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Stress tests with handpicked scenarios might misrepresent risks either because dangerous scenarios are
not considered or because the scenarios considered are too implausible. To overcome these two pitfalls
we propose a systematic search for the worst case within a relative entropy ball of sufficiently plausible
scenarios. For this purpose we use mixed scenarios, which are risk factor distributions rather than real-
isations. A Maximum Loss theorem explicitly gives the worst case distribution. The method is illustrated
in a number of example applications: linear and quadratic portfolios, stressed default probabilities,
stressed correlations, macroeconomic stress tests.

� 2012 Elsevier B.V. All rights reserved.
1. Introduction scenarios. In this way one ensures that no plausible scenario is missed,
1 The loss function L(r) characterises the portfolio. For stress testers it might seem a
Stress tests evaluate the consequences of supposedly adverse
scenarios. Often scenarios are picked by hand. This is an art. Like
in any art, results are not objective. Subjectivity is welcome in
the arts but not in the sciences, and not in risk management either.
Depending on the choice of scenarios, stress test results might mis-
represent risks in two ways. First, the really dangerous scenarios
might not have been considered. This results in a false illusion of
safety. Consequently it may happen that banks go bankrupt
although they have recently passed stress tests. A notable example
are the supposedly successful stress tests of Irish Banks in 2010,
which had to be bailed out a few months later. Second, the scenar-
ios considered might be too implausible. This results in a false
alarm. In this paper we present a systematic way to perform stress
tests. This substantially reduces the subjectivity of stress tests—
and increases their credibility.

The key to avoiding the two pitfalls is to perform stress tests sys-
tematically. Instead of considering just a few hand-picked scenarios
one searches for the worst case scenario among a set of plausible
ll rights reserved.
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and that only scenarios of sufficient plausibility are considered.
A first attempt in this direction was made by Studer (1997,

1999), Breuer and Krenn (1999), who developed what we call ‘tra-
ditional systematic stress tests’. Working in the context of multi-
variate normal risk factor distributions, one takes ellipsoids as
sets of plausible scenarios. This choice amounts to: (1) interpreting
a scenario as a simultaneous realisation of all risk factors, which is
represented by an element r of the sample space, (2) quantifying
the (im) plausbility of a realisation by its Mahalanobis distance
from the mean of the distribution, (3) admitting all scenarios
whose distance is below a certain threshold h, (4) measuring the
harm done by a pure scenario r by a loss funtion L(r), which is
the negative of the profit function.1 Putting all this together Studer’s
systematic stress test method leads to the maximum loss problem

max
r:MahaðrÞ6h

LðrÞ;
bold assumption to know explicitly the loss function L(r). After all, stress testers often
need days to evaluate a complex portfolio in a given scenario. On the other hand, all
standard quantitative risk management frameworks do work with a loss function, see
e.g. McNeil et al. (2005, Chapter 2.1).
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where MahaðrÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr � EðrÞÞTR�1ðr � EðrÞÞ

q
is the Mahalanobis dis-

tance of the realisation r from the expectation EðrÞ. This approach
addresses the two pitfalls but it has problems of its own. First,
choosing a Mahalanobis ellipsoid as scenario set is natural only
for elliptical risk factor distributions, like the normal or the Student
t-distribution. It is not clear how to choose sets of plausible scenar-
ios if the risk factor distribution is not elliptical. For example, how
should systematic stress tests be performed in credit risk models
with discrete rating classes? Second, stress testing with pure sce-
narios does not address model risk because it assumes a fixed risk
factor distribution. Third, the Mahalanobis distance as a plausibility
measure reflects only the first two moments of the risk factor distri-
bution. This is not in line with intuition. A given extreme scenario
should be more plausible if the risk factor distribution has fatter
tails. Fourth, the maximum loss over a Mahalanobis ellipsoid de-
pends on the choice of coordinates, as pointed out in Breuer
(2008). Fifth, the worst case loss over the ellipsoid is not a law-
invariant risk measure: portfolios might have the same profit loss
distribution without having the same worst case loss.

In this paper we propose a systematic way to perform stress
tests, which also avoids the two pitfalls of stress testing with hand
picked scenarios but overcomes the shortcomings of Studer’s
method. Our method involves three conceptual steps generalising
Studer’s search for pure worst case scenarios.

1. We work with mixed scenarios instead of pure scenarios. A
mixed scenario is a distribution, whereas a pure scenario is a real-
isation.2 The idea of working with stress distributions instead of
realisations goes back at least to Kupiec (1998), Berkowitz
(2000), and Bonti et al. (2006). Mixed scenarios can represent both,
risk and ambiguity: a distribution can arise as (a smeared version
of) a surprising realisation from a fixed risk factor distribution, or
as an updated risk factor distribution reflecting updated parameter
estimates, or a fresh choice of model class for a new regime.

2. We measure the plausiblity of a mixed scenario by its relative
entropy D(Qkm) with respect to some reference distributionm, which
could be interpreted as a prior distribution. (The relative entropy D
is defined below in Section 3. Synonyms for relative entropy are
Kullback–Leibler distance or I-divergence.) The reference distribu-
tion often results from assumptions about a model class and a
parameter estimation procedure based on historical data. Distribu-
tions close enough to the reference distribution are plausible alter-
natives. We admit as plausible enough all mixed scenarios for which
the relative entropy does not exceed some threshold k.

