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Abstract

We examine the properties of temporally aggregated distributions when
one period changes follow a strong GARCH process. Our main results: (1)
We derive explicit expressions for the conditional volatility and kurtosis of
the aggregated distribution. (2) As the time horizon gets longer the con-
ditional aggregated kurtosis approaches three (resp. a different constant,
for stock variables) or infinity depending on whether or not a simple in-
equality in term of the GARCH parameters is satisfied. (3) Given that the
aggregation of a strong GARCH process is not any more a strong GARCH
process, the question arises for which data frequency a description by a
strong GARCH process fits the data best. We propose a quasi maximum
likelihood method to determine the optimal data frequency for a GARCH
description. (4) For models with different basic frequency and with differ-
ent residual distributions we perform out of sample tests of three months
density forecasts on the basis of daily market prices. It turns out that low
frequency models with longer basic periods and fewer aggregation steps
fare better than high frequency models. This seems to imply that for
high frequency models the advantage of having more data available for
estimation is outweighed by the disadvantage of aggregation magnifying
estimation errors.
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1 Introduction

With higher frequency data being increasingly available and attention focusing

on longer time horizons we face the choice whether or not to use the higher

frequency data available in long term analysis. At first sight it seems clear

that it should be used. If we restricted ourselves to the low frequency data

we either would have very few data points or use very old historical data for

getting reliable parameter estimates. Neither is desirable. On the other hand,

when we use the higher frequency data the time horizon of the forecast is several

time steps ahead. The long term analysis then has to calculate the distribution

arising from aggregating the high frequency model over several time steps. This

motivates our analysis of aggregated distributions.

The approach we take is to estimate a strong GARCH model, as introduced

by Bollerslev [5], for single time steps of suitable length and then aggregate

over sufficiently many time steps to arrive at the desired time horizon. Drost

and Nijman [9] in a landmark paper showed that the temporal aggregate of

a strong GARCH process is in general not a strong GARCH. Therefore they

introduced the larger classes of semi-strong and weak GARCH models. For semi-

strong GARCH processes the mean and variance of innovations are determined,

but other properties of the distribution of innovations are not determined. In

particular, the innovations need not be independent or identically distributed.

For weak GARCH processes not even the mean and variance are determined,

we just have a linear predictor.

Weak GARCH processes have the advantage of aggregating to weak GARCH

processes, but for purposes of risk management they do not convey much in-

formation. For mean and variance they only specify the best linear predictor,

other properties of the distribution are not specified at all. In risk management

we often need more information about the conditional distribution: quantiles,

higher moments, and for risk measures like Expected Shortfall even the full

distribution function in the tails and for aggregated analysis event the full dis-

tribution. This information is not specified by semi-strong or weak but only

by strong GARCH processes. For this reason this paper focus on analysis of

the aggregated distribution of strong GARCH processes accepting that this ag-

gregated distribution is itself not a strong GARCH process, but we will derive
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the properties of higher moments of aggregated time series also for more gen-

eral semi-strong GARCH process. As first we recall the definition of strong,

semi-strong, and weak GARCH processes as introduced in [9].

Definition 1.1. Let {ht, t ∈ Z} be defined as the stationary solution of

ht = ψ + αε2t−1 + βht−1.

A time series {εt, t ∈ Z} is said to be generated by a strong GARCH(1,1) process

if ψ, α, β can be chosen in such a way that

ξt := εt/
√
ht ∼ D(0, 1) i.i.d.,

(1)

where D(0, 1) is some fixed distribution of errors with zero mean and unit

variance. The series {εt, t ∈ Z} is said to be generated by a semi-strong

GARCH(1,1) process if

E[εt|It−1] = 0,

E[ε2t |It−1] = ψ + αε2t−1 + βht−1 = ht, (2)

where the information set It−1 := {εt−1, εt−2, . . .} describes the information

available at time t − 1. A time series {εt, t ∈ Z} is said to be generated by a

weak GARCH(1,1) process if

P [εt|εt−1, εt−2, ...] = 0,

P [ε2t |εt−1, εt−2, ...] = ψ + αε2t−1 + βht−1 = ht, (3)

where P [xt|εt−1, εt−2, ...] denotes the best linear prediction of xt in terms of 1,

εt−1, εt−2 , ... ,ε2t−1, ε
2
t−2, .... Furthermore we assume ψ, α, β > 0 for volatility

to be positive and α+ β < 1 in order to ensure stationarity of the process.

We will consider both stock random variable and flow random variable for

the aggregation. The difference between the stock and flow random variable is

in the way how they aggregate. An example of stock random variables are the

stock prices or the wealth of a person. For stock random variable only the last

observed value within the aggregation period is of interest. We will denote the
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aggregation of stock random variable εt over m time periods as ε(m)t, which we

define as

ε(m)t := εt+m. (4)

An example of flow random variable are the log returns of stock prices or the

income of a person. For flow random variable the aggregation is given by the

sum of all observed values within the aggregation period. We will denote the

aggregation of flow random variable εt over m time periods as ε[m]t, which is

defined as

ε[m]t :=
m∑
i=1

εt+i. (5)

Unlike the definition of aggregation adopted by Drost and Nijman we use slightly

different definition for aggregated stock variable, which covers also the Drost and

Nijman definition for t := (t̃ − 1)m. Similar our definition of aggregated flow

variable covers the Drost and Nijman definition for t := mt̃. This alternative

definition simplify the proof as it allows for simpler recurrent calculation of ag-

gregated variance and kurtosis. This results from the possibility of overlapping

aggregation.

The densities of the conditional aggregated distribution can be calculated

explicitly for both flow and stock random variables. For a flow variable the

probability density function of m-period aggregation under the assumption, that

the whole non aggregated history is known, is

fε[m]t|It
(y) =

∞∫
−∞

...

