
Systematic Stress Testing and Model Risk

Thomas Breuer, Imre Csiszár

PPE Research Centre, FH Vorarlberg, Austria
https://homepages.fhv.at/tb/cms/
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Purpose of Stress Testing:
Complement statistical risk measurement

• Stress Tests: Which scenarios lead to big losses?
Derive risk reducing action.
(Statistical risk measurements: What are prob’s of big losses?)

• Stress Tests: Address model risk.
Consider alternative risk factor distribution.
(Statistical risk measurement: Assume fixed model.)



Requirements on stress scenarios (Basel II)

• plausible

• severe

• suggestive of risk reducing action

See Basel Principles of Sound Stress Testing



Framework

Reference risk factor distribution ν,
Portfolio loss function L,
both on risk factor space Ω ⊂ Rn.



First Generation Stress Tests:
Hand-picked Point Scenarios

• Point scenario: each risk factor gets a value: r ∈ Ω

• A small number of scenarios is picked by hand, ideally
involving heterogeneous groups of experts.

A = {r1, r2, . . . , } ⊂ Ω

a small set of hand-picked scenarios.

• Find worst case scenario and worst case loss in A

max
r∈A

L(r)

• Worst case loss over A is a coherent risk measure.



First Generation Stress Tests:
Examples

• most stress tests of market or credit risk
performed by financial institutions

• SPAN rules

• FSAP stress tests

• institutional stress tests during 2009 crisis



Criticism of First Generation Stress Tests

Are there any real stress tests
whose results forced a bank to change strategy?

Accidental or deliberate misrepresentation of risks:

1 Neglecting severe but plausible scenarios

2 Considering too implausible scenarios
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Second Generation Stress Tests:
Plausible Scenarios

• Measure of plausibility for point scenarios:

Maha(r) :=
√

(r − E(r))T · Σ−1 · (r − E(r)),

where Σ is covariance matrix of risk factor distribution ν.

• Intuition:
Scenarios in which some risk factors move many standard
deviations are implausible.
Scenarios in which some pair of risk factors moves against
their correlation are implausible.



Second Generation Stress Tests:
Systematic Point Scenario Analysis

• Set of plausible scenarios

A := Ellh := {r : Maha(r) ≤ h} ,

where h is the plausibility threshold.

• Systematic search of worst case scenario:

max
r∈Ellh

L(r)



Second generation stress of linear portfolio
• Loss linear function of n normal risk factors:

L(r) = lT (µ− r), ν ∼ N(µ,Σ).

• Systematic search of worst case scenario:

max
r∈Ellh

lT (µ− r).

• Worst case scenario: µ = µ− h√
lT Σl

Σl

• Worst case loss: EQ(L) = h
√

lTΣl .

r1

r2

μ

l

μ
_
!

! l

Ellh



Advantages of Systematic Stress Testing
with Point Scenarios

All three requirements on stress testing are met:

• Do not miss plausible but severe scenarios.

• Do not consider scenarios which are too implausible.

• Worst case scenario over Ellh gives information about
portfolio structure and suggests risk reducing action.



Problems of Systematic Stress Testing
with Point Scenarios

1 What if risk factor distributions ν is non-elliptical?

2 What if risk true factor distribution is not ν?
Model risk is not addressed.

3 Maha does not take into account fatness of tails.

4 MaxLossEllk depends on choice of coordinates.
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Mixed Scenarios

Mixed scenario: Probability distribution of point scenarios.

• Interpretation 1:
Risk factor distributions alternative to the prior ν.
Model risk.

• Interpretation 2:
Generalisation of point scenarios,
but support not concentrated on one point.



Plausibility of Mixed Scenarios

• Measure of plausibility for mixed scenarios:
relative entropy from ν
(I -divergence, information gain, Kullback-Leibler distance)

I (Q||ν) :=

{ ∫
dQ
dν (r) log dQ

dν (r)dν(r) if Q � ν
+∞ if Q 6� ν

• Intuition:
Relative entropy I (Q||ν) measures the ‘distance’ of the
distributions Q and ν.
I (Q||ν) = 0 if and only if Q = ν (as distributions)



Worst Case Scenario

• Set of plausible scenarios: Instead of ellipsoid take
Kullback-Leibler sphere in the space of distributions

A := S(ν, k) := {Q : I (Q||ν) ≤ k}.

• Severity of scenarios: Instead of L(r) take EQ(L)

• Systematic stress test with mixed scenarios:

sup
Q∈S(ν,k)

EQ(L) =: MaxLossk(L)

If it exists, call scenario achieving MaxLoss: Q.



Advantages of Systematic Stress Testing
with Mixed Scenarios

1 Scenario set is naturally defined for non-elliptical risk factor
distributions ν.

2 Model risk is addressed:
Mixed scenarios are alternatives to prior risk factor
distribution ν.

3 Relative entropy does take into account fatness of tails of ν.

4 MaxLossk does not depend on choice of coordinates.



The Basic Tool

• Tool from large deviations theory for solving explicitly the
optimisation problem supQ∈S(ν,k) EQ(L):

Λ(θ) := log

(∫
eθL(r)dν(r)

)
.



Basic Properties of the Λ-function

• Λ(0) = 0.

• Λ is convex.

!(")

0



Solution of Worst Case: The Generic Case

Theorem

• Except in the pathological cases (i), (ii), (iii) below, the
equation

θΛ′(θ)− Λ(θ) = k, (1)

has always a unique positive solution θ.

• The mixed worst case scenario Q is the distribution with
ν-density

dQ

dν
(r) = eθL(r)−Λ(θ), (2)

• The Maximum Loss achieved in the mixed worst case scenario
Q is

EQ(L) = Λ′(θ).



Practical Calculation of Worst Case
1 Calculate Λ(θ). (Evaluate n-dimensional integral.)

2 Starting from the point (0,−k), lay a tangent to Λ(θ) curve.

3 Worst case loss is given by the slope of the tangent.

4 Worst case scenario is distribution with density dQ
dν

(r) = eθL(r)−Λ(θ),

where θ is θ-coordinate of tangent point.

!(")
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Normal risk factors, linear portfolio
• Loss linear function of n risk factors: L(r) = lT (µ− r), ν ∼ N(µ,Σ).

• Λ quadratic: Λ(θ) = lTΣlθ2/2.

• Worst case scenario: Q ∼ N(µ,Σ) with µ = µ− h√
lT Σl

Σl where

h =
√

2k.

• Worst case loss: EQ(L) = h
√

lTΣl .
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Stressed default correlations
Simple firm value model of portfolio credit risk
• ν: firm values ri ∼ N(0, 1), correlation ρ
• Default barrier Ki for Firm i
• Joint default probability p12 := Φ2,ρ(K1,K2)
• Loss li if Firm i defaults
• L(r) =

∑n
i=1 li1(−∞,Ki ](ri )

K1

K2

r1

r2

Firm 1 defaults

Firm 2 defaultsboth default

no default



Stressed default correlations

• Λ-function

Λ(θ) = log
(

(p1 − p12)eθl1 + (p2 − p12)eθl2

+p12e
θ(l1+l2) + (1− p1 − p2 + p12)

)
.