3. As a natural measure of the harm done by a mixed scenario Q,
we take the expected loss with respect to Q.

Putting all this together our systematic stress test method leads
to the problem

sup
Q :DðQkmÞ6k

EQ ðLÞ ¼: MaxLossðL; kÞ: ð1Þ

This problem is solved explicitly by the Maximum Loss Theo-
rem of Section 3, which is the central mathematical contribution
of this paper. Observe that Problem (1) is ‘dual’ to the problem of
maximum entropy inference.3
2 This terminology is in analogy with game theory, which uses mixed strategies
along with pure strategies, or with physics, which uses mixed states along with pure
states. Sometimes the term generalised scenario is used for mixed scenarios, see
Delbaen (2002).

3 If an unknown distribution Q had to be inferred when the available information
specified only a feasible set of distributions (for example the set of distributions with
expected loss equal to some harmful value), and a distribution m were given as a prior
guess of Q, the maximum entropy principle would suggest to infer the feasible
distribution Q which minimizes D(Qkm). (The term maximum entropy refers to the
special case when the prior guess m is the uniform distribution; then minimising
D(Qkm) is equivalent to maximising the entropy of Q.)
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Systematic stress testing with mixed scenarios, as presented
here, overcomes the five shortcomings of Studer’s systematic stress
test with pure scenarios. First, the scenario set {Q:D(Qkm) 6 k} is
defined not just for elliptical but for arbitrary reference risk factor
distributions m. As examples, systematic stress tests of default
probabilities and default correlations are performed in Sections 6
and 7. Second, stress testing with mixed scenarios addresses model
risk. Third, relative entropy as a measure of plausibility depends
not just on the first two moments of estimated risk factor distribu-
tion m. Fourth, MaxLoss as defined by (1) is invariant under coordi-
nate transformations due to the invariance of D (see Kullback
(1959, Corrolary 4.1, Chapter 2.4)) and of the integral defining ex-
pected loss. Fifth, MaxLoss over the Kullback–Leibler sphere is a
law-invariant risk measure.

We need to add a disclaimer regarding model risk. This paper
takes stress scenarios to be distributions, which can be interpreted
either as smeared realisations, or as alternative risk factor distribu-
tions. In the second interpretation, our stress test approach analyses
the model risk stemming from the use of inappropriate risk factor
distributions. This is only a partial analysis of model risk, because
it is not concerned with the use of an inappropriate loss function,
which translates a realisation of the risk factors into a loss number.
The loss function might be inappropriate, for example, because mod-
ellers want to abstract from some seemingly minor risk factors or be-
cause they wrongly specify the dependence of the portfolio value on
the risk factors. This issue is relevant in ‘top down’ stress tests, where
institutions have to translate prescribed realisations of some risk
factors into loss numbers. This procedure demands the construction
of a new risk model describing the loss as a function of all and only
the prescribed risk factors. Our method is no remedy to the mistakes
to which such a modelling exercise may be prone.

And we add another disclaimer regarding macroprudential
stress tests. Macroprudential stress tests aim at controlling the
likelihood and impact of system events such as fire sales, credit
crunches, or defaults caused by second round effects. In contrast,
microprudential stress tests analyse events happening to individ-
ual institutions. Although nothing in our approach prevents an
application to macroprudential stress tests, data availability issues
make it a more natural tool for microprudential stress tests. Second
round effects, fire sales, bank runs and credit crunches are events
of the whole financial system, not of individual institutions. A
model of these effects requires data of the whole system, and an
understanding of the interaction between individual institutions.
Such data is rare, and understanding of the system dynamics is
only rough. Our approach requires knowledge of the loss function
L(r) and of the reference distribution m. On the level of the financial
system these data are hardly available. Therefore, at the moment,
our approach is applied more easily to individual institutions.

The paper is structured as follows. In Section 2 we briefly discuss
related literature. Section 3 formulates the Maximum Loss Theo-
rem solving Problem (1). In Sections 4 and 5 we apply the theorem
to portfolios which are linear or quadratic functions of normally
distributed risk factors. Then we present some applications which
are not accessible to systematic stress testing with pure scenarios,
because they involve discrete distributions: systematically stressed
default probabilities (Section 6) and default correlations (Section 7).
Two appendices include the proof of the Maximum Loss Theo-
rem and an example of systematic macroeconomic stress tests.
2. Relation to the literature

2.1. Stress tests

There is a long tradition of supervisors subjecting financial
institutions to stress tests. These tests examine the capital needs
sts with entropic plausibility constraints. J. Bank Finance (2012), http://
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of institutions in economic downturn scenarios with increased
credit losses. Regulatory requirements concerning stress tests were
first imposed for market risk, see e.g. Basel Committee on Banking
Supervision (1996), and subsequently for credit and macroeco-
nomic risks. A brief introduction into macro stress testing is given
in a special feature of the Financial Stability Report of the European
Central Bank (2006) or in Quagliariello (2009). A detailed introduc-
tion into the topic and an overview of related literature is given in
Sorge (2004). In many countries, central banks’ endeavour with
macro stress testing was boosted by the IMF running a Financial
Sector Assessment Program (FSAP). For details see Blaschke et al.
(2001), Čihák (2004, 2007) and Jones et al. (2004). A stress analysis
of sector concentration risk in credit portfolios is given in Bonti
et al. (2006). Principles of sound stress testing practices have been
laid down by the Basel Committee on Banking Supervision (2009).
All the approaches mentioned above use hand-picked pure scenar-
ios. The plausibility of scenarios is not always quantified and it re-
mains unclear whether there are more severe scenarios of similar
plausibility. Even if stress tests did not prevent the crisis and even
if institutions submitted to stress tests did fail afterwards, stress
tests remain a useful analytical tool. What we propose is one
way to improve upon current stress test practices. But we do not
claim this is the only way of improvement.