∞∫
−∞

dεt+1 ... dεt+m−1 (6)

fεt+m|It+m−1

(
y −

m−1∑
i=1

εt+i

)
m−1∏
i=1

fεt+i|It+i−1(εt+i).

Here It represents the information set available in time t. Information set It+i

inherit all the information from information in It+i−1 and additionally the value

of the process in time t+ i, which is εt+i.

For a stock variable the probability density function of m-period aggregation

under the assumption, that the whole non aggregated history is known (ε(m)t|It
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corresponds to m-step ahead forecast), is

fε(m)t|It
(y) =

∞∫
−∞

...

∞∫
−∞

dεt+1 ... dεt+m−1 (7)

fεt+m|It+m−1 (y)
m−1∏
i=1

fεt+i|It+i−1(εt+i).

This equation can also be found in Andersen et al. [1, eq. (3.26)]. The aggre-

gated density functions of equations (6), (7) are the basis of risk measurement

at the aggregated time level. Apart from realizations not being serially indepen-

dent the density functions do not necessarily have the same form as the density

of one period returns. These are the reasons why the aggregated realizations of

strong GARCH are not in generally strong GARCH.

In this paper we study the kurtosis and variance of the conditional aggregate

distributions of equations (6), (7). We also analyse the limit behaviour of condi-

tional variance and kurtosis when aggregating over sufficiently many time steps.

It turns out that in the limit of infinitely many aggregation steps (correspond-

ing to an infinite time horizon) the conditional aggregated kurtosis approaches

three (resp. a different constant, for stock variables) or infinity depending on

whether or not a simple inequality in term of the GARCH parameters ψ, α, β

(and additionally κ, for flow variables) is satisfied.

Since strong GARCH processes do not aggregate to strong GARCH pro-

cesses the question arises at which frequency the assumption of strong GARCH

processes is best justified. (For weak GARCH processes this question does not

arise, as the aggregation of weak GARCH process again is a weak GARCH pro-

cess.) In the empirical part we first estimate the optimal data frequency for

strong GARCH processes with a Quasi Maximum Likelihood procedure. Then

we evaluate the long term density forecasts produced by aggregating the models

of various basic frequencies over the appropriate number of time steps. Contrary

to some statements in the literature (see e.g. Drost and Nijman [9, p. 922])

producing long term forecasts from aggregating higher frequency models need

not be better than using only low frequency data.

A few remarks about the relation of our analysis to the existing literature

are in order. This paper does not deal with contemporaneous aggregation, as do
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for example Nijman and Sentana [16]. Drost and Werker [10] define continuous

time GARCH processes which exhibit weak GARCH behaviour at all discrete

frequencies. They show that the discrete time GARCH processes arising from

the observation of continuous time GARCH processes have excess kurtosis even

if the continuous time process does not. In our paper we also describe a similar

phenomenon: The processes arising from an aggregation of strong GARCH pro-

cesses have excess kurtosis even if the basic process does not. But obviously the

class of processes we consider do not satisfy the assumptions of continuous time

GARCH. Meddahi and Renault [15] also investigate the temporal aggregation

of volatility models. They consider a class of processes more general than weak

GARCH, which works even if fourth moments are not finite. Our expressions

for the variance of the aggregated conditional distribution (Theorems 1 and 2)

do not assume either that fourth moments are finite, but the analysis of the

kurtosis of the aggregated conditional distribution assumes innovations to be

symmetric and have finite fourth moments. Baillie and Bollerslev [2] investigate

conditional mean and variance (but not conditional kurtosis) of GARCH error

distributions and specify all unconditional moments of the error distribution.

However, they do not analyse conditional kurtosis.

The paper is organised as follows. In Section 2 we derive the expressions for

the variance and kurtosis of the conditional aggregated distributions (6), (7).

The limiting behaviour of the kurtosis is described in Section 3. In Section 4 we

deal with the optimal data frequency for strong GARCH processes. All proofs

are given in the Appendix.

2 Conditional Variance and Kurtosis

Now we can specify the conditional variance and kurtosis of the aggregated

GARCH (1,1) processes for stock and flow variables.

Theorem 1. Assume εt is a stock variable following a semi-strong GARCH

process. Then the conditional variance of the m-step distribution ε(m)t := εt+m

is given by

Var(ε(m)t|It) = σ2
u + (α+ β)m−1

(
ht+1 − σ2

u

)
, (8)
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where σ2
u is the unconditional variance of one period returns, σ2

u = ψ/(1− α−

β). If innovations ξt are independent, have symmetric distribution and have

finite fourth moments κ, then the conditional fourth moments of the m-step

distribution ε(m)t can be written recursively as

E(ε4(m)t|It) = κψ2 + γE(ε4(m−1)t|It) + (9)

+2ψκ(α+ β)Var(ε(m−1)t|It),

where κ is the unconditional kurtosis of innovations ξt (which equals the condi-

tional kurtosis of εt) and

γ := α2κ+ β2 + 2αβ.

Non-recursively the fourth moment of the aggregated distribution is given by

E(ε4(m)t|It−1) = γm−1κh2
t+1 +

κψ2 + 2ψκ(α+ β)σ2
u

1− γ
(1− γm−1)

+2ψκ(α+ β)
ht+1 − σ2

u

α+ β − γ
(
(α+ β)m−1 − γm−1

)
, (10)

when γ /∈ {1, α+ β}.