• Maximum Loss

(p1 − p12)l1e
θl1 + (p2 − p12)l2e

θl2 + p12(l1 + l2)eθ(l1+l2)

(p1 − p12)eθl1 + (p2 − p12)eθl2 + p12eθ(l1+l2) + (1− p1 − p2 + p12)

• Worst case default prob’s

p12 = exp[θ(l1 + l2)− Λ(θ)]p12

p1 − p12 = exp[θl1 − Λ(θ)]p1 − p12

p2 − p12 = exp[θl2 − Λ(θ)]p2 − p12

p0 = 1− p1 − p2 + p12



Stressed default correlations

Numerical example

• def prob’s: p1 = 1.33%, p2 = 0.02%

• asset correlation ρ = 0.5

• LGD: l1 = 0.5 and l2 = 0.4

• plausibility threshold k = 2

no def F1 def F2 def both def def. corr. exp. loss

est’d dist. ν 98.66% 1.32% 0.013% 0.007% 4.23% 0.67%
worst c. dist. 43.14% 47.94% 0.19% 8.36% 26.15% 32.01%



Stressed transition probabilities
• Ω = {0, 1, . . . n}: rating classes.
• p = (p1, . . . , pn): estimated transition probabilities
• l = (l1, . . . , ln): loss caused by transitions

• Λ(θ) = log
(∑n

j=1 pj exp(θlj)
)

.

• Worst case transition probabilities: pi = pi exp(θli )∑n
j=1 pj exp(θlj )

.
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Numerical example: A-rated bond

AA1-2 AA3 A BBB BB Default

loss from transitions [%] -3.20% -1.07% 0.00% 3.75% 15.83% 51.80%

est’d trans. prob. [%] 0.09 2.60 90.75 5.50 1.00 0.06
worst c. trans. prob. [%] 0.036 1.34 53.53 5.37 4.91 34.8

Expected loss from transitions under est’d probs: 0.37%
Expected loss from transitions under worst case probs at k=2: 19.07%

AA1-2 AA3 A BBB BB default
0.0

0.2

0.4

0.6

0.8

prob



Model Risk

• estimation error: wrong distribution parameters

• model misspecification: wrong model class

• supQ∈S(ν,k) EQ(L) quantifies effects of both on expected loss.

all distributions
<< ν

model class

S(ν,k)

! ν
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The problem, more generally

inf
P∈Γ

EP(X ) (3)

V (k) := inf
p:
∫
pdµ=1,H(p)≤k

∫
X (r)p(r)dµ(r). (4)

where

• the real-valued function X depending on the risk factors r ∈ Ω
describes the utility of the payoff a portfolio, X = −L.

• the distribution P of the risk factors r is uncertain, but known
to be in Γ := {P : dP = pdµ,H(p) ≤ k} , a set of ‘plausible’
distributions defined in terms of the convex integral functional

H(p) = Hβ(p) :=

∫

Ω
β(r , p(r))µ(dr)

• determined by a function β(r , s) of r ∈ Ω, s ∈ R, measurable
in r for each s ∈ R, strictly convex and differentiable in s.



Special cases

• Take µ = P0, thus p0 = 1, and let β(r , s) = f (s) be an
autonomous convex integrand, with f (s) ≥ f (1) = 0.
Then H(p) is the f -divergence Df (P ||P0).

• Let f be a strictly convex differentiable function on (0,+∞),
and for s ≥ 0 let β(r , s) = ∆f (s, p0(r)) where

∆f (s, t) := f (s)− f (t)− f ′(t)(s − t); (5)

in case f ′(0) = −∞ assume that p0 > 0 µ-a.e.
Then H(p) equals the Bregman distance.

• In the special case f (s) = s log s − s + 1, both examples
above give the I -divergence ball Γ = {P : D(P ||P0) ≤ k}.



Standing Assumptions

• −∞ ≤ m < b0 < M ≤ +∞ where m := µ-ess inf X,
b0 := EP0(X ) =

∫
Ω X (r)p0(r)dµ(r),

M := µ-ess sup X,

• H(p) ≥ H(p0) = 0
whenever

∫
pdµ = 1.

• 0 < k < kmax := limb↓m F (b).



Relation to a generalised maximum
entropy problem

F (b) := inf
p:
∫
pdµ=1,

∫
Xpdµ=b

H(p). (6)
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In regular situations, the worst case distribution P over
Γ = {p : H(p) ≤ k} equals the distribution with the smallest
divergence H(p) among those satisfying the constraint EP(X ) = b.



Relation to a generalised maximum
entropy problem

Lemma
If 0 < k < kmax := limb↓m F (b), there exists a unique b satisfying

F (b) = k , m < b < b0 (7)

and then V (k) = b. The minimum in (4) is attained if and only if
that in (6) is attained (for the b in (7)), and then the same p
attains both minima.



Generalised exponential family

• J(a, b) := infp:
∫
pdµ=a,

∫
Xpdµ=b H(p),

is the value function for (6), F (b) = J(1, b).

• K (θ1, θ2) :=
∫
β∗(r , θ1 + θ2X (r))µ(dr)

= J∗(θ1, θ2) = supa,b[θ1a + θ2b − J(a, b)]

• pθ1,θ2(r) := (β∗)′(r , θ1 + θ2X (r)), for (θ1, θ2) ∈ Θ :=
{(θ1, θ2) ∈ dom K : θ1 + θ2X (r) < β′(r ,+∞) µ-a.e.}



The first main result

Theorem
If for some (θ1, θ2) ∈ Θ

θ2 < 0,

∫
pθ1,θ2

dµ = 1, (8)

θ1 + θ2

∫
Xpθ1,θ2

dµ− K (θ1, θ2) = k (9)

then the value of the inf in (4) is

V (k) =

∫
Xpθ1,θ2

dµ. (10)

Essential smoothness of K is a sufficient condition for the existence of
such (θ1, θ2).
Further, a necessary and sufficient condition for p to attain the minimum
in (4) is p = pθ1,θ2

for some (θ1, θ2) ∈ Θ satisfying (8) and (9).



The first main result

Corollary

If the equations

∂

∂θ1
K (θ1, θ2) = 1, (11)

θ1 + θ2
∂

∂θ2
K (θ1, θ2)− K (θ1, θ2) = k (12)

have a solution (θ1, θ2) ∈ int dom K with θ2 < 0 then θ1, θ2

satisfy (8) and (9), and the solution to Problem (4) equals

V (k) =
∂K (θ1, θ2)

∂θ2

∣∣∣∣
(θ1,θ2)=(θ1,θ2)

. (13)



Almost worst case scenarios

Definition
For a specified ε > 0 define an almost worst scenario to be a
density p satisfying H(p) ≤ k and achieving

∫
Xpdµ < V (k) + ε.

Theorem (Clustering of almost worst case scenarios)

Supposing 0 < k < kmax, there exists (θ1, θ2) ∈ Θ with θ2 < 0
such that for each p with

∫
pdµ = 1

Bβ,µ(p, pθ1,θ2
) ≤ H(p)− k − θ2

[∫
Xpdµ− V (k)

]
, (14)

where Bβ,µ is generalised Bregman distance.



Almost worst case scenarios:
Interpretation

• Theorem 6 describes a clustering property of almost worst
scenarios in the Bregman neighbourhood of pθ1,θ2

.

• This clustering property holds both in the case where a worst
case density exists (in which case it is equal to pθ1,θ2

), and
also in case the infimum in (4) is not attained.

• Theorem 6 also describes clustering of distributions which
slightly violate the constraint H(p) ≤ k.