2.2. Relative entropy and other measures of plausibility

It is natural to measure the plausibility of a mixed scenario Q by
its distance from the reference distribution m. In the literature, var-
ious ‘distances’ of probability distributions are used. (Distance is
meant in a broad sense, requiring neither symmetry nor the trian-
gle inequality; those properties of distances in the narrow sense do
not hold even for relative entropy.) One family of such distances,
the f-divergences of Csiszár (1963), Ali and Silvey (1966), and
Csiszár (1967), correspond to convex functions f on the positive
numbers. Relative entropy corresponds to f(t) = t log t, several other
choices of f also give distances often used in statistics.

From the range of possible distances we have chosen relative
entropy, which appears the most versatile one with many applica-
tions in statistics, information theory, statistical physics, see e.g.
Kullback (1959), Csiszár and Körner (2011), Cover and Thomas
(2006), Jaynes (1968, 1982). Relative entropy has already been
used in econometrics, see Golan et al. (1996), Avellaneda and Paras
(1996), and Avellaneda et al. (1997), Borwein et al. (2003). Using it
also in the context of stress testing looks certainly reasonable,
though we do not claim that among the various distances of distri-
butions this one is necessarily the best for this purpose.

Relative entropy balls are a popular choice for describing model
uncertainty in portfolio selection, asset pricing, and contingent
claim pricing, see e.g. Friedman (2002a,b), Calafiore (2007), Barillas
et al. (2009), and Hansen and Sargent (2008), and others cited
there. Special instances of our Maximum Loss Theorem have been
used already in Friedman (2002a) and Hansen and Sargent, 2008,
who considered linear and quadratic portfolios depending on nor-
mally distributed risk factors. Our results can be the basis for fu-
ture work on portfolio selection and asset pricing under model
uncertainty for loss functions not necessarily linear or quadratic,
or for non-normal risk factor distributions.
3. The maximum loss theorem

We now formulate the Maximum Loss Theorem solving the
Problem (1) of systematic stress testing with mixed scenarios.
The solution relies on techniques familiar in the theory of exponen-
tial families, see Barndorff-Nielsen (1978), and large deviations
theory, see Dembo and Zeitouni (1998). A key tool is the function
Please cite this article in press as: Breuer, T., Csiszár, I. Systematic stress te
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Kðh; LÞ :¼ logð
Z

ehLðrÞdmðrÞÞ; ð2Þ

where h is a positive real number. If the loss function L is clear from
the context, we will simply write K(h).

The relative entropy of a probability distributions Q with re-
spect to a reference distribution m is defined as

DðQkmÞ :¼
R

log dQ
dm ðrÞdQðrÞ if Q � m

þ1 else

(

where Q� m denotes absolute continuity of the distribution Q with
respect to the distribution m.

The solution to Problem (1) has the typical form given below if
the following assumptions are satisfied:

(i) If ess sup (L) is finite, assume k is smaller than
kmax:¼ � log (m({r:L(r) = ess sup (L)})).

(ii) Assume hmax:¼sup{h: K(h) < +1} > 0,
(iii) If hmax, K(hmax), and K0 (hmax) are all finite, assume k does not

exceed kmax:¼hmax K0 (hmax) �K(hmax).

Problem (1) can also be solved explicitly in the pathological
cases, where one or more of the three assumptions are violated.
But this is not needed for the present purpose.

Theorem 1. Under assumptions (i)–(iii) the equation

hK0ðhÞ �KðhÞ ¼ k ð3Þ

has a unique positive solution �h. The worst case scenario Q is the dis-
tribution with m-density

dQ
dm
ðrÞ :¼ e�hLðrÞR

e�hLðrÞdmðrÞ
¼ e�hLðrÞ�Kð�hÞ: ð4Þ

The Maximum Loss achieved in the worst case scenario Q is

MaxLossðL; kÞ ¼ K0ð�hÞ: ð5Þ

The proof of the Maximum Loss Theorem is in Appendix A. The
result provides a practical procedure for calculating MaxLoss,
which is illustrated in Fig. 1:.

1. Calculate K(h) from (2). This involves the evaluation of an inte-
gral over the possibly high-dimensional sample space.

2. Starting from the point (0,�k), lay a tangent to the curve K(h).
3. MaxLoss is given by the slope of the tangent.
4. The worst case scenario is the distribution with density (4),

where �h is the h-coordinate of the tangent point.

The choice of k How should one choose the radius k of the Kull-
back–Leibler sphere? k is a parameter in Problem (1), in the same
way as the confidence level is a parameter for value at risk or ex-
pected shortfall. Which choice of k is sensible?

MaxLoss (k) dominates Tail-VaR at the level exp (�k):

sup
A:mðAÞPe�k

Z
A

LðrÞdmðrÞ=mðAÞ 6 sup
Q :DðQkmÞ6k

EQ ðLÞ:

(This is true because the distribution QA with density
dQA/dm:¼1A/m(A) satisfies D(QAkm) 6 k if m(A) P exp (�k)). This
inequality suggests reasonable orders of magnitude for k. For a
1%-tail the corresponding k is �log(0.01) = 4.6.