Theorem 2. Assume εt is a flow variable following a semi-strong GARCH

process. Then the conditional variance of the aggregated flow variable ε[m]t :=∑m
i=1 εt+i is given by

Var(ε[m]t|It) = mσ2
u +

1− (α+ β)m

1− (α+ β)
(ht+1 − σ2

u), (11)

where σ2
u is the unconditional variance of one period returns εt, σ2

u = ψ/(1 −

α−β). If innovations ξt are independent, have symmetric distribution and have

finite fourth moment κ, then the conditional fourth moments of the aggregated

variable ε[m]t can be written as

E(ε4[m]t|It) = B

m−1∑
i=0

Aib, (12)
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where B := (1, ht+1, h
2
t+1, 0, 0), b′ = (0, 0, κ, 0, 6), and

A =



1 ψ ψ2 0 0

0 α+ β 2ψ(α+ β) 1 ψ

0 0 κα2 + 2αβ + β2 0 κα+ β

0 0 0 1 ψ

0 0 0 0 α+ β


.

Remark: Drost and Nijman [9, p. 916, eq. (14)] give the unconditional kurtosis

of the aggregated distribution. Our results specify the conditional kurtosis,

which is relevant for purposes of risk management.

3 The limiting behaviour of the conditional ag-

gregated kurtosis

Let us now consider the long-term behaviour of the conditional aggregated kur-

tosis, still under the assumption that the one period process is semi-strong

GARCH process with symmetric innovations, which have finite fourth moment

and are independent. We let the number of aggregation steps increase. With

fixed length of the basic period, this amounts to a proportional increase of the

time horizon.

Diebold [8] has shown that a version of the central limit theorem implies

that conditional heteroscedasticity disappears with increasing sampling inter-

vals. Moreover, it is generally accepted that for most financial time series re-

turn innovations tend to normality as the sampling interval increases. If return

innovations indeed approach normality with increasing sampling intervals, the

kurtosis of the conditional aggregate should approach the value of three as

m→∞.

Corollary 1. For a stock variable, under the assumptions of Theorem 1 the

kurtosis of the conditional aggregated distribution can be defined as

κ(m) :=
E(ε4(m)t|It)(
E(ε2(m)t|It)

)2 . (13)
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Aggregated kurtosis κ(m) goes to infinity as m → ∞ in the case γ := (α2κ +

2αβ + β2) ≥ 1.In case γ < 1 the kurtosis goes to following finite value

lim
m→∞

κ(m) = κψ
ψ + 2(α+ β)σ2

u

(1− γ)σ4
u

. (14)

Remark: While limit of kurtosis for a stock variable is finite as m goes to

infinity, this finite value can not be bounded without the knowledge of the

process parameters κ, ψ, α and β. Choosing γ near one, but smaller than one,

can lead to the limit of any size.

For flow variables the limit behaviour of the conditional aggregated kurtosis is

given by following theorem.

Theorem 3. Assume εt is a flow variable following a semi-strong GARCH pro-

cess and innovations ξt are independent with symmetric distribution and with a

finite fourth moments κ. Then kurtosis of the conditional aggregated distribution

defined as

κ[m] :=
E
(
ε4[m]t|It

)
(
E(ε2[m]t|It)

)2 (15)

has the following limit

lim
m→∞

κ[m] =


3 if γ < 1

∞ if γ > 1

3 + d if γ = 1

, (16)

where

γ = α2κ+ 2αβ + β2

d =
(
(ψκ)/(2σ2

u) + 3(κα+ β)
) (
ψ/(σ2

u) + 2(α+ β)
)

To analyse the aggregated conditional kurtosis in the long term limit we esti-

mated the GARCH parameters ψ, α, β, κ of some time series at daily frequency

for real data. For these series we used daily data from Bloomberg starting at

the dates indicated below and ending 1 February, 2010.
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Equity Indices

Dow Jones Industrial Average 03-Jan-1970

DAX 03-Jan-1970

Nikkei 225 05-Jan-1970

Austrian Traded Index 08-Jan-1986

FTSE 100 03-Jan-1984

Swiss Market Index 01-Jul-1988

Interest Rates

US Govt. 3 months 03-Jan-1970

US Govt. 6 months 03-Jan-1970

US Govt. 2 years 31-Jan-1977

US Govt. 5 years 03-Jan-1970

US Govt. 10 years 03-Jan-1970

US Govt. 30 years 01-Dec-1980

Germany Govt. 10 years 03-Jan-1989

Japan Govt. 10 years 22-Oct-1987

Exchange Rates

EUR/USD 04-Jan-1971

EUR/GBP 04-Jan-1971

EUR/CHF 04-Jan-1971

EUR/JPY 04-Jan-1971

The values of parameters α, β and κ estimated by a QMLE2 and the result-

ing γ are shown in Table 1. Value of γ is an indicator of the long time limit of

aggregate conditional kurtosis. For time series with γ > 1 the aggregated con-

ditional kurtosis goes to infinity according Theorem 3. The second last column

gives the values of γ together with its 80% confidence levels. These confidence

levels were approximately determined by Monte Carlo simulations3. The error

distribution of model parameters ψ, α, β, κ is asymptotically normal for MLE

estimates. We drew 10.000 values of these parameters and from them calculated

γ. The last column indicates the limit behavior of aggregate conditional kurto-

sis: c stands for convergence to the value of 3, d stands for divergence, u stands

for undecided which is used if the confidence interval contains the value of 1.

We observe that for 13 time series the conditional aggregate kurtosis converges
2For details on quasi-maximum likelihood estimator for GARCH processes see e.g. [13]
3For details on approximation of confidence intervals with Monte Carlo methods see e.g.

[7]
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Table 1: The GARCH parameters α, β, κ and the indicator γ of the long time limit of
conditional kurtosis. For time series with γ > 1 the aggregated conditional kurtosis goes to
infinity according Theorem 3. The second last column gives the values of γ together with the
80% confidence levels. The last column indicates the limit behavior of aggregate conditional
kurtosis: c stands for convergence to the value of 3, d stands for divergence, u stands for
undecided which is used if the confidence interval contains the value of 1. We observe that
for 13 time series the conditional aggregate kurtosis converges and for 5 time series the limit
behavior is undecided by this analysis with confidence level of 80%.