Localisation and neighbourhood of WCD

If β′(r , 0) ≤ θ1 + θ2X (r) µ-a.e.:
For p with H(p) = k :

∫
Xpdµ = V (k)− Bβ,µ(p, pθ1,θ2

)/θ2.
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derivative (for fixed !) equals 0 if r  �0(!, 0)) and is positive, growing to +1
for r 2 (�0(!, 0), (�0(!, +1)).

The projection to the ✓2-axis of the set ⇥ in (17) coincides with that of
dom K := {(✓1, ✓2) : K(✓1, ✓2) < +1}. This projection is an interval, it will be
denoted by ⇥2, and its left endpoint by ✓min (which may be �1).

Remark 1. As shown in [4], the interval ⇥2 contains the origin, and the default
density p0 belongs to the family (16) with ✓2 = 0. Moreover, the standing as-
sumption kmax > 0 is equivalent to ✓min < 0. This implies, in turn, that F (b) > 0
for each b < b0.

The following lemma gives relevant information about evaluating the function
G in (15). In turn, from G one can calculate the desired V (k) in (6), as the next
Theorem shows. Clearly, dom G := {✓2 : G(✓2) < +1} = ⇥2.

Lemma 2. To each ✓2 2 ⇥2 there exists a unique ✓1 = ✓1(✓2) with K(✓1, ✓2) �
✓1 = G(✓2). Either ✓̃1 := sup{✓1 : (✓1, ✓2) 2 dom K} is finite and satisfies
(✓̃1, ✓2) 2 ⇥,

R
p✓̃1,✓2

dµ < 1, then ✓1(✓2) = ✓̃1, or else a unique ✓1 satisfies

(✓1, ✓2) 2 ⇥,
R

p✓1,✓2dµ = 1, then ✓1(✓2) equals this ✓1.

closed (i.e., lower semicontinuous) proper convex function. A crucial fact is
the instance of [7, Theorem 1.1] that J�(✓1, ✓2) equals

K(✓1, ✓2) :=

Z
��(r, ✓1 + ✓2X(r))µ(dr), (16)

where �� is the convex conjugate of �,

��(r, �) := sup
s�R

(s� � �(r, s)) . (17)

The conjugate and derivatives of � are by the second variable.
Below, derivatives at 0 and +1 are interpreted as limits of derivatives

at s � 0 and s � +1. For fixed r 2 � the function �� equals ��(r, 0)
for �  ��(r, 0), it is strictly convex in the interval (��(r, 0),��(r, +1)),
and equals +1 if ��(r, +1) is finite and � > ��(r, +1). This function is
di↵erentiable in the interval (�1,��(r, +1)) with non-decreasing derivative
(��)�(r, �), positive if � > ��(r, 0), and approaching 0 or +1 as � � ��(r, 0)
or � � ��(r, +1).

Since J� = K implies J�� = K�, and J�� (equal to the closure of J) may
di↵er from J only on the boundary of dom J ,

F (b) = J(1, b) = K�(1, b) = sup
�1,�2

[✓1 + ✓2b � K(✓1, ✓2)], (18)

except possibly for b equal to m or M , see (15). This can be rewritten as

F (b) = sup
�2

[✓2b � G(✓2)] = G�(b) (19)

where
G(✓2) := inf

�1
[K(✓1, ✓2) � ✓1]. (20)

The function G will play a role as the logarithmic moment generating func-
tion does when � in (3) is an I-divergence ball, see Example 3.

The following family of functions will play a key role like exponential
families do for I-divergence minimisation:

p�1,�2(r) := (��)�(r, ✓1 + ✓2X(r)), (✓1, ✓2) 2 � (21)

where

� :=
�
(✓1, ✓2) 2 dom K : ✓1 + ✓2X(r) < ��(r, +1) µ-a.e.

�
. (22)

As (✓1, ✓2) 2 dom K implies (✓̃1, ✓2) 2 � for each ✓̃1 < ✓1, the sets
dom K and � have the same projection to the ✓2-axis. This projection
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of the equation F (b) = k, see Lemma 1. In regular cases, b = V (k) is char-
acterised by equations involving partial derivatives of the function K, see [4,
Corollary 1], which may facilitate its computation. The following Theorem,
combined with Lemma 2, may help to reduce computational complexity even
in “irregular”cases. Previously, Ahmadi-Javid [1, Theorem 5.1] proved an
identity equivalent to (35) for autonomous integrands and bounded payo↵
functions 6

A lemma is sent forward that will be proved in the Appendix.

Lemma 5. F � = G.

Note that while F � = G�� = clG immediately follows from (19), it
appears nontrivial that the function G is closed.

Theorem 1. For k 2 (0, kmax)

V (k) = max
�2<0

max
�1�R

k + K(✓1, ✓2) � ✓1

✓2
= max

�2<0

k + G(✓2)

✓2
. (35)

A pair (✓1, ✓2) attains the first maximum in (35) if and only if it attains
the maximum in (18), for b = V (k). Such (✓1, ✓2) belongs to � and satisfiesR

p�1,�2dµ  1. A maximiser for the second maximum in (35) is equivalently
a maximiser of ✓2b � G(✓2) where b = V (k).

Proof. By Lemma 5, G is a closed convex function with G(0) = 0. Let

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2 < 0} (36)

denote the graph of G restricted to negative arguments. As

k + G(✓2

✓2
(✓2 < 0) (37)

equals the slope of the straigh line through (0,�k) and (✓2, G(✓2)) 2 G, its
maximum equals the slope of the supporting line to G through (0,�k), see
Fig. 1. Denote this maximum by b, then

k = G�(b) = F (b), (38)

the first equality by the definition of convex conjugate and the second one
by (19).

6Our framework includes assumptions about the integrand not made there, which we
need for other purposes and appear dispensible for the proof of (35).
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The calculation of W (�) in (11) is somewhat less costly than that of
V (k). It requires the calculation of G(✓2) only for a single value of ✓2, since
for � > 0 we have (using Lemma 5 in the final step)

W (�) = inf
b

[b + �F (b)] = �� sup
b

[� b

�
� F (b)]

= ��F �(� 1

�
) = ��G(� 1

�
). (38)

closed (i.e., lower semicontinuous) proper convex function. A crucial fact is
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The conjugate and derivatives of � are by the second variable.
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of the equation F (b) = k, see Lemma 1. In regular cases, b = V (k) is char-
acterised by equations involving partial derivatives of the function K, see [4,
Corollary 1], which may facilitate its computation. The following Theorem,
combined with Lemma 2, may help to reduce computational complexity even
in “irregular”cases. Previously, Ahmadi-Javid [1, Theorem 5.1] proved an
identity equivalent to (35) for autonomous integrands and bounded payo↵
functions 6

A lemma is sent forward that will be proved in the Appendix.

Lemma 5. F � = G.

Note that while F � = G�� = clG immediately follows from (19), it
appears nontrivial that the function G is closed.

Theorem 1. For k 2 (0, kmax)

V (k) = max
�2<0

max
�1�R

k + K(✓1, ✓2) � ✓1

✓2
= max

�2<0

k + G(✓2)

✓2
. (35)

A pair (✓1, ✓2) attains the first maximum in (35) if and only if it attains
the maximum in (18), for b = V (k). Such (✓1, ✓2) belongs to � and satisfiesR

p�1,�2dµ  1. A maximiser for the second maximum in (35) is equivalently
a maximiser of ✓2b � G(✓2) where b = V (k).