An alternative way to choose k would be to calculate the rela-
tive entropy of the risk factor distribution estimated in a regime
of historical crisis, with respect to the risk factor distribution esti-
mated in quiet times. For an intuitive interpretation of k note that
in the case of a linear portfolio with normally distributed risk fac-
tors, k equals h2/2, where h is the maximum Mahalanobis distance
sts with entropic plausibility constraints. J. Bank Finance (2012), http://
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Fig. 1. Calculation of MaxLoss from K. MaxLoss is the slope of the tangent to the
curve K(h) passing through (0,�k). �h is the h-coordinate of the tangent point.
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(the number of ‘multivariate’ standard deviations) the mean of the
worst case distribution is allowed to differ from the mean of the
reference distribution (see Proposition 1).

4. Application: linear portfolio with normal risk factor
distribution

Let us assume the loss in portfolio value is given by a linear
function of n risk factors, L(r) = l � (l � r), which are modelled as
normally distributed with mean l and covariance matrix R,
r � m = N(l, R):

Proposition 1. The worst case scenario is a normal distribution with
the same covariance matrix R as the reference distribution m, but with
mean equal to
l� hffiffiffiffiffiffiffiffiffi
lTRl

p Rl; ð6Þ

where h ¼
ffiffiffiffiffiffi
2k
p

. The worst case loss is

EQ ðLÞ ¼ h
ffiffiffiffiffiffiffiffiffi
lTRl

p
;

which equals the loss in the worst pure scenario over the ellipsoid
{r:Maha (r) 6 h}.

This result, the proof of which we omit, establishes that in the
important special case of a portfolio depending linearly on nor-
mally distributed risk factors, the new method gives the same re-
sults as the traditional systematic stress tests of Studer (1997,
1999), who determined the worst pure scenario over the ellipsoid
of scenarios with Mahalanobis distance smaller than h to be ex-
actly (6).

5. Application: quadratic portfolio with normal risk factor
distribution

Let us next consider models, where the loss function is qua-
dratic, and the reference distribution of the risk factors is normal.
Such linear-quadratic models receive much attention following
the pioneering work of Hansen and Sargent (2008) in dynamic pro-
gramming robust under model uncertainty, considering as set of
models sequences of relative entropy balls. For a normal reference
Please cite this article in press as: Breuer, T., Csiszár, I. Systematic stress te
dx.doi.org/10.1016/j.jbankfin.2012.04.013
distribution m, when the loss function is quadratic, the worst case
scenario turns out to be still a normal, but its covariance is no long-
er the same as the covariance of the reference distribution m.

Let us assume the loss in portfolio value is given by a quadratic
function

LðrÞ ¼ �1
2
ðl� rÞT Gðl� rÞ � l � ðl� rÞ

of n risk factors which are normally distributed, r � m = N(l,R).
Here G is a quadratic not necessarily positive definite matrix and l
is a vector representing a linear portfolio component. Denote by U
the Cholesky decomposition of the covariance matrix R = UTU and
by ci the eigenvalues of UGUT.

Proposition 2. If all eigenvalues ci of UGUT are positive, then

SðhÞ :¼ ðhUGUT þ 1Þ�1

exists for all positive h. If the smallest eigenvalue of UGUT is negative,
S(h) exists for all h in the interval [0,�1/min (ci)). Under either assump-
tion, there is a unique positive �h which solves the equation

1
2

h2lT UT SðhÞ2Ul�
X

i

hci

1þ hci
� logð1þ hciÞ

� �" #
¼ k: ð7Þ

The worst case scenario Q is a normal distribution with covariance ma-
trix UT Sð�hÞU and mean lþ �hUT Sð�hÞUl. MaxLoss equals

�h
2

lT UTðSð�hÞ þ Sð�hÞ2ÞUl� 1
2

X
i

ci

1þ �hci

:

This proposition (the proof of which we omit again) allows to
determine the worst mixed scenario for quadratic portfolios in
an efficient way. It generalises the MaxLoss algorithm for quadratic
portfolios of (Studer (1997, Section 3.4) from pure scenarios to
mixed scenarios. Proposition 2 can be regarded as a generalisation
of the Levenberg–Marquardt algorithm (see Fletcher (1987,
p.101)), which traditionally is used to calculate numerically the
global minimum of a quadratic function in a ball. Compared to
the search of a worst pure scenario over an ellipsoid, our method
reveals important additional information. On top of the losses
due to changes in the mean, it quantifies the additional losses
due to changes of the covariances.
6. Application: stressed default probabilities

In this and the next section we apply our method to credit risk
models. Traditional systematic credit risk stress tests can be per-
formed for credit risk models, where the loss is a function of nor-
mally distributed risk factors, see Breuer et al. (2009, 2012). To
these models, the new method can also be applied, with additional
insights to be gained on losses caused by stresses in covariances.
An example is discussed in Appendix B.

But to credit risk models with irreducibly discrete risk factor
distributions (such as RiskMetrics or CreditRisk+) traditional sys-
tematic stress tests cannot be applied because elliptic sets of pure
scenarios do not make sense. By ways of a simple example we
show how our method works for credit risk models.