α β κ γ limit
DAX 0.00 0.99 3.0 1.255 ± 0.289 u
DJI 0.00 0.98 3.5 0.969 ± 0.015 c
Nikkei 225 0.11 0.81 3.0 0.849 ± 0.130 c
ATX 0.00 0.99 3.2 0.981 ± 0.009 c
FTSE 100 0.00 0.98 3.0 1.819 ± 0.864 u
Swiss Market Index 0.00 0.98 3.0 0.975 ± 0.012 c
USD/EUR 0.00 0.99 4.2 0.994 ± 0.005 c
GBP/EUR 0.06 0.73 3.6 0.675 ± 0.039 c
CHF/EUR 0.01 0.96 40.4 0.941 ± 0.013 c
JPY/EUR 0.09 0.80 3.6 0.742 ± 0.225 c
US Govt 3m 0.17 0.83 63.0 0.908 ± 0.302 u
US Govt 6m 0.23 0.28 5.2 0.703 ± 0.539 u
US Govt 2y 0.03 0.00 4.8 0.189 ± 0.184 c
US Govt 5y 0.13 0.00 4.7 0.542 ± 0.495 u
US Govt 10y 0.00 0.99 3.6 0.985 ± 0.001 c
US Govt 30y 0.00 0.99 3.0 0.986 ± 0.002 c
DEM Govt 10y 0.00 0.99 3.6 0.987 ± 0.004 c
JPY Govt 10y 0.07 0.00 3.3 0.048 ± 0.048 c

and for 5 time series the limit behavior is undecided by this analysis and the

confidence level of 80%. For confidence level of 50% the aggregated kurtosis of

FTSE 100 diverges.

For four selected time series (Nikkei 225, DEM Govt 10y, GBP/EUR, FTSE

100) the long time behavior of 80% confidence intervals of the aggregated con-

ditional kurtosis is illustrated in Figure 1. For the confidence intervals of Ta-

ble 1 the finite time behavior of aggregated kurtosis was calculated from equa-

tion (12). For the FTSE 100 the 80% confidence interval contains 1. The confi-

dence level is widening as the number of aggregation steps increases, indicating

that for this time series the long time behavior of conditional aggregated kurto-

sis is undecided on the basis of our analysis. For Nikkei 225 and GBP/EUR the

aggregated conditional kurtosis will go to 3. For DEM Govt 10y the aggregated

conditional kurtosis will also go to 3, however the aggregation level of 500 is not

enough to see this tendency.

Figure 2 compares the conditional kurtosis as calculated with equation (12)

from the γ values in Table 1 to the empirical kurtosis estimated directly from
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Figure 1: Finite long term behavior of 80% confidence intervals of the aggregated conditional
kurtosis for four selected time series. For the γ confidence intervals of Table 1 the aggregated
kurtosis for the upper and lower ends of the interval was calculated from equation 12.

the time series, using Matlab’s kurtosis function. While our time series are

too short to estimate empirical kurtosis over longer horizons, the conditional

kurtosis, calculated with the equations from Theorem 2, can be scaled to any

aggregation level as shown in Figure 1.

4 The Optimal Frequency

Since strong GARCH processes do not aggregate to strong GARCH processes

two questions arise: (1) at which frequency is the assumption of strong GARCH

processes is best justified?, and (2) When making forecasts over a long time

horizon, should we use higher frequency data if available? In this Section we

first give a Quasi Maximum Likelihood estimation procedure for the optimal

frequency. Then we evaluate how well models of various frequencies predict

densities over a time horizon of three months.
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Figure 2: Conditional aggregated kurtosis in dependence of time horizon. The solid line
represent the values of the conditional aggregated kurtosis, calculated with equation (12)
from the estimated parameter values of the daily time series given in Table 1. Black circles
represent empirical kurtosis estimated directly from the time series.

4.1 Estimation of the Optimal Frequency

In this Subsection we will give a Quasi Maximum Likelihood procedure to esti-

mate the optimal frequency of strong GARCH models.

For the estimation of GARCH parameters one often makes the restrictive

assumption of having a strong GARCH process with some known type of error

distribution and uses the Maximum Likelihood method. When comparing dif-

ferent data frequencies we cannot make the assumption that we have a strong

GARCH process at all frequencies. We either have weak GARCH processes aris-

ing from the aggregation of some basic frequency strong GARCH process, as in

Drost and Nijman [9], or some more general processes, as in Meddahi and Re-

nault [15], or a continuous time GARCH process exhibiting GARCH behaviour

at all sampling frequencies, as in Drost and Werker [10]. In any case, if we do

not have a strong GARCH process estimating the GARCH parameters with a
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Quasi Maximum Likelihood method introduces some errors. For the question

whether or not these errors are neglible we refer to [9, 12, 15].

The basic idea of our Quasi Maximum Likelihood procedure to estimate

the optimal data frequency is as follows. The estimated parameter values of a

GARCH model depend on the data frequency, represented by the number m

of aggregation steps from some given basic frequency . Therefore we have to

estimate both, the GARCH parameters and the m which fits the data best. The

optimal parameters θ = (m,ψ, α, β) are those which maximise the log-likelihood

function

θ∗ = argmax
θ

m · LLF (θ) (17)

= argmax
m>0 ,ψ,α,β>0

m

n∑
j=1

ln fψ,α,β (εt|It−1) . (18)

The factor m corrects for the fact that a lower frequency, where we aggregate

m time steps of the basic frequency, we have m times less observations and thus

fewer contributions to the LLF. We denote N to be total number of observation

for the basic frequency and n := bN/mc denotes the number of observation

available at the aggregated frequency.