Proof. By Lemma 5, G is a closed convex function with G(0) = 0. Let

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2 < 0} (36)

denote the graph of G restricted to negative arguments. As

k + G(✓2

✓2
(✓2 < 0) (37)

equals the slope of the straigh line through (0,�k) and (✓2, G(✓2)) 2 G, its
maximum equals the slope of the supporting line to G through (0,�k), see
Fig. 1. Denote this maximum by b, then

k = G�(b) = F (b), (38)

the first equality by the definition of convex conjugate and the second one
by (19).

6Our framework includes assumptions about the integrand not made there, which we
need for other purposes and appear dispensible for the proof of (35).
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Figure 2: The supporting line has maximum slope b = (k + G(✓2))/✓2.

Remark 3. The following geometric interpretation of the proof of Theorem 1
deserves emphasis, see Fig. 2. Denote by

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2  0} (39)

the graph of G restricted to nonpositive arguments. Recall that, by Lemma 5,
G is a closed convex function with G(0) = 0. Then (37) is the slope of the
straigh line through (0,�k) and (✓2, G(✓2)) 2 G, which is maximised by
the supporting line to G through (0,�k). The proof of Theorem 1 shows
that this supporting line (exists and) has slope b = V (k). The maximum
b = V (k) of (37) is attained if and only if (✓2, G(✓2)) is on this supporting
line.

13

Fig. 2. Among straight lines passing through (0,�k) and some point (✓2, G(✓2)) with
✓2 < 0, the supporting line to the graph of G has maximum slope (k + G(✓2))/✓2. By
Theorem 1, the infimum V (k) in (6) is equal to the slope of this supporting line.

Theorem 1. For k 2 (0, kmax)

V (k) = max
✓2<0

k + G(✓2)

✓2
. (18)

A maximizer in (18) is equivalently a maximizer of ✓2b�G(✓2) where b = V (k),
and (✓1, ✓2) with ✓1 = ✓1(✓2) as in Lemma 2 is a maximizer in (14).

An identity equivalent to (18) appears, for autonomous integrands and bounded
payo↵ functions, in Ahmadi-Javid [1, Theorem 5.1].

2

For � 2 B define the integral functional

H(p) = H�(p) :=

Z

⌦

�(!, p(!))µ(d!). (2)

Assume that for a default distribution IP0 with density p0

H(p) � H(p0) = 0 whenever

Z
pdµ = 1. (3)

Fix a measurable function X such that

EIP0(X) =

Z

⌦

X(!)p0(!)µ(d!) =: b0 exists, m < b0 < M, (4)

where m and M denote the µ-ess inf and µ-ess sup of X.
We are interested in minimizing EIP(X) subject to IP 2 � when

� = {IP : H(p)  k}. (5)

Thus, we address the problem

V (k) := inf
p:
R

pdµ=1,H(p)k

Z
Xpdµ. (6)

In mathematical finance, X is a payo↵ function depending on a collection ! 2
⌦ of random risk factors. The risk factor distribution is unknown but assumed
to belong to a known family � of plausible distributions. Then infIP2� EIP(X)
measures (the negative of) the risk of a financial position with payo↵ function
X. The same expression arises also in the theory of ambiguity averse preferences.
For details, including axiomatic considerations, we refer to Föllmer and Schied
[8], Hansen and Sargent [11], or Gilboa [9].

It is natural to consider those distributions IP plausible that do not deviate
much from the default distribution IP0. This still admits many choices for � ,
according to what measure of deviation is used. The setting (5), introduced in
Breuer and Csiszár [4], appears to cover most choices of interest.

Example 1. Take µ = IP0, thus p0 ⌘ 1, and let �(!, s) = f(s) be an autonomous
convex integrand, with f(1) = 0 to ensure (3). Then H(p) in (2) for p = dIP

dµ

is the f -divergence Df (IP || IP0), introduced in Csiszár [5], and (5) gives the f -
divergence ball {IP : Df (IP || IP0)  k}.

Example 2. Let f be any strictly convex and di↵erentiable function on (0, +1),
and for s � 0 let �(!, s) = �f (s, p0(!)). Here

�f (s, t) := f(s) � f(t) � f 0(t)(s � t), (7)

where f(0) and f 0(0) are defined as limits, and if f(0) = +1, we set �f (s, 0) := 0
for s = 0 and �f (s, 0) := 1 otherwise.
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derivative (for fixed �) equals 0 if r  ��(�, 0)) and is positive, growing to +1
for r 2 (��(�, 0), (��(�, +1)).

The projection to the ✓2-axis of the set � in (17) coincides with that of
dom K := {(✓1, ✓2) : K(✓1, ✓2) < +1}. This projection is an interval, it will be
denoted by �2, and its left endpoint by ✓min (which may be �1).

Remark 1. As shown in [4], the interval �2 contains the origin, and the default
density p0 belongs to the family (16) with ✓2 = 0. Moreover, the standing as-
sumption kmax > 0 is equivalent to ✓min < 0. This implies, in turn, that F (b) > 0
for each b < b0.

The following lemma gives relevant information about evaluating the function
G in (15). In turn, from G one can calculate the desired V (k) in (6), as the next
Theorem shows. Clearly, dom G := {✓2 : G(✓2) < +1} = �2.

Lemma 2. To each ✓2 2 �2 there exists a unique ✓1 = ✓1(✓2) with K(✓1, ✓2) �
✓1 = G(✓2). Either ✓̃1 := sup{✓1 : (✓1, ✓2) 2 dom K} is finite and satisfies
(✓̃1, ✓2) 2 �,

R
p✓̃1,✓2

dµ < 1, then ✓1(✓2) = ✓̃1, or else a unique ✓1 satisfies

(✓1, ✓2) 2 �,
R

p✓1,✓2dµ = 1, then ✓1(✓2) equals this ✓1.

closed (i.e., lower semicontinuous) proper convex function. A crucial fact is
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(s� � �(r, s)) . (17)

The conjugate and derivatives of � are by the second variable.
Below, derivatives at 0 and +1 are interpreted as limits of derivatives

at s � 0 and s � +1. For fixed r 2 � the function �⇤ equals ��(r, 0)
for �  �0(r, 0), it is strictly convex in the interval (�0(r, 0),�0(r, +1)),
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[✓1 + ✓2b � K(✓1, ✓2)], (18)

except possibly for b equal to m or M , see (15). This can be rewritten as

F (b) = sup
✓2

[✓2b � G(✓2)] = G⇤(b) (19)

where
G(✓2) := inf

✓1
[K(✓1, ✓2) � ✓1]. (20)

The function G will play a role as the logarithmic moment generating func-
tion does when � in (3) is an I-divergence ball, see Example 3.
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A lemma is sent forward that will be proved in the Appendix.
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need for other purposes and appear dispensible for the proof of (35).
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The calculation of W (�) in (11) is somewhat less costly than that of
V (k). It requires the calculation of G(✓2) only for a single value of ✓2, since
for � > 0 we have (using Lemma 5 in the final step)

W (�) = inf
b

[b + �F (b)] = �� sup
b

[� b

�
� F (b)]

= ��F ⇤(� 1

�
) = ��G(� 1

�
). (38)
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of the equation F (b) = k, see Lemma 1. In regular cases, b = V (k) is char-
acterised by equations involving partial derivatives of the function K, see [4,
Corollary 1], which may facilitate its computation. The following Theorem,
combined with Lemma 2, may help to reduce computational complexity even
in “irregular”cases. Previously, Ahmadi-Javid [1, Theorem 5.1] proved an
identity equivalent to (35) for autonomous integrands and bounded payo�
functions 6

A lemma is sent forward that will be proved in the Appendix.