Consider an obligor who at some future time can be in n states.
Denote the probabilities of a transition from the current rating
class to some rating i by pi. This is the reference risk factor distri-
bution. It is estimated from historical data. A column of a tradi-
tional transition matrix is such a vector p = (p1, . . . ,pn). Market
data and obligor data specify for each possible final rating the loss
li caused by a transition into that class. Systematic stress testing is
the problem to find the transition probabilities �p which maximise
sts with entropic plausibility constraints. J. Bank Finance (2012), http://
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Table 1
Stressed transition probabilities.

AA1-2 AA3 A BBB BB Default

Loss from transitions (%) �3.20% �1.07% 0.00% 3.75% 15.83% 51.80%
Est’d trans. prob. (%) 0.09 2.60 90.75 5.50 1.00 0.06
Worst c. trans. prob. (%) 0.036 1.34 53.53 5.37 4.91 34.8

Table 2
Stressed default correlations: Two obligors with LGD = 0.4 resp. 0.5. Two rating classes. k = 2, q = 0.5.

No def. Just A def. Just B def. Both def. Def. corr. Exp. loss

Est’d dist. 98.66% 1.32% 0.013% 0.007% 4.23% 0.67%
Worst c. dist. 43.02% 47.94% 0.19% 8.85% 26.15% 32.01%
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the expected loss �p � l and whose relative entropy with respect to
the reference transition probabilities p is smaller than k.

We get

KðhÞ ¼ log
Xn

j¼1

pj expðhljÞ
 !

and one calculates K0ðhÞ ¼ expð�KðhÞÞ
Pn

j¼1pjlj expðhljÞ. �h is deter-
mined numerically from the equation h K0 (h) �K(h) = k. This equa-
tion has a solution if and only if k < kmax = �log (p1), where p1 is the
probability of a transition into the default rating class. Beyond kmax

the maximum expected loss equals the supremum of the loss func-
tion, which equals loss given default, l1, because the obligor defaults
with certainty.

The vector of worst case transition probabilities is

�pi ¼
expð�hliÞPn

j¼1pj expð�hljÞ
pi:

Compare this to the reference transition probabilities pi. Into
rating classes better than the original rating, the worst case transi-
tion probability is lower than the estimated transition probability.
Into worse rating classes the worst case transition probabilities are
higher.

Table 1 gives a numerical example. Consider a bond of rating A.
Over a time period of 1 year its rating can migrate into the rating
classes with the estimated probabilities given in the second row
of the table. This causes a loss which is given in the first row.
(These loss numbers were determined from credit spreads of A-
rated industrial bonds maturing in 5 years, as given by Bloomberg.)
The last line gives the worst case transition probabilities at a plau-
sibility level of k = 2. Downgradings have a higher probability,
upgradings a lower. Under the estimated transition probabilities
the expected loss is 0.37% of the bond value. Under the worst case
transition probabilities the expected loss is 19.07% of the bond
value.

7. Application: stressed default correlations

Another issue in portfolio credit risk models is the dependence
between defaults of individual names. In most models the depen-
dence between defaults arises from the dependence between firm
values or from the dependence of defaults on some common fac-
tors. Existing work on stressed default correlations, e. g. Bonti
et al. (2006), does not quantify the plausibility of assumed in-
creases in default correlations. In this section we apply our method
to achieve this.

As a toy example consider a simplified firm’s value model of a
two name loan portfolio, as in Schönbucher (2001, Section 4.1).
Please cite this article in press as: Breuer, T., Csiszár, I. Systematic stress te
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The default of obligor i is triggered by the passage of her firm value
below some default threshold Ki. The firm value of firm i is denoted
by ri. Assume that ri is normally distributed. Without loss of gener-
ality we set the initial value to zero, ri(0) = 0, and standardise their
development such that ri � N(0,1). The loss function is

LðrÞ ¼
Xn

i¼1

li1ð�1;Ki �ðriÞ;

where li is the loss given default of obligor i. The default thresholds
Ki are calibrated to produce the single name default probabilities pi,
Ki = U�1(pi). The firm value of different obligors are correlated with
each other.

In the case of two obligors, i 2 {A,B}, the only free parameter is
their asset correlation q. Estimation errors of q have no influence
on the expected loss of the portfolio. But q is relevant for the prob-
ability of both obligors defaulting simultaneously, pAB :¼U2,q(KA,
KB) and thus for the tails of the loss distribution. (Here U2,q is
the cumulative distribution function of the two-dimensional nor-
mal with means zero, unit variances and correlation q). The K-
function is given by

KðhÞ ¼ logððpA � pABÞehlA þ ðpB � pABÞehlB þ pABehðlAþlBÞ þ ð1� pA � pB

þ pABÞÞ:

�h is determined numerically from (3), which has a unique solution if
and only if k < kmax = �logpAB. The derivative at �h determines
MaxLoss,

MaxLossðkÞ¼ ðpA�pABÞlAe�hlA þðpB�pABÞlBe�hlB þpABðlAþ lBÞe�hðlAþlBÞ

ðpA�pABÞe�hlA þðpB�pABÞe�hlB þpABe�hðlAþlBÞ þ ð1�pA�pBþpABÞ
:

The worst case firm value density dQ=dm is not a normal. The
probability it puts on the regions of both obligors defaulting, just
obligor A defaulting, just obligor B defaulting, and no obligor
defaulting are