It is impossible to calculate the LLF for all possible values of m. We restrict

ourselves to natural numberm between 1 and 30. Them for which the maximum

of m·LLF is achieved is our estimation of the optimal frequency:

m̂∗ = arg max
1≤m≤30

m max
ψ,α,β>0

ln
n∏
j=1

fψ,α,β (εt|It−1) . (19)

To examine the reliability of this estimation procedure we simulated three

time series from a strong GARCH process with basic periods equal to one, three,

and five days. On the simulated time series we estimated the optimal frequency

following the procedure above. The results are given in Fig. 3. We see that for

all three time series the optimal LLF is achieved for the m∗ corresponding to

the true frequencies m = 1, 3, 5, which is reassuring. Still, we cannot exclude

that the true basic frequency is different from m̂∗, which is the one element of

the set {1, 2, 3, . . . , 30} maximising the LLF. What happens if the true basic

period is not a natural number? For example, if we have only weekly data (5
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days), but the true frequency is equal to 3 days, this method cannot give the

right result.
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(b) Basic period equals three days
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(c) Basic period equals five days

Figure 3: Example of m·LLF as function of aggregation level for simulated GARCH pro-
cesses, with true basic period equal to 1,3, and 5 times the data period. We see that in all
cases the estimated optimal period m̂∗ is the true period.

Typically the least common multiple of the sample frequency and the true

frequency have the highest m·LLF value. The m·LLF of larger common mul-

tiples is somewhat smaller than the m·LLF of the least common multiple but

larger than the m·LLF for other values of m. This is illustrated in two pictures

of Figure 4, where we tested the estimation method on simulated data of a true

frequency of 3 resp. 5 periods.

We can examine also the m·LLF for GARCH processes, where the true

frequency is higher than the data frequency. Assume we want to calculate the

m·LLF for m = 2/3. The least common denominator of m = 2/3 and the data

frequency 1 is 2. Aggregating the data at level 2 will yield the same series as

aggregating the true process at level 3. From (6) we know the density function
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Figure 4: The m with the highest value of the m·LLF is not necessarily the true frequency.
Left: The time series follows a GARCH process with true frequency equal to 2 data periods.
The highest level of the m·LLF is achieved for m = 2, which is indeed the true frequency.
Right: The time series follows a GARCH process with true frequency equal to 2/3 of a data
period. The highest level of the m·LLF is achieved for m = 2, which is the least common
multiple of the true frequency 2/3 and the data frequency 1.

of returns aggregated at level 3. Entering this density for fθ into (17) we can

calculate the m·LLF of m = 2/3.

A serious disadvantage of this method to identify the optimal frequency is its

computational complexity. Actually we can find the aggregated density function

by numerically evaluating the integral (6). This has to be done n times, where

n is the number of m-values we consider—e.g. 30 in equation (19)—times the

number of iterations which the m·LLF maximisation algorithm needs.

Figure 5 shows—for m = 1, 2, . . . , 30—the maximum over ψ, α, β of m·LLF

for four time series: US Govt 3m, Swiss Market Index, Dow Jones Industrial

Average, JPY/EUR. We observe that for all four time series the optimal fre-

quency determined by our Quasi Maximum Likelihood procedure is the basic

frequency, m∗ = 1. This suggests that the assumption of strong GARCH is

better satisfied for daily data than for lower frequency data.

4.2 Statistical Tests of Long Term Density Forecasts

A related albeit distinct question is the decision which frequency, when aggre-

gated, leads to the best forecasts of long term return distributions. On the one

hand, high frequency data allows for more reliable parameter estimates and the

assumption of strong GARCH seems to be better justified for high frequency

data. On the other hand, the aggregation procedure magnifies estimation and

model errors. In this Section we will perform statistical tests of the 60 day den-
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Figure 5: Estimating the optimal frequency of GARCH description of four market time
series: US Govt 3m, Swiss Market Index, Dow Jones Industrial Average, JPY/EUR. The
plots show m·LLF as function of aggregation level m. The highest values of m·LLF are
always achieved for m = 1. This suggests that the assumption of strong GARCH is better
satisfied for daily data than for lower frequency data.

sity forecasts produced by aggregating strong GARCH models of various basic

periods with various error distributions.

As possible frequencies of strong GARCH models we consider 1 day, 5 days,

10 days, 20 days, 30 days, and 60 days. Aggregating these models over 60,

12, 6, 3, 2, resp. 1 period we get distributions of 60 day returns. In order to

test the 60 days distribution forecasts produced by the various models, it is

not enough to assess whether the means, variances, or some quantiles of the

distributions were correctly predicted. For many applications, in particular in

risk management, the overall distributional properties are important, not just

the means or variances. Therefore, based on [17], we test for the adequacy of

the density forecasts.

At the above frequencies we compare the following models. In order to ac-

count for possible excess kurtosis of the residuals D(0, 1) of the strong GARCH

models, we consider several possible residual distributions: normal, Student,

and EVT. The EVT-distribution results from modeling the body of the dis-
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tribution by historic simulation and the left and right tails by a Generalised

Pareto distribution. For the left tails we took the lowest 10%, for the right tail

the highest 10%. The details of the procedure are described in McNeil and Frey

[14].

Consider a time series of returns rt (t = 1, . . . , n) generated from some true

conditional densities ft(.) (t = 1, . . . , n). Now some model produces a series of

60 days conditional density forecasts pt(.) (t = 1, . . . , n). The task is to evaluate

whether the true conditional densities ft(.) agree with the predicted densities

pt(.). Applying the Rosenblatt transformation [18] to the observed returns rt,

rt 7→ zt :=
∫ rt

−∞
pt(u)du (20)

we get a transformed series zt which should be i.i.d. U(0,1) if the predicted con-

ditional densities pt(.) agree with the true conditional densities ft(.). Applying

the inverse of the normal distribution function

zt 7→ nt := Φ−1(zt), (21)

produces a series nt which is standard normally i.i.d. if the original returns

rt are distributed according to the predicted densities pt (see [4]). There are

myriads of tests for normality which could be applied to the {zt}, see [6] and

references therein.