Lemma 5. F ⇤ = G.

Note that while F ⇤ = G⇤⇤ = clG immediately follows from (19), it
appears nontrivial that the function G is closed.

Theorem 1. For k 2 (0, kmax)

V (k) = max
✓2<0

max
✓12R

k + K(✓1, ✓2) � ✓1

✓2
= max

✓2<0

k + G(✓2)

✓2
. (35)

A pair (✓1, ✓2) attains the first maximum in (35) if and only if it attains
the maximum in (18), for b = V (k). Such (✓1, ✓2) belongs to � and satisfiesR

p✓1,✓2dµ  1. A maximiser for the second maximum in (35) is equivalently
a maximiser of ✓2b � G(✓2) where b = V (k).

Proof. By Lemma 5, G is a closed convex function with G(0) = 0. Let

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2 < 0} (36)

denote the graph of G restricted to negative arguments. As

k + G(✓2

✓2
(✓2 < 0) (37)

equals the slope of the straigh line through (0,�k) and (✓2, G(✓2)) 2 G, its
maximum equals the slope of the supporting line to G through (0,�k), see
Fig. 1. Denote this maximum by b, then

k = G⇤(b) = F (b), (38)

the first equality by the definition of convex conjugate and the second one
by (19).

6Our framework includes assumptions about the integrand not made there, which we
need for other purposes and appear dispensible for the proof of (35).
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Figure 2: The supporting line has maximum slope b = (k + G(✓2))/✓2.

Remark 3. The following geometric interpretation of the proof of Theorem 1
deserves emphasis, see Fig. 2. Denote by

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2  0} (39)

the graph of G restricted to nonpositive arguments. Recall that, by Lemma 5,
G is a closed convex function with G(0) = 0. Then (37) is the slope of the
straigh line through (0,�k) and (✓2, G(✓2)) 2 G, which is maximised by
the supporting line to G through (0,�k). The proof of Theorem 1 shows
that this supporting line (exists and) has slope b = V (k). The maximum
b = V (k) of (37) is attained if and only if (✓2, G(✓2)) is on this supporting
line.

13

Fig. 2. Among straight lines passing through (0,�k) and some point (✓2, G(✓2)) with
✓2 < 0, the supporting line to the graph of G has maximum slope (k + G(✓2))/✓2. By
Theorem 1, the infimum V (k) in (6) is equal to the slope of this supporting line.

Theorem 1. For k 2 (0, kmax)

V (k) = max
✓2<0

k + G(✓2)

✓2
. (18)

A maximizer in (18) is equivalently a maximizer of ✓2b�G(✓2) where b = V (k),
and (✓1, ✓2) with ✓1 = ✓1(✓2) as in Lemma 2 is a maximizer in (14).

An identity equivalent to (18) appears, for autonomous integrands and bounded
payo� functions, in Ahmadi-Javid [1, Theorem 5.1].

2

For � 2 B define the integral functional

H(p) = H�(p) :=

Z

�

�(�, p(�))µ(d�). (2)

Assume that for a default distribution IP0 with density p0

H(p) � H(p0) = 0 whenever

Z
pdµ = 1. (3)

Fix a measurable function X such that

EIP0(X) =

Z

�

X(�)p0(�)µ(d�) =: b0 exists, m < b0 < M, (4)

where m and M denote the µ-ess inf and µ-ess sup of X.
We are interested in minimizing EIP(X) subject to IP 2 � when

� = {IP : H(p)  k}. (5)

Thus, we address the problem

V (k) := inf
p:
R

pdµ=1,H(p)�k

Z
Xpdµ. (6)

In mathematical finance, X is a payo� function depending on a collection � 2
� of random risk factors. The risk factor distribution is unknown but assumed
to belong to a known family � of plausible distributions. Then infIP�� EIP(X)
measures (the negative of) the risk of a financial position with payo� function
X. The same expression arises also in the theory of ambiguity averse preferences.
For details, including axiomatic considerations, we refer to Föllmer and Schied
[8], Hansen and Sargent [11], or Gilboa [9].

It is natural to consider those distributions IP plausible that do not deviate
much from the default distribution IP0. This still admits many choices for � ,
according to what measure of deviation is used. The setting (5), introduced in
Breuer and Csiszár [4], appears to cover most choices of interest.

Example 1. Take µ = IP0, thus p0 � 1, and let �(�, s) = f(s) be an autonomous
convex integrand, with f(1) = 0 to ensure (3). Then H(p) in (2) for p = dIP

dµ

is the f -divergence Df (IP || IP0), introduced in Csiszár [5], and (5) gives the f -
divergence ball {IP : Df (IP || IP0)  k}.

Example 2. Let f be any strictly convex and di�erentiable function on (0, +1),
and for s � 0 let �(�, s) = �f (s, p0(�)). Here

�f (s, t) := f(s) � f(t) � f �(t)(s � t), (7)

where f(0) and f �(0) are defined as limits, and if f(0) = +1, we set �f (s, 0) := 0
for s = 0 and �f (s, 0) := 1 otherwise.
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p : H(p) = k

Localisation and neighbourhood of WCD

For p with H(p) = k :
R

Xpdµ = V (k) � B�,µ(p, p✓1,✓2
)/✓2.
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derivative (for fixed �) equals 0 if r  ��(�, 0)) and is positive, growing to +1
for r 2 (��(�, 0), (��(�, +1)).

The projection to the ✓2-axis of the set � in (17) coincides with that of
dom K := {(✓1, ✓2) : K(✓1, ✓2) < +1}. This projection is an interval, it will be
denoted by �2, and its left endpoint by ✓min (which may be �1).

Remark 1. As shown in [4], the interval �2 contains the origin, and the default
density p0 belongs to the family (16) with ✓2 = 0. Moreover, the standing as-
sumption kmax > 0 is equivalent to ✓min < 0. This implies, in turn, that F (b) > 0
for each b < b0.

The following lemma gives relevant information about evaluating the function
G in (15). In turn, from G one can calculate the desired V (k) in (6), as the next
Theorem shows. Clearly, dom G := {✓2 : G(✓2) < +1} = �2.

Lemma 2. To each ✓2 2 �2 there exists a unique ✓1 = ✓1(✓2) with K(✓1, ✓2) �
✓1 = G(✓2). Either ✓̃1 := sup{✓1 : (✓1, ✓2) 2 dom K} is finite and satisfies
(✓̃1, ✓2) 2 �,

R
p✓̃1,✓2

dµ < 1, then ✓1(✓2) = ✓̃1, or else a unique ✓1 satisfies

(✓1, ✓2) 2 �,
R

p✓1,✓2dµ = 1, then ✓1(✓2) equals this ✓1.

closed (i.e., lower semicontinuous) proper convex function. A crucial fact is
the instance of [7, Theorem 1.1] that J⇤(✓1, ✓2) equals

K(✓1, ✓2) :=

Z
�⇤(r, ✓1 + ✓2X(r))µ(dr), (16)

where �⇤ is the convex conjugate of �,

�⇤(r, �) := sup
s2R

(s� � �(r, s)) . (17)

The conjugate and derivatives of � are by the second variable.
Below, derivatives at 0 and +1 are interpreted as limits of derivatives

at s � 0 and s � +1. For fixed r 2 � the function �⇤ equals ��(r, 0)
for �  �0(r, 0), it is strictly convex in the interval (�0(r, 0),�0(r, +1)),
and equals +1 if �0(r, +1) is finite and � > �0(r, +1). This function is
di�erentiable in the interval (�1,�0(r, +1)) with non-decreasing derivative
(�⇤)0(r, �), positive if � > �0(r, 0), and approaching 0 or +1 as � � �0(r, 0)
or � � �0(r, +1).

