=1

√
2kt

√
lTt Σtlt.

MaxLoss at radius K over one long period [0, T ] of the aggregated cash flows
equals

MLK(
T∑

t=1

Lt) =
√

2K

√√√√ T∑
t=1

lTt Σtlt.

The two are equal if

K =

(∑T
t=1

√
2kt

√
lTt Σtlt

)2

2
∑T

t=1 lTt Σtlt
.

In general K is not equal to
∑

kt. But in the special case of a constant
linear portfolio, lt = l, and iid normal risk factors, Σt = Σ and µt = µ, we
have equality if

K =
(
∑T

t=1

√
kt)2

T
.
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If all kt are equal to k, then
K = Tk

ensures the equality MLK(
∑

Lt) = MMLk,...,k(L1, . . . , LT ), in agreement
with Corollary 1. MaxLoss at level K over the long period [0, T ] equals
multiperiod MaxLoss, each at level k, if K grows linearly in T . In this case
MLK over a period [0, T ] grows with

√
T , in the same way as the standard

deviation of the loss distribution, or VaR.

6.2 Multiperiod VaR is not time unit invariant

We will give a simple counterexample with only one normally distributed risk
factor and two time steps. For a constant linear portfolio with loss function
Lt(rt) = −lrt, Value at Risk at level α equals Φ−1(α)σ|l|, where Φ−1 is
the inverse of the standard normal distribution function. For a series of
confidence levels α1, α2, . . . , αT a time consistent multiperiod version MVaR
of VaR may be defined by a recursive procedure as in (8). In the the special
case of just two time steps and iid normal risk factors we get

MVaRα1,α2(−lr1,−lr2) = (Φ−1(α1) + Φ−1(α2))σ|l|.

Aggregated VaR at level ᾱ over the period [0, 2] equals

VaRᾱ(−lr1 − lr2) =
√

2Φ−1(ᾱ)σ|l|.

MVaR for the parameter sequence (α, α) equals one period VaR at level ᾱ
if

ᾱ = Φ(
√

2Φ−1(α)). (18)

This condition guarantees equality for all constant linear portfolios, but not
for all constant portfolios as the example of quadratic portfolios will show.

Consider quadratic portfolios with a loss function −l2r2. For such port-
folios Value at risk at level α equals F−1

1 (α)l2σ2, where F−1
1 is the inverse of

the distribution function of the χ2-distribution with one degree of freedom.
Multiperiod VaR for the parameter sequence (α1, α2) is

MVaRα1,α2(−l2r2
1,−l2r2

2) = (F−1
1 (α1) + F−1

1 (α2))σ2l2.

Aggregated VaR at level ᾱ over the period [0, 2] is

VaRᾱ(−l2r2
1 − l2r2

2) = F−1
2 (ᾱ)l2σ2,

where F−1
2 is the inverse of the distribution function of the χ2-distribution

with two degrees of freedom. Multiperiod MVaRα,α(−l2r2
1,−l2r2

2) equals
VaRᾱ(−l2r2

1 − l2r2
2) if

ᾱ = F2(2F−1
1 (α)). (19)
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This condition guarantees equality for all constant quadratic portfolios. But
it is different from the condition (18) for linear portfolios. There is no
relation between α and ᾱ ensuring MVaRα,α(L,L) = VaRᾱ(L(r1) + L(r2))
for all constant portfolio sequences (L,L). We find different relations for
quadratic and linear portfolios, hence time unit invariance is not fulfilled for
multiperiod Value at Risk.

7 Conclusion

We introduced the process risk measure MML and analysed under which
conditions it equals one period maximum loss of the aggregated losses. As-
suming losses at time t are independent of information at time t − 1 we
arrived at the following results. (i) Given a radius K for the maximum
aggregated losses over [0, T ], it is possible to find a radius kt for each time
step, such that MML equals one period maximum loss with the given radius
K.