�pAB ¼ Qðð�1;KA� � ð1;KB�Þ ¼ exp½�hðlA þ lBÞ �Kð�hÞ�pAB

�pA � �pAB ¼ Qðð�1;KA� � ðKB;1�Þ ¼ exp½�hlA �Kð�hÞ�pA � �pAB

�pB � �pAB ¼ QððKA;1� � ð�1;KB�Þ ¼ exp½�hlB �Kð�hÞ�pB � �pAB

�p0 ¼ QððKA;1� � ðKB;1�Þ ¼ 1� �pA � �pB þ �pAB

A numerical example is given in Table 2. For single name default
probabilities of pA = 1.33% and pB = 0.02%, asset correlation q = 0.5,
and losses given default of lA = 0.5 and lB = 0.4 we get the following
results at k = 2. Under the stressed firm value distribution, the de-
fault correlation is 26.15% instead of 4.23%, leading to a stress ex-
pected loss of 32.01%, compared to 0.67% under normal
circumstances.
sts with entropic plausibility constraints. J. Bank Finance (2012), http://
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8. Conclusion

Current stress tests in financial institutions use hand-picked
scenarios. This arbitrariness in the choice of scenarios undermines
the credibility of stress tests on two accounts. First, the scenarios
considered might be too implausible. Second, plausible but danger-
ous scenarios might not have been considered. Systematic stress
testing with pure scenarios is intended to overcome these two pit-
falls but is rarely used in practice, partly because it is restricted to
normal risk factor distributions, partly because of the computa-
tional demands of non-convex numerical optimisation. This paper
introduces systematic stress testing for general distributions. An
important practical achievement is the derivation of closed form
expressions for the worst case scenario and the Maximum Loss.
The new method does not require any numerical optimisation. This
paves the way for widespread practical use.

The worst case distribution Q of Eq. (4) is the Esscher transform of
the estimated risk factor distribution m, with parameter �h. The Esscher
transform is a popular actuarial pricing measure. It gives rise to the
unique no-arbitrage price in the incomplete market of a compound
Poisson risk process, when the price is required to be an equilibrium
price in a market of exponential utility maximisers (Embrechts
(1997)). The Esscher price can now be given a new interpretation. It
is the worst case expected loss over a relative entropy ball of plausi-
ble distributions. The parameter h of the Esscher transform is not
arbitrary but determined via (3) by the plausibility threshold k.
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Appendix A. Proof of the maximum loss theorem

In the proof of Theorem 1 we will use the following properties
of the function K(h) defined by Eq. (2), which are standard and easy
to check.

The function K(h) is convex and lower semicontinuous on R, its
value is 0 at h = 0, and—excluding the trivial case when K(h) = +1
at all h – 0—its essential domain DK:¼{h : K(h) < +1} is a finite or
infinite interval. In this interval,K(h) is continuous and has derivative
given by (A.1); when h 2 DK is an endpoint of this interval, the deriv-
ative K0(h) is understood as one-sided and is not necessarily finite.

If Q is a distribution from the exponential family, i.e. if it has a
density of the form (4) for some positive h, the expected loss can be
written as

EQðhÞðLÞ ¼
Z

LðrÞ expðhLðrÞ �KðhÞÞdmðrÞ ¼ K0ðhÞ; ðA:1Þ

and the relative entropy as

DðQðhÞkmÞ ¼
Z

log
dQðhÞ

dm
ðrÞdQðhÞðrÞ

¼
Z
ðhLðrÞ �KðhÞÞdQðhÞðrÞ ¼ hEQ ðhÞðLÞ �KðhÞ

¼ hK0ðhÞ �KðhÞ: ðA:2Þ

The derivative K0(h) equals Em(L) at h = 0, and is strictly increas-
ing in DK unless L(r) is constant m-almost everywhere. Moreover,
as h goes (increasingly) to hmax = sup {h : K(h) < +1}, the limit of
K0 (h) equals ess sup (L) if hmax = +1, while otherwise the limit
equals K0 (hmax) or +1 according as hmax is in DK or not.
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The function

K�ðxÞ :¼ sup
h
ðhx�KðhÞÞ; ðA:3Þ

called the convex conjugate of K(h), is also convex and lower semi-
continuous on R. Clearly,

K�ðxÞ ¼ hx�KðhÞ if x ¼ K0ðhÞ: ðA:4Þ

However, for some x perhaps no h satisfies x = K0(h).

Lemma 1. There exists a unique x satisfying

K�ðxÞ ¼ k and x > EmðLÞ; ðA:5Þ

This x equals K0(h) for some (unique) h > 0.
Proof. If hmax is finite then K⁄(x) is finite for all x > K0(0) = Em(L). If
hmax =1 then x 6 limh?1K0(h) is a necessary and K0

(0) < x < limh?1K0(h) is a sufficient condition for K⁄(x) <1. In
any case, sup{x : K⁄(x) <1} is equal to ess sup (L).

Moreover, Eqs. (A.4) and (A.2) imply

K�ðK0ð0ÞÞ ¼ 0 < DðQkmÞ ¼ K�ðK0ðhÞÞ

if 0 < h < hmax. Hence, since the function K⁄ is convex, it is strictly
increasing in the interval [K0(0), ess sup (L)).

If ess sup (L) = : b <1 then

K�ðbÞ ¼ sup
h
ðhb�KðhÞÞ ¼ sup

h
½� log

Z
ehðLðrÞ�bÞdmðrÞ�

¼ � log mðfr : LðrÞ ¼ bgÞ;

and K⁄(x) ? K⁄(b) as x " b. Since the case k P � logm({r : L(r) = b})
has been excluded, it follows, that there exists a unique x 2 (K0

(0), b) satisfying K⁄(x) = k. Moreover, as K0(h) approaches b for
h ? +1, there exists h 2 (0,+1) with x = K0(h).