Since J⇤ = K implies J⇤⇤ = K⇤, and J⇤⇤ (equal to the closure of J) may
di�er from J only on the boundary of dom J ,

F (b) = J(1, b) = K⇤(1, b) = sup
✓1,✓2

[✓1 + ✓2b � K(✓1, ✓2)], (18)

except possibly for b equal to m or M , see (15). This can be rewritten as

F (b) = sup
✓2

[✓2b � G(✓2)] = G⇤(b) (19)

where
G(✓2) := inf

✓1
[K(✓1, ✓2) � ✓1]. (20)

The function G will play a role as the logarithmic moment generating func-
tion does when � in (3) is an I-divergence ball, see Example 3.

The following family of functions will play a key role like exponential
families do for I-divergence minimisation:

p✓1,✓2(r) := (�⇤)0(r, ✓1 + ✓2X(r)), (✓1, ✓2) 2 � (21)

where

� :=
�
(✓1, ✓2) 2 dom K : ✓1 + ✓2X(r) < �0(r, +1) µ-a.e.

�
. (22)

As (✓1, ✓2) 2 dom K implies (✓̃1, ✓2) 2 � for each ✓̃1 < ✓1, the sets
dom K and � have the same projection to the ✓2-axis. This projection
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of the equation F (b) = k, see Lemma 1. In regular cases, b = V (k) is char-
acterised by equations involving partial derivatives of the function K, see [4,
Corollary 1], which may facilitate its computation. The following Theorem,
combined with Lemma 2, may help to reduce computational complexity even
in “irregular”cases. Previously, Ahmadi-Javid [1, Theorem 5.1] proved an
identity equivalent to (35) for autonomous integrands and bounded payo�
functions 6

A lemma is sent forward that will be proved in the Appendix.

Lemma 5. F ⇤ = G.

Note that while F ⇤ = G⇤⇤ = clG immediately follows from (19), it
appears nontrivial that the function G is closed.

Theorem 1. For k 2 (0, kmax)

V (k) = max
✓2<0

max
✓12R

k + K(✓1, ✓2) � ✓1

✓2
= max

✓2<0

k + G(✓2)

✓2
. (35)

A pair (✓1, ✓2) attains the first maximum in (35) if and only if it attains
the maximum in (18), for b = V (k). Such (✓1, ✓2) belongs to � and satisfiesR

p✓1,✓2dµ  1. A maximiser for the second maximum in (35) is equivalently
a maximiser of ✓2b � G(✓2) where b = V (k).

Proof. By Lemma 5, G is a closed convex function with G(0) = 0. Let

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2 < 0} (36)

denote the graph of G restricted to negative arguments. As

k + G(✓2

✓2
(✓2 < 0) (37)

equals the slope of the straigh line through (0,�k) and (✓2, G(✓2)) 2 G, its
maximum equals the slope of the supporting line to G through (0,�k), see
Fig. 1. Denote this maximum by b, then

k = G⇤(b) = F (b), (38)

the first equality by the definition of convex conjugate and the second one
by (19).

6Our framework includes assumptions about the integrand not made there, which we
need for other purposes and appear dispensible for the proof of (35).
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The calculation of W (�) in (11) is somewhat less costly than that of
V (k). It requires the calculation of G(✓2) only for a single value of ✓2, since
for � > 0 we have (using Lemma 5 in the final step)

W (�) = inf
b

[b + �F (b)] = �� sup
b

[� b

�
� F (b)]

= ��F ⇤(� 1

�
) = ��G(� 1

�
). (38)
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A pair (✓1, ✓2) attains the first maximum in (35) if and only if it attains
the maximum in (18), for b = V (k). Such (✓1, ✓2) belongs to � and satisfiesR

p✓1,✓2dµ  1. A maximiser for the second maximum in (35) is equivalently
a maximiser of ✓2b � G(✓2) where b = V (k).

Proof. By Lemma 5, G is a closed convex function with G(0) = 0. Let

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2 < 0} (36)

denote the graph of G restricted to negative arguments. As

k + G(✓2

✓2
(✓2 < 0) (37)

equals the slope of the straigh line through (0,�k) and (✓2, G(✓2)) 2 G, its
maximum equals the slope of the supporting line to G through (0,�k), see
Fig. 1. Denote this maximum by b, then

k = G⇤(b) = F (b), (38)

the first equality by the definition of convex conjugate and the second one
by (19).

6Our framework includes assumptions about the integrand not made there, which we
need for other purposes and appear dispensible for the proof of (35).
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Figure 2: The supporting line has maximum slope b = (k + G(✓2))/✓2.

Remark 3. The following geometric interpretation of the proof of Theorem 1
deserves emphasis, see Fig. 2. Denote by

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2  0} (39)

the graph of G restricted to nonpositive arguments. Recall that, by Lemma 5,
G is a closed convex function with G(0) = 0. Then (37) is the slope of the
straigh line through (0,�k) and (✓2, G(✓2)) 2 G, which is maximised by
the supporting line to G through (0,�k). The proof of Theorem 1 shows
that this supporting line (exists and) has slope b = V (k). The maximum
b = V (k) of (37) is attained if and only if (✓2, G(✓2)) is on this supporting
line.

13

Fig. 2. Among straight lines passing through (0,�k) and some point (✓2, G(✓2)) with
✓2 < 0, the supporting line to the graph of G has maximum slope (k + G(✓2))/✓2. By
Theorem 1, the infimum V (k) in (6) is equal to the slope of this supporting line.

Theorem 1. For k 2 (0, kmax)

V (k) = max
✓2<0

k + G(✓2)

✓2
. (18)

A maximizer in (18) is equivalently a maximizer of ✓2b�G(✓2) where b = V (k),
and (✓1, ✓2) with ✓1 = ✓1(✓2) as in Lemma 2 is a maximizer in (14).

An identity equivalent to (18) appears, for autonomous integrands and bounded
payo� functions, in Ahmadi-Javid [1, Theorem 5.1].

2

For � 2 B define the integral functional

H(p) = H�(p) :=

Z

�

�(�, p(�))µ(d�). (2)

Assume that for a default distribution IP0 with density p0

H(p) � H(p0) = 0 whenever

Z
pdµ = 1. (3)

Fix a measurable function X such that

EIP0(X) =

Z

�

X(�)p0(�)µ(d�) =: b0 exists, m < b0 < M, (4)

where m and M denote the µ-ess inf and µ-ess sup of X.
We are interested in minimizing EIP(X) subject to IP 2 � when

� = {IP : H(p)  k}. (5)

Thus, we address the problem

V (k) := inf
p:
R

pdµ=1,H(p)�k

Z
Xpdµ. (6)

In mathematical finance, X is a payo� function depending on a collection � 2
� of random risk factors. The risk factor distribution is unknown but assumed
to belong to a known family � of plausible distributions. Then infIP�� EIP(X)
measures (the negative of) the risk of a financial position with payo� function
X. The same expression arises also in the theory of ambiguity averse preferences.
For details, including axiomatic considerations, we refer to Föllmer and Schied
[8], Hansen and Sargent [11], or Gilboa [9].