∑
kt = K holds. (ii) Given the kt for each t, it is possible to calculate

an overall radius K such that MML equals the one period maximum aggre-
gated loss at radius K.

∑
kt = K does not hold. (iii) If in situation (ii)

risk factors are identically distributed and the portfolio composition does
not change, the relation kt = K

n holds for all distributions of the rt and for
all loss functions L. This is invariance under changes of time units. A time
consistent multiperiod version of Value at Risk does not have this property.

Future research should try to weaken Assumption 1. This would allow for
a fast calculation of MML in a wider class of models, including multiperiod
credit risk models.
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Proof of Theorem 1

We show the assertion for two periods called 0, 1. Within the following proof
they represent generically any periods t, t + 1. As a first step we calculate
the maximum loss over both time periods, which is the left hand side of
(11). Using (6) we get

MLK(L1 + L2) = Λ′(θ, L1 + L2), (20)

where θ is the unique solution of (9). Since the pathological cases have been
excluded this equation always has a unique solution. Λ(L, · ) =: log(ZP (θ, L))
is the logarithm of a moment generating function. The moment gener-
ating function of the sum of independent random variables L1, L2 is the
product of the individual moment generating functions Z(θ, L1 + L2) =
Z(θ, L1)Z(θ, L2). Therefore we have

Λ(θ, L1 + L2) = Λ
(
θ, L1

)
+ Λ

(
θ, L2

)
(21)

and
Λ′ (θ, L1 + L2

)
= Λ′ (θ, L1

)
+ Λ′(θ, L2). (22)

Thus (9) reads

θ · (Λ′(θ, L1) + Λ′(θ, L2))− (Λ(θ, L1) + Λ(θ, L2)) = K. (23)

Next calculate the conditional maximum loss given the information at
time 1. Because of Assumption 1 this results in the calculation of an uncon-
ditional maximum loss. From (6) we get

MLk2(L2) = Λ′(θ, L2), (24)

where k2 is defined by (10).
The next step is the calculation of the maximum loss for the composition:

MLk1(L1 + MLk2(L2)) = MLk1(L1 + Λ′(θ, L2))
= Λ′(θ, L2) + MLk1(L1)
= Λ′(θ, L2) + Λ′(θ, L1), (25)

where k1 is defined by (10). Equations (25) and (22) imply that (11) always
holds. In general the above choices of k1 and k2 are not unique. A lower
value of k1 can be compensated by a higher value of k2 and vice versa. To
establish (12) sum up equation (10) for k1 and k2 and compare the result to
(23).

The argument can be easily extended to more than two periods.
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Proof of Theorem 2

We also show this assertion for two periods called 0, 1. In the same way as
in the proof of Theorem 1 we see that

MLk1(L1 + MLk2(L2)) = Λ′(θ2, L2) + Λ′(θ1, L1).

The two period version of (16) holds if there is some θ such that

Λ′(θ, L1) + Λ′(θ, L2) = Λ′(θ1, L1) + Λ′(θ2, L2). (26)

Since both Λ′(·, L1) and Λ′(·, L2) are strictly increasing and continuous
in θ, Λ′(·, L1) + Λ′(·, L2) is also strictly increasing and continuous, taking
values in the interval [Λ′(θ1, L1) + Λ′(θ1, L2),Λ′(θ2, L1) + Λ′(θ2, L2)]. (Here
we assumed that θ1 < θ2. If θ1 > θ2 exchange the bounds of the intervals.
If θ1 = θ2 take θ := θ1.) Therefore, for any point in this interval there is
a unique θ in [θ1, θ2] such that Λ′(θ, L1) + Λ′(θ, L2) takes this value. This
establishes (26) and thus the theorem.

Proof of Propostion 1

For i.i.d. increments and a constant portfolio the functions Λ(· , Lt) and the
parameters θt do not depend on t. θ := θt solves (13). Λ(θ,

∑
Lt) equals

TΛ(θ, Lt). Thus the K determined by (15) equals kT .
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