If ess sup (L) =1 then K⁄(x) is a strictly increasing convex
function in the interval [K0(0),1], hence it goes to +1 as h ?1.
Thus, again, there exists a unique x satisfying (A.5). On account of
(A.4), this x is equal to K0(h) for some positive h except for the case
(iii). h

Eq. (3) has a unique positive solution �h due to Lemma 1 and
(A.4). For Q as defined in (4) we have

EQ ðLÞ ¼ K0ð�hÞ ðA:6Þ

because of (A.1) as well as DðQkmÞ ¼ k. We now show that this Q at-
tains the maximum EQ ðLÞ among all mixed scenarios Q with
D(Qkm) 6 k. Take an arbitrary such Q. Then we have
�hK0ð�hÞ �Kð�hÞ ¼k

PDðQkmÞ

¼
Z

log
dQ
dm
ðrÞdQðrÞ

¼
Z

log
dQ

dQ
ðrÞ þ log

dQ
dm
ðrÞ

 !
dQðrÞ

¼DðQkQÞ þ
Z
ð�hLðrÞ �Kð�hÞÞdQðrÞ

¼DðQkQÞ þ �hEQ ðLÞ �Kð�hÞ;

implying �hEQ ðLÞ 6 �hK0ð�hÞ ¼ �hEQ ðLÞ. Since �h is positive we conclude
EQ ðLÞ 6 EQ ðLÞ.

Appendix B. Macro stress tests

As another application of the MaxLoss Theorem consider a cred-
it risk model with macroeconomic risk factors to be stressed. Credit
sts with entropic plausibility constraints. J. Bank Finance (2012), http://
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Table B.1
Comparison of stress test results with hand-picked realisation (Method 1: 3r drop in
GDP), worst case distribution of quadratic approximation (Method 2), and worst case
distribution of linear approximation (Method 3), all at the same level of plausibility.
Plausibility level h = 3.34 corresponding to k = 5.58. Risk factor changes given in
standard deviations of reference distribution. The first block shows the EL increases of
the stress scenarios. The second block shows the means of the risk factors in the worst
case distribution. The third block gives the increases in risk factor variances as
compared to the reference distribution.

Method 1:
hand-picked
realisation

Method 2:
worst case distr.
Quadr. Approx.

Method 3:
worst case distr.
Lin. Approx.

D EL: w.c. realis. +18.11% – –
D EL: w.c. dist. – +29.53% +24.81%

D mean GDP: Q1 �3.00 �1.91 �1.95
D mean GDP: Q2 0.00 �0.74 �0.75
D mean GDP: Q3 0.00 �0.90 �0.89
D mean GDP: Q4 0.00 �0.52 �0.51
D mean GDP: Q5 0.00 �0.30 �0.29
D mean GDP: Q6 0.00 �0.07 �0.07
D mean IR: Q1 0.00 1.16 1.14
D mean IR: Q2 0.00 1.34 1.30
D mean IR: Q3 0.00 1.24 1.19
D mean IR: Q4 0.00 1.00 0.95
D mean IR: Q5 0.00 0.67 0.63
D mean IR: Q6 0.00 0.31 0.29

D var GDP: Q1 – 0.062 0.0
D var GDP: Q2 – 0.032 0.0
D var GDP: Q3 – 0.036 0.0
D var GDP: Q4 – 0.020 0.0
D var GDP: Q5 – 0.007 0.0
D var GDP: Q6 – 0.002 0.0
D var IR: Q1 – 0.028 0.0
D var IR: Q2 – 0.042 0.0
D var IR: Q3 – 0.040 0.0
D var IR: Q4 – 0.030 0.0
D var IR: Q5 – 0.016 0.0
D var IR: Q6 – 0.004 0.0
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stress tests of macroeconomic variables are among the most
widely applied stress tests. Often, and justly, these kind of stress
tests have been criticised for arbitrarily picking out some scenarios
while neglecting others, which might be more plausible and/or
more harmful. Our application shows how to improve on this.
Additionally, it shows how to perform multi-period stress tests in
our setup. In order to be specific, we choose the macroeconomic
credit risk model of Jiménez and Mencía (2009) in the form of
Breuer et al. (2012). But our method could be applied with the
same ease to other macroeconomic credit risk models, indepen-
dent of their risk factor distribution type. We also use the param-
eter estimates of Breuer et al. (2012, Tables 3 and 4), which are
based on default data from the Spanish central credit register, from
1984.Q1 to 2006.Q4. As loan portfolio we take the Spanish central
credit register, which contains information about all the loans with
volumes higher than €6,000. This portfolio information is summa-
rised in the sectoral LGDs and default rates as given in (Breuer
et al., 2012, Tables 1 and 2).

B.1. The model

At a given time t the loss of a loan i is given by Li,t(ui,r), where ui

are the idiosyncratic risk factors pertaining to loan i, and r are the
macroeconomic risk factors affecting all creditors. In typical stress
tests we are interested in assessing what happens to the portfolio
loss given the path followed by the macroeconomic risk factors.
This involves taking expectations over the idiosyncratic factors.
Thus we are interested in the expected loss at a given time t for
a certain horizon (say m periods) given a future scenario path of
macroeconomic risk factors r and the information It available at t:

E
Xtþm

s¼tþ1

X
i
Li;sðui; rÞ

���It; r
h i

: ðB:1Þ

In a specific application of course Li,t(ui,r) is determined by the
credit risk model. In this particular model the assumption is made
that the stressed macro risk factors r are elliptically distributed.
But the MaxLoss Theorem does not require this assumption.