It is natural to consider those distributions IP plausible that do not deviate
much from the default distribution IP0. This still admits many choices for � ,
according to what measure of deviation is used. The setting (5), introduced in
Breuer and Csiszár [4], appears to cover most choices of interest.

Example 1. Take µ = IP0, thus p0 � 1, and let �(�, s) = f(s) be an autonomous
convex integrand, with f(1) = 0 to ensure (3). Then H(p) in (2) for p = dIP

dµ

is the f -divergence Df (IP || IP0), introduced in Csiszár [5], and (5) gives the f -
divergence ball {IP : Df (IP || IP0)  k}.

Example 2. Let f be any strictly convex and di�erentiable function on (0, +1),
and for s � 0 let �(�, s) = �f (s, p0(�)). Here

�f (s, t) := f(s) � f(t) � f �(t)(s � t), (7)

where f(0) and f �(0) are defined as limits, and if f(0) = +1, we set �f (s, 0) := 0
for s = 0 and �f (s, 0) := 1 otherwise.
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p : H(p) = k

Localisation and neighbourhood of WCD

For p with H(p) = k :
R

Xpdµ = V (k) � B�,µ(p, p✓1,✓2
)/✓2.
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derivative (for fixed �) equals 0 if r  ��(�, 0)) and is positive, growing to +1
for r 2 (��(�, 0), (��(�, +1)).

The projection to the ✓2-axis of the set � in (17) coincides with that of
dom K := {(✓1, ✓2) : K(✓1, ✓2) < +1}. This projection is an interval, it will be
denoted by �2, and its left endpoint by ✓min (which may be �1).

Remark 1. As shown in [4], the interval �2 contains the origin, and the default
density p0 belongs to the family (16) with ✓2 = 0. Moreover, the standing as-
sumption kmax > 0 is equivalent to ✓min < 0. This implies, in turn, that F (b) > 0
for each b < b0.

The following lemma gives relevant information about evaluating the function
G in (15). In turn, from G one can calculate the desired V (k) in (6), as the next
Theorem shows. Clearly, dom G := {✓2 : G(✓2) < +1} = �2.

Lemma 2. To each ✓2 2 �2 there exists a unique ✓1 = ✓1(✓2) with K(✓1, ✓2) �
✓1 = G(✓2). Either ✓̃1 := sup{✓1 : (✓1, ✓2) 2 dom K} is finite and satisfies
(✓̃1, ✓2) 2 �,

R
p✓̃1,✓2

dµ < 1, then ✓1(✓2) = ✓̃1, or else a unique ✓1 satisfies

(✓1, ✓2) 2 �,
R

p✓1,✓2dµ = 1, then ✓1(✓2) equals this ✓1.

closed (i.e., lower semicontinuous) proper convex function. A crucial fact is
the instance of [7, Theorem 1.1] that J⇤(✓1, ✓2) equals

K(✓1, ✓2) :=

Z
�⇤(r, ✓1 + ✓2X(r))µ(dr), (16)

where �⇤ is the convex conjugate of �,

�⇤(r, �) := sup
s2R

(s� � �(r, s)) . (17)

The conjugate and derivatives of � are by the second variable.
Below, derivatives at 0 and +1 are interpreted as limits of derivatives

at s � 0 and s � +1. For fixed r 2 � the function �⇤ equals ��(r, 0)
for �  �0(r, 0), it is strictly convex in the interval (�0(r, 0),�0(r, +1)),
and equals +1 if �0(r, +1) is finite and � > �0(r, +1). This function is
di�erentiable in the interval (�1,�0(r, +1)) with non-decreasing derivative
(�⇤)0(r, �), positive if � > �0(r, 0), and approaching 0 or +1 as � � �0(r, 0)
or � � �0(r, +1).

Since J⇤ = K implies J⇤⇤ = K⇤, and J⇤⇤ (equal to the closure of J) may
di�er from J only on the boundary of dom J ,

F (b) = J(1, b) = K⇤(1, b) = sup
✓1,✓2

[✓1 + ✓2b � K(✓1, ✓2)], (18)

except possibly for b equal to m or M , see (15). This can be rewritten as

F (b) = sup
✓2

[✓2b � G(✓2)] = G⇤(b) (19)

where
G(✓2) := inf

✓1
[K(✓1, ✓2) � ✓1]. (20)

The function G will play a role as the logarithmic moment generating func-
tion does when � in (3) is an I-divergence ball, see Example 3.

The following family of functions will play a key role like exponential
families do for I-divergence minimisation:

p✓1,✓2(r) := (�⇤)0(r, ✓1 + ✓2X(r)), (✓1, ✓2) 2 � (21)

where

� :=
�
(✓1, ✓2) 2 dom K : ✓1 + ✓2X(r) < �0(r, +1) µ-a.e.

�
. (22)

As (✓1, ✓2) 2 dom K implies (✓̃1, ✓2) 2 � for each ✓̃1 < ✓1, the sets
dom K and � have the same projection to the ✓2-axis. This projection
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of the equation F (b) = k, see Lemma 1. In regular cases, b = V (k) is char-
acterised by equations involving partial derivatives of the function K, see [4,
Corollary 1], which may facilitate its computation. The following Theorem,
combined with Lemma 2, may help to reduce computational complexity even
in “irregular”cases. Previously, Ahmadi-Javid [1, Theorem 5.1] proved an
identity equivalent to (35) for autonomous integrands and bounded payo�
functions 6

A lemma is sent forward that will be proved in the Appendix.

Lemma 5. F ⇤ = G.

Note that while F ⇤ = G⇤⇤ = clG immediately follows from (19), it
appears nontrivial that the function G is closed.

Theorem 1. For k 2 (0, kmax)

V (k) = max
✓2<0

max
✓12R

k + K(✓1, ✓2) � ✓1

✓2
= max

✓2<0

k + G(✓2)

✓2
. (35)

A pair (✓1, ✓2) attains the first maximum in (35) if and only if it attains
the maximum in (18), for b = V (k). Such (✓1, ✓2) belongs to � and satisfiesR

p✓1,✓2dµ  1. A maximiser for the second maximum in (35) is equivalently
a maximiser of ✓2b � G(✓2) where b = V (k).

Proof. By Lemma 5, G is a closed convex function with G(0) = 0. Let

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2 < 0} (36)

denote the graph of G restricted to negative arguments. As

k + G(✓2

✓2
(✓2 < 0) (37)

equals the slope of the straigh line through (0,�k) and (✓2, G(✓2)) 2 G, its
maximum equals the slope of the supporting line to G through (0,�k), see
Fig. 1. Denote this maximum by b, then

k = G⇤(b) = F (b), (38)

the first equality by the definition of convex conjugate and the second one
by (19).