Berkowitz [4] applied a likelihood-ratio test to the zt against the first order

autoregressive alternative nt − µ = ρ1(nt−1 − µ) + εt to test for i.i.d. N(0,1).

Instead, we can perform a Kolmogorov-Smirnov test for the simple hypothesis

that the nt are sampled from a standard normal distribution. This is our Test

1. A model is accepted if the p-value is higher than 5%.

In order to test additionally whether the conditional variance of the nt is

constant and equal to one, de Raaij and Raunig [17] consider the regressions

nt = β0 + β1nt−1 + ut (22)

n2
t = γ0 + γ1n

2
t−1 + vt (23)

where ut and vt are non-autocorrelated with zero expectation conditional on
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their own past values. In case the nt have zero mean and are uncorrelated we

have β0 = 0 and β1 = 0. In case the nt have constant conditional unit variance

we have γ0 = 1 and γ1 = 0. To test whether these restrictions are satisfied,

de Raaij and Raunig [17] propose a joint Wald test of the four equalities β0 = 0,

β1 = 0, γ0 = 1, and γ1 = 0. This will be our Test 2. Additionally, they use

the Jarque-Bera [3] test to see whether the nt have skewness zero and kurtosis

equal to three. This will be our Test 3. (The Jarque-Bera test by itself is not

very powerful since it does not test for mean and variance.)

The fourth and fifth tests are variants of Pearson’s chi-square test. In Test

4, we split the interval [0, 1] on which the random variable zt is defined on five

mutually distinct interval, while in Test 5 we use two adjacent observation of

nt to get bivariate observation and we apply the Pearson’s chi-square test, with

event described by the four quadrants. While Test 4 checks for the rough shape

of the density, Test 5 is more sensitive on to dependence between two adjacent

observation. The test statistic is defined as

χ2 =
m∑
i=1

(Ei −Oi)2

Ei
, (24)

where Oi are observed frequencies corresponding to the i−th intervals and Ei

are expected frequencies (based on the theoretical distribution).

The five tests outlined above were applied to the 18 market time series

described in the previous Section. In every test a model was accepted if the p-

value of the given test was higher then 5%. Table 2 summarises the test results.

For each model, this table shows for how many of the 18 time series the model

was accepted in Tests 1 to 5.

We observe that results improve as the length of the basic period increases

and the number of aggregation steps decreases. Aggregating models for high

frequency data in general leads to worse results than discarding the high fre-

quency data and estimating the models for 60 days returns only from 60 days

data. This is in contrast to statements in the literature (e.g. [9, p. 922]) that in

general it is preferable to estimate high frequency models if data are available

and then aggregate to get long term models.

We also observe that modeling the residual with Student t-distributions is
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Table 2: Summary of test results. For each model, this table shows for how many of the 18
time series the model was accepted in Test 1 to Test 5.

Test 1(KS) Test 2(JB) Test 3(W) Test 4(χ2-1d) Test 5(χ2-2d)
Model # accept. # accept. # accept. # accept. # accept.

1 G N 3 13 0 0 1
1 G t 9 9 0 6 0
1 G EVT 0 15 0 0 0
2 G N 1 13 0 1 0
2 G t 7 10 0 7 0
2 G EVT 3 14 0 1 0
5 G N 2 11 0 0 0
5 G t 5 8 0 4 0
5 G EVT 1 11 0 0 2
10 G N 0 8 0 0 8
10 G t 4 5 0 0 7
10 G EVT 0 10 0 0 7
20 G N 2 7 0 0 12
20 G t 3 8 1 2 10
20 G EVT 2 8 0 0 11
30 G N 5 4 4 2 14
30 G t 9 7 9 6 12
30 G EVT 7 8 3 2 12
60 G N 14 2 14 13 16
60 G t 11 12 5 12 16
60 G EVT 14 7 13 17 14

often the best choice for models with basic period less than 60 days, while for

models with 60 days basic period the normal and EVT distribution of errors

gives better results.

It is important to interpret our test results carefully. They do not imply that

the assumptions of strong GARCH are best satisfied for the low frequency 60d

models—which would contradict the results of the Maximum Likelihood esti-

mates of the optimal frequency in the previous Subsection 4.1. Rather they show

that the low frequency models which require fewer aggregation steps produce

better 60d density forecasts. When it comes to producing long term density

forecasts it seems that for high frequency models the advantage of having more

data points available is outweighed by the disadvantage of estimation errors

being magnified by the aggregation.
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Appendix

Proof of Theorem 1. By the law of iterated expectations we can express con-

ditional variance as

Var(ε(m)t|It) = E(E(ε2t+m|It+m−1)|It) = E(ht+m|It). (25)

Therefore

Var(ε(m)t|It) = E(ψ + αε2t+m−1 + βht+m−1|It)

= ψ + αE(ε2t+m−1|It) + βE(ht+m−1|It).

Applying equation (25) to m− 1 we get

Var(ε(m)t|It) = ψ + (α+ β) Var(εt+m−1|It)

= ψ

m−2∑
i=0

(α+ β)i + (α+ β)m−1ht+1

= ψ
1− (α+ β)m−1

1− (α+ β)
+ (α+ β)m−1ht+1

= σ2
u + (α+ β)m−1

(
ht+1 − σ2

u

)
which proves equation (8). Now consider the fourth moments. By the definition

of ε(m)t for stock variables we have

E(ε4(m)t|It−1) = E(ε4t+m|It) = E(ξ4t+mh
2
t+m|It).