The loan portfolio is partitioned into K sectors. The losses due to
loan i from sector k are decomposed in any period t as

Li;t ¼ Di;t � LGDk � EADi ðB:2Þ

if LGD are homogeneous within sectors. In this equation Di,t is a de-
fault indicator. It is a binary variable that equals 1 in case of default
and 0 otherwise. EADi is the exposure of obligor i at default.

We assume that the probability of default is homogeneous
within each sector and write it as

PrðDi;t ¼ 1Þ ¼ pk;t: ðB:3Þ

We describe this variable with a probit model

pk;t ¼ Uðzk;tÞ; ðB:4Þ

where

zk;t ¼ ak þ qkzk;t�1 þ
Xq

j¼1

ck;j � Dxt�j þ bkft þ uk;t ; ðB:5Þ

U(�) is the cdf of the standard normal distribution, Dxt = xt � xt�1 is
a vector of quarterly changes in (observable) macroeconomic vari-
ables, ft is a common latent factor and ukt is an idiosyncratic error
term for sector k. This is why the probability of default can be ex-
pressed as a standard normal cdf transform of a Gaussian variable
in both cases. However, we introduce time series dynamics in
(B.5) and allow for more than one factor. Furthermore, the macr-
ovariables follow a diagonal AR (1) process
Please cite this article in press as: Breuer, T., Csiszár, I. Systematic stress te
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Dxt ¼ A0 þ A1Dxt�1 þ rt ðB:6Þ

with

A0 ¼
a01

a02

� �
ðB:7Þ

and

A1 ¼
a11 0
0 a12

� �
ðB:8Þ

The error terms rt � iidN(0,R), ft � iidN(0,1) and
uk;t � iid N 0;r2

k

� 	
are mutually independent.

As risk factors we use the path of the macroeconomic residuals
r = (rt+1,rt+2, . . . ,rt+m) for an m period stress testing analysis. By
(B.6) the r determine the macrovariables x, and vice versa. The risk
factors, over which the objective function takes expectations, are
uk,t and ft in (B.5). So far the general structure of the model.

In our implementation, we take as macrovariables xt the quar-
terly changes in GDP and the real interest rate d such that

xt ¼
ðGDPt=GDPt�4Þ � 1

dt

� �
: ðB:9Þ

The information It prevailing at time t includes current and past
values of the macro variables (xt,xt�1, . . .) as well as (zk,t,zk,t�1, . . .)
for all k.

We use the second, third and fourth lags in (B.5), which seem to
be the most significant ones in our application. So ck,j = 0 for j = 1
and j > 4. With this lag-structure the macro factors at time t influ-
ence the expected loss only in periods t + 2, t + 3 and t + 4.
sts with entropic plausibility constraints. J. Bank Finance (2012), http://
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Worst case scenario From the MaxLoss Theorem one can now
calculate the worst case scenario and the worst expected loss over
relative entropy balls of given radius k. We compare results against
stress tests with a handpicked realisation, namely a 3r drop in first
quarter GDP with all other macro risk factors at their expected lev-
els. This realisation has a Mahalanobis distance of h = 3.34, which
corresponds by h ¼

ffiffiffiffiffiffi
2k
p

to the plausibility k = 5.58.
A numerical evaluation of K-function requires a large number

of multi-dimensional numerical integrations of the loss function
L given by (B.2). In order to get a quick approximation of the gen-
eralised worst case scenario and the expected loss in that scenario,
we use a quadradic and a linear approximation. Then the worst
case expected losses and the worst case distributions can be calcu-
lated analytically from Propositions 1 and 2.

We compare three kinds of macro stress tests. Method 1 picks a
realisation by hand, namely a 3r drop in first quarter GDP with all
other macro risk factors at their expected levels. Methods 2 and 3
use the generalised MaxLoss technology of this paper in order to
produce worst case distributions. Method 2 uses a quadratic
approximation of the EL function and determines an approximate
worst case distribution by the equations in Proposition 2. Method
3 uses a linear approximation of the EL function and determines an
approximate worst case distribution by the equations in Proposi-
tion 1.

The results, displayed in Table B.1, highlight two advantages of
the new stress test technology. First, the EL increase of the worst
case distributions (Methods 2 and 3) are considerably higher than
the EL increase produced in the hand-picked macro-scenario of
Method 1. This illustrates that for the purpose of stress testing it
is not sufficient to pick just some adverse scenario. Systematic
search for worst case scenarios reveals important additional
information.

Second, the quadratic approximation (Method 2) produces a
mixed scenario with an EL increase of 29.67%, which is consider-
ably higher than the EL increase of 24.81% for the linear approxi-
mation (Method 3). What is the reason for this? The risk factor
means of the worst case distribution, as displayed in the second
block of Table B.1, are very similar for the linear and the quadratic
approximation. But in the linear approximation the worst case dis-
tribution has the same covariances as the reference distribution
(by Proposition 1), whereas for the quadratic approximation the
worst case distribution has higher risk factor variances (by Propo-
sition 2). These variance increases are displayed in the third block
of Table B.1. They cause the additional EL increase of the quadratic
approximation.
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