6Our framework includes assumptions about the integrand not made there, which we
need for other purposes and appear dispensible for the proof of (35).
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The calculation of W (�) in (11) is somewhat less costly than that of
V (k). It requires the calculation of G(✓2) only for a single value of ✓2, since
for � > 0 we have (using Lemma 5 in the final step)

W (�) = inf
b

[b + �F (b)] = �� sup
b

[� b

�
� F (b)]

= ��F ⇤(� 1

�
) = ��G(� 1

�
). (38)
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of the equation F (b) = k, see Lemma 1. In regular cases, b = V (k) is char-
acterised by equations involving partial derivatives of the function K, see [4,
Corollary 1], which may facilitate its computation. The following Theorem,
combined with Lemma 2, may help to reduce computational complexity even
in “irregular”cases. Previously, Ahmadi-Javid [1, Theorem 5.1] proved an
identity equivalent to (35) for autonomous integrands and bounded payo�
functions 6

A lemma is sent forward that will be proved in the Appendix.

Lemma 5. F ⇤ = G.

Note that while F ⇤ = G⇤⇤ = clG immediately follows from (19), it
appears nontrivial that the function G is closed.
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the maximum in (18), for b = V (k). Such (✓1, ✓2) belongs to � and satisfiesR

p✓1,✓2dµ  1. A maximiser for the second maximum in (35) is equivalently
a maximiser of ✓2b � G(✓2) where b = V (k).

Proof. By Lemma 5, G is a closed convex function with G(0) = 0. Let

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2 < 0} (36)

denote the graph of G restricted to negative arguments. As
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6Our framework includes assumptions about the integrand not made there, which we
need for other purposes and appear dispensible for the proof of (35).
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p✓1,✓2dµ  1. A maximiser for the second maximum in (35) is equivalently
a maximiser of ✓2b � G(✓2) where b = V (k).

Proof. By Lemma 5, G is a closed convex function with G(0) = 0. Let

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2 < 0} (36)

denote the graph of G restricted to negative arguments. As

k + G(✓2

✓2
(✓2 < 0) (37)

equals the slope of the straigh line through (0,�k) and (✓2, G(✓2)) 2 G, its
maximum equals the slope of the supporting line to G through (0,�k), see
Fig. 1. Denote this maximum by b, then

k = G⇤(b) = F (b), (38)

the first equality by the definition of convex conjugate and the second one
by (19).

6Our framework includes assumptions about the integrand not made there, which we
need for other purposes and appear dispensible for the proof of (35).
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Figure 2: The supporting line has maximum slope b = (k + G(✓2))/✓2.

Remark 3. The following geometric interpretation of the proof of Theorem 1
deserves emphasis, see Fig. 2. Denote by

G := {(✓2, G(✓2)) : ✓2 2 �2, ✓2  0} (39)

the graph of G restricted to nonpositive arguments. Recall that, by Lemma 5,
G is a closed convex function with G(0) = 0. Then (37) is the slope of the
straigh line through (0,�k) and (✓2, G(✓2)) 2 G, which is maximised by
the supporting line to G through (0,�k). The proof of Theorem 1 shows
that this supporting line (exists and) has slope b = V (k). The maximum
b = V (k) of (37) is attained if and only if (✓2, G(✓2)) is on this supporting
line.
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Fig. 2. Among straight lines passing through (0,�k) and some point (✓2, G(✓2)) with
✓2 < 0, the supporting line to the graph of G has maximum slope (k + G(✓2))/✓2. By
Theorem 1, the infimum V (k) in (6) is equal to the slope of this supporting line.

Theorem 1. For k 2 (0, kmax)

V (k) = max
✓2<0

k + G(✓2)

✓2
. (18)

A maximizer in (18) is equivalently a maximizer of ✓2b�G(✓2) where b = V (k),
and (✓1, ✓2) with ✓1 = ✓1(✓2) as in Lemma 2 is a maximizer in (14).

An identity equivalent to (18) appears, for autonomous integrands and bounded
payo� functions, in Ahmadi-Javid [1, Theorem 5.1].

2

For � 2 B define the integral functional

H(p) = H�(p) :=

Z

�

�(�, p(�))µ(d�). (2)

Assume that for a default distribution IP0 with density p0

H(p) � H(p0) = 0 whenever

Z
pdµ = 1. (3)

Fix a measurable function X such that

EIP0(X) =

Z

�

X(�)p0(�)µ(d�) =: b0 exists, m < b0 < M, (4)

where m and M denote the µ-ess inf and µ-ess sup of X.
We are interested in minimizing EIP(X) subject to IP 2 � when

� = {IP : H(p)  k}. (5)

Thus, we address the problem

V (k) := inf
p:
R

pdµ=1,H(p)�k

Z
Xpdµ. (6)

In mathematical finance, X is a payo� function depending on a collection � 2
� of random risk factors. The risk factor distribution is unknown but assumed
to belong to a known family � of plausible distributions. Then infIP�� EIP(X)
measures (the negative of) the risk of a financial position with payo� function
X. The same expression arises also in the theory of ambiguity averse preferences.
For details, including axiomatic considerations, we refer to Föllmer and Schied
[8], Hansen and Sargent [11], or Gilboa [9].

It is natural to consider those distributions IP plausible that do not deviate
much from the default distribution IP0. This still admits many choices for � ,
according to what measure of deviation is used. The setting (5), introduced in
Breuer and Csiszár [4], appears to cover most choices of interest.

Example 1. Take µ = IP0, thus p0 � 1, and let �(�, s) = f(s) be an autonomous
convex integrand, with f(1) = 0 to ensure (3). Then H(p) in (2) for p = dIP

dµ

is the f -divergence Df (IP || IP0), introduced in Csiszár [5], and (5) gives the f -
divergence ball {IP : Df (IP || IP0)  k}.

Example 2. Let f be any strictly convex and di�erentiable function on (0, +1),
and for s � 0 let �(�, s) = �f (s, p0(�)). Here

�f (s, t) := f(s) � f(t) � f �(t)(s � t), (7)

where f(0) and f �(0) are defined as limits, and if f(0) = +1, we set �f (s, 0) := 0
for s = 0 and �f (s, 0) := 1 otherwise.
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Summary

Systematic stress tests with mixed scenarios

• do not neglect dangerous scenarios when they are plausible,

• do not produce highly implausible scenarios,

• are applicable to both continuous and discrete risk factors
with arbitrary distributions,

• quantify the effects of model risk...

... and can be implemented straighforwardly.



Some references

• I. Csiszár, T. Breuer: Almost worst case distributions in multiple priors
models. http://arxiv.org/abs/1506.01619, 2015.

• T. Breuer, I. Csiszár: Measuring Distribution Model Risk, Mathematical
Finance, forthcoming, 2014, DOI:10.1111/mafi.12050

• T. Breuer, I. Csiszár: Systematic Stress Tests with Entropic Plausibility
Constraints, Journal of Banking and Finance 37 (2013), 1552-1559

• T. Breuer, M. Jandacka, J. Mencia, M. Summer: A Systematic Approach
to Multi-Period Stress Testing of Portfolio Credit Risk, Journal of
Banking and Finance 36 (2), 332-340,

• Breuer T., M. Jandacka, K. Rheinberger, M. Summer: How to find
plausible, severe, and useful stress scenarios, International Joural of
Central Banking 5 (2009), 205-224

• Breuer T., M. Jandacka, K. Rheinberger, M. Summer: Does Adding Up
of Economic Capital for Market- and Credit Risk amount to Conservative
Risk Assessment?, Journal of Banking and Finance 34 (2010), 703-712

• Breuer T.: Overcoming dimensional dependence of Maximum Loss,
Journal of Risk 11(1), 79-92 (2008)


	First Generation Stress Tests
	Second Generation Stress Tests
	Stress Tests with Mixed Scenarios
	The information geometry of stress testing