Furthermore, since by the assumption of the theorem the ξt+m is independent

on the ht+m, as the ht+m is generated by previous realization of the innovations,

and the fourth moment of innovation ξt+m is equal to κ, we get

E(ε4(m)t|It) = E(ξ4t+m|It)E(h2
t+m|It) = κE(h2

t+m|It).

23



Reasoning as in equation (25), and using the definition of ht we get

E(ε4(m)t|It) = κE((ψ + αε2t+m−1 + βht+m−1)2|It)

= κψ2 + κ2αβE(ε2t+m−1ht+m−1|It)

+κα2E(ε4t+m−1|It) + κβ2E(h2
t+m−1|It)

+2κψ
(
αE(ε2t+m−1|It) + βE(ht+m−1|It)

)
= κψ2 + 2αβE(ε4(m−1)t|It)

+κα2E(ε4(m−1)t|It) + β2E(ε4(m−1)t|It)

+2κψ(α+ β)Var(ε(m−1)t|It)

= κψ2 + (κα2 + β2 + 2αβ)E(ε4(m−1)t|It)

+2κψ(α+ β)Var(ε(m−1)t|It)

which proves equation (9).

Proof of Theorem 2. To prove equation (11) one calculates

E(ε2[m]t|It) = E

(εt+m +
m−1∑
i=1

εt+i

)2
∣∣∣∣∣∣ It


= E

(
(
m−1∑
i=1

εt+i)2 + 2εt+m(
m−1∑
i=1

εt+i)2 + ε2t+m

∣∣∣∣∣ It
)

= E(ε2[m−1]t|It) + E(ε2t+m|It).

The first term of the equation represent the variance of aggregated flow vari-

able over m − 1 periods, while the second term of the equation represent the

aggregation of stock variable over m periods, which is given in equation (8). We

get

E(ε2[m]t|It) = E(ε2[m−1]t|It) + σ2
u + (α+ β)m−1(ht+1 − σ2

u)

=
m−1∑
i=0

(
σ2
u + (α+ β)i(ht+1 − σ2

u)
)

= mσ2
u +

1− (α+ β)m

1− (α+ β)
(ht+1 − σ2

u).

This proves equation (11).

24



Instead of proving equation (12) we show the equivalent

E(ε4[m]t|It−1) = BYm, (26)

with

Yi+1 = AYi + b, for i ≥ 0 (27)

Y ′0 = (0, 0, 0, 0, 0) (28)

and b′ = (0, 0, κ, 0, 6), B = (1, ht+1, h
2
t+1, 0, 0).

We will denote the components of Yi as Yi = (Yi1, Yi2, Yi3, Yi4, Yi5)′. By mathe-

matical induction with respect to i we will show that

E(ε4[m]t|It) = E

Yi1 + Yi2ht+1+m−i + Yi5ht+1+m−i(
m−i∑
j=1

εt+j)2

+Yi3h2
t+1+m−i + Yi4(

m−i∑
j=1

εt+j)2 + (
m−i∑
j=1

εt+j)4

∣∣∣∣∣∣ It
 (29)

holds for i = 0, 1, ...,m. For i = 0 we have Y ′0 = (0, 0, 0, 0, 0) and therefore we

get

E(ε4[m]t|It) = E

 (
m∑
j=1

εt+j)4

∣∣∣∣∣∣ It
 ,

which follows directly from the definition of the aggregated flow variable ε[m]t.

The induction step is established by applying the definition of ht. As in

proof of theorem 1 we get

E[ht+1+m−i|It] = E[ϕ+ (α+ β)ht+1+m−(i+1)|It] (30)

for i ≤ m. This imply that the second column of matrix A, which corresponds

to ht, will have ψ on first row, which corresponds to constant, and value α+ β

in second column, which corresponds to ht. Furthermore we split all the sums

by removing the last element

m−i∑
j=1

εt+j = εt+m−i +
m−(i+1)∑
j=1

εt+j . (31)
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Reorganizing the components of the expectation and using the definition of

innovations we get also the other columns of matrix A and vector b, therefore

the equation holds also for i+ 1.

Finally for i = m equation (29) reads

E(ε4[m]t|It−1) = E
(
Ym1 + Ym2ht + Ym3h

2
t |It
)
,

= Ym1 + Ym2ht + Ym3h
2
t = BYm.

which is equation (26).

Proof of Corollary 1. Because of Theorem 1 the limit of the variance of an

aggregated stock variable is equal to

σ2
u =

ψ

1− (α+ β)
. (32)

So the limit of the aggregated kurtosis defined by equation (13) equals

lim
m→∞

κ(m) =
1
σ4
u

lim
m→∞

E(ε4(m)t|It). (33)

If γ < 1 the limit of the fourth moments given by equation (10) is

lim
m→∞

E(ε4(m)t|It) = κψ
ψ + 2(α+ β)σ2

u

1− γ
,

which together with equation (33) proves the first part of the corollary.

If γ ≥ 1 equation (32) implies that the fourth moment goes to infinity as m→∞

because from equation (9) we get

E(ε4(m)t|It) ≥ κψ
2 + E(ε4(m−1)t|It) ≥ mκψ

2.

Additionally by equation (8) we have lim
m→∞

Var(ε(m)t|It) = σ2
u, which is by

assumption positive as ψ, α, β > 0. Accordingly the aggregated kurtosis goes to

infinity.

Proof of Theorem 3. From the definition of aggregated flow variable in equa-
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tion (15) we get

lim
m→∞

k[m] = lim
m→∞

E
(
ε4[m]t|It

)
(
E
(
ε2[m]t|It

))2 . (34)

Because of Theorem 2 and its equation (11) for fourth moment and equation (12)

for variance we can write

lim
m→∞

k[m] = lim
m→∞

B
∑m−1
i=0 Aib(

mσ2
u + 1−(α+β)m

1−(α+β) (ht+1 − σ2
u)
)2 (35)

= lim
m→∞

1
m2B

∑m−1
i=0 Aib(

σ2
u + 1

m
1−(α+β)m

1−(α+β) (ht+1 − σ2
u)
)2 (36)

=
1
σ2
u

B

(
lim
m→∞

1
m2

m−1∑
i=0

Ai

)
b. (37)

To express the limit of the kurtosis we need to calculate Ai. While calculating

Ai directly is complex, we can search for similar matrix J for which J i is simple

to calculate. For similar matrix holds A = S−1JS and therefore we have Ai =

S−1J iS. An example of matrix for which J i is simple to calculate are diagonal

matrices or the Jordan matrices4. In the proof we will not use complete Jordan

decomposition5, we will write the matrices in a form which gives a little bit

simpler matrices S and J and still allow for simple calculation of J i.

The Jordan decomposition of the matrix A depends on the value of γ := κα2 +

2αβ+β2. More precisely, we need to distinguish three different cases. The first

case is γ = α+ β, the second case is γ = 1, and in the third case γ is not equal

to one and not equal to α + β. The three cases differ only in the form of the

decomposition. All other steps of the argument are the same. We will give the

argument for the third case.
4For details on Jordan decomposition see e.g. [11]
5To get the full Jordan decomposition one would need to follow with swap of lines and

rows and a simple division to get the element over diagonal equal to one
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Since γ differs from one and α+ β, the matrix J of the decomposition is

J =



1 0 0 σ2
u 0

0 α+ β 0 0 d3

0 0 γ 0 0

0 0 0 1 0

0 0 0 0 α+ β


and

S =



1 σ2
u

d2
1−γ 0 − d4

α+β−1

0 1 2ψ(α+β)
α+β−γ

1
α+β−1

−σ4
u

ψ

0 0 1 0 − κα+β
α+β−γ

0 0 0 1 σ2
u

0 0 0 0 1


,

with d2 = ψ2 + 2ψ(α + β)σ2
u, d3 = ψ − σ2

u + 2ψ(α+β)(κα+β)
α+β−γ and d4 = σ2

u(ψ −

σ2
u) + d2(κα+β)

1−γ .

From J we can compute J i as

J i =



1 0 0 iσ2
u 0

0 (α+ β)i 0 0 id3(α+ β)i−1

0 0 δi 0 0

0 0 0 1 0

0 0 0 0 (α+ β)i


and also the sum

m−1∑
i=0

J i =



m 0 0 1
2σ

2
um(m− 1) 0

0 1−(α+β)m

1−(α+β) 0 0 d4(m)

0 0 1−γm

1−γ 0 0

0 0 0 m 0

0 0 0 0 1−(α+β)m

1−(α+β)


,

where d4(m) = d3
1−(α+β)

(
1−(α+β)m−1

1−(α+β) − (m− 1)(α+ β)m−1
)

.
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Knowing the
∑m−1
i=0 J i we can calculate the limit as

lim
m→∞

k[m] =
1
σ2
u

B

(
lim
m→∞

1
m2

m−1∑
i=0

Ai

)
b (38)

=
1
σ2
u

BS

(
lim
m→∞

1
m2

m−1∑
i=0

J i

)
S−1b (39)

=
1
σ2
u

BS



0 0 0 1
2 0

0 0 0 0 0

0 0 η 0 0

0 0 0 0 0

0 0 0 0 0


S−1b, (40)

where

η = lim
m→∞

m−1∑
i=0

γi

m2
=

 0 if γ ≤ 1,

∞ if γ > 1.

Multiplying the matrices in equation (40) we get

lim
m→∞

κ[m] = 3, for γ < 1. (41)

For γ > 1 the η is always multiplied by a positive constant and therefore

lim
m→∞

κ[m] =∞, for γ > 1. (42)

In case γ = 1 or γ = α+β the proof follows essentially the same lines, but with

a slightly different matrix J and matrix S, which leads to the additional term

d in equation (16).
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For γ = α+ β we have

Jα+β =



1 0 0 σ2
u 0

0 α+ β 2ψ(α+ β) 0 0

0 0 α+ β 0 κα+ β

0 0 0 1 0

0 0 0 0 α+ β


, (43)

Sα+β =



1 σ2
u

d2
1−(α+β) 0 d3

1−(α+β)

0 1 0 −σ2
u/ψ −σ4

u/ψ

0 0 1 0 ψ−σ2
u

2ψ(α+β)

0 0 0 1 σ2
u

0 0 0 0 1


(44)

with d2 = ψ2 + 2ψ(α+ β)σ2
u and d3 = σ2

u(ψ − σ2
u) + d2

1−(α+β) (κα+ β).

For γ = 1 we get

J1 =



1 0 d2 0 0

0 α+ β 0 0 d3

0 0 1 0 0

0 0 0 1 0

0 0 0 0 α+ β


, (45)

S1 =



1 σ2
u 0 0 d4

1−(α+β)

0 1 2ψ(α+β)
α+β−1 −σ2

u/ψ −σ4
u/ψ

0 0 1 σ2
u

d2
− κα+β
α+β−1 + σ4

u

d2

0 0 0 1 σ2
u

0 0 0 0 1


(46)

with d2 = ψ2 + 2ψ(α + β)σ2
u, d3 = ψ − σ2

u + 2ψ(α+β)(κα+β)
α+β−1 and d4 = σ2

u(ψ −

σ2
u) + d2

κα+β
α+β−1 .